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Editorial  Note 


Pramana,  in  the  recent  past,  has  published  the  proceedings  of 
selected  specialized  meetings  in  the  area  of  particle  physics 
(December  1993  and  October  1995)  and  also  a  substantial 
collection  of  invited  articles  in  the  area  of  nonlinear  science 
(January-February  1997).  it  has  sometimes  been  suggested  that 
we  could  also  carry  the  proceedings  of  meetings  which  have  a 
different,  broader  character.  One  such  was  held  in  1995  at  the 
Physical  Research  Laboratory  in  Ahmedabad.  Since  many  of  the 
participants  felt  that  the  meeting  successfully  brought  together 
stimulating  ideas  from  a  wide  range  of  topics  in  physics,  we  are 
attempting,  as  an  experiment,  to  convey  the  original  flavour,  even 
when  it  involves  elements  of  speculation  and  controversy.  This  is 
part  of  an  ongoing  process  of  finding  new  ways  in  which  Pramana 
can  be  useful  to  its  readers,  and  ultimately  their  reactions  will 
guide  our  future  efforts. 

Rajaram  Nityananda 
Editor 


Preface 


A  small  meeting  of  distinguished  physicists  working  in 
different  fields  was  organized  at  PRL  from  March  14  to  March 
16,  1995.  The  broad  objective  was  to  bring  together  experts 
who  would  raise  some  fundamental  questions  in  their  field 
and  bring  their  own  perspective  to  the  discussion.  The  choice 
of  topics  reflects  to  a  large  extent  the  interests  of  PRL 
scientists.  Consequently,  the  meeting  was  called  "Fundamentals 
of  Physics  and  Astrophysics".  Before  the  meeting,  we  had  no 
intention  of  bringing  out  the  proceedings.  At  the  conclusion, 
however,  it  was  felt  by  all  the  participants  that  it  would  be 
worthwhile  to  have  a  published  record.  We  are  therefore  very 
thankful  to  all  the  speakers  who  agreed  to  provide  a  manuscript 
of  their  talk.  This  took  some  time  but  finally  we  received  all  of 
them. 

The  subject  matter  of  the  talks  is  divided  into  five  categories:  i) 
Quantum  Mechanics,  ii)  Particle  Physics,  iii)  Plasma  Physics,  iv) 
Astrophysics,  v)  Statistical  Physics. 

In  the  first  category  V  Singh  discusses  the  measurement 
problem  in  Quantum  Mechanics  in  the  context  of  separation  of 
system  from  the  measuring  apparatus.  This  led  to  the  develop- 
ment of  Causal  Quantum  Mechanics.  R  K  Varma  presented  his 
work  on  formulating  a  conceptually  unified  description  of 
Classical  and  Quantum  Mechanics.  These  two  talks  were  in  the 
realm  of  foundations  of  Quantum  Mechanics.  The  remaining  three 
contributions  in  this  category  relate  to  other  developments  in 
Quantum  Mechanics.  N  Mukunda  talked  about  a  kinematic 
approach  to  describe  the  Berry  phase.  Avinash  Khare  discussed 
the  development  of  Supersymmetry  in  Non-relativistic  Quantum 
Mechanics.  Some  of  the  difficulties  that  arise  in  a  merger  of 
Quantum  Mechanics  and  General  Relativity  were  brought  out  by 
Partha  Ghose  in  his  talk. 

In  Particle  Physics,  the  talks  were  addressed  to  two  important 
questions.  Spenta  Wadia  discussed  the  question  of  confinement 
in  2+1  dimensional  Yang  Mills  theory.  The  CP  symmetry  and  its 
violation  were  the  subject  of  S  D  Rindani's  talk. 

There  were  three  talks  on  Plasma  Physics.  B  Buti  gave  a  general 
account  of  chaos  and  its  implication  in  Plasma  Physics.  N  N  Rao 
reviewed  many  aspects  of  nonlinear  wave  modulations  in 
plasmas.  P  K  Kaw  talked  about  thermodynamics  of  nonlinear 
plasma  system.  (These  proceedings  carry  a  reference  to  the 
complete  paper  published  elsewhere). 


Preface 

In  Astrophysics,  V  Sahni  described  Large  Scale  Structure  of  the 
Universe.  V  Krishan  talked  about  the  Rotation  Curves  of  Galaxies 
and  the  problem  of  missing  mass. 

In  the  Statistical  Physics  section,  there  is  one  contribution  by 
M  Barma.  For  a  model  complex  system  in  which  there  are  many 
steady  states  he  showed  how  to  find  a  labelling  scheme  for  the 
large  number  of  steady  states.  This  problem  is  of  crucial 
importance  in  glass,  spin  glass  and  rubber. 

We  believe  the  contributions  contained  in  this  volume  would  be 
of  value  to  the  physics  community  particularly  because  the  current 
trend  is  towards  highly  specialized  meetings. 

We  would  also  like  to  express  our  thanks  to  Mr  V  T  Viswanathan 
for  very  extensive  help  first  with  typing  several  manuscripts  and 
making  all  of  them  computer  ready. 

A  C  Das 

S  B  Khadkikar 

J  C  Parikh 
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Causal  quantum  mechanics 

VIRENDRA  SINGH 

Tata  Institute  of  Fundamental  Research,  Homi  Bhabha  Road,  Colaba,  Bombay  400005,  India 

Abstract.  We  discuss  the  split  between  system  and  measuring  apparatus,  i.e.  non-unitary  nature, 
of  the  conventional  quantum  mechanics  to  motivate  a  causal  unitary  description  of  nature.  We  then 
describe  causal  quantum  mechanics  of  de  Broglie  and  Bohm.  We  conclude  by  presenting  a  version 
of  recently  proposed  causal  quantum  mechanics  which  treats  position  and  momentum  variable 
symmetrically. 

Keywords.     Causal  quantum  mechanics;  de  Broglie-Bohm  theory. 
PACS  No.     03.65 

1.  Is  the  world  classical  and/or  quantum? 

1.1  Classical  world 

The  description  of  the  physical  universe  given  by  classical  physics  was  internally 
consistent  and  complete.  It  was  a  realistic  conception  of  the  world.  The  classical  physics 
describes  the  world  as  it  is.  The  physical  world  was  made  up  of  two  kinds  of  entities  viz. 
particles  and  waves.  They  obeyed  well  defined  dynamical  laws  of  change.  It  was  thus  a 
deterministic  world.  The  only  role  of  probability  in  classical  physics,  e.g.  in  statistical 
t  mechanics,  was  due  to  our  lack  either  of  knowledge  or  of  interest  in  the  initial  conditions. 

*  It  was  not  basic.  Another  important  feature  of  classical  physics  was  that  it  satisfied  the 

principle  of  'Einstein-locality'  i.e.  the  factual  situation  of  a  system  S\  does  not  change 
due  to  whatever  measurements  may  be  made  on  a  system  £2,  which  is  spatially  separated 
from  Si . 

There  was  no  split  in  classical  physics  between  system  which  is  being  studied  and  the 
apparatus  with  which  we  study  it.  Both  were  described  by  the  classical  physics.  The 
interaction  which  coupled  the  system  and  the  apparatus  was  a  normal  physical 
interaction.  By  using  the  gentle,  and  if  needed  even  gentler,  probe  it  was  possible  to  learn 
about  the  properties  of  the  system  under  study  to  any  desired  degree  of  accuracy.  What 
one  learnt  this  way  were  the  properties  of  the  system  as  they  were.  There  were  thus  no 
epistemological  problems  associated  with  a  measurement. 

The  description  of  the  world  in  classical  physics  is  thus  unitary  without  a  split  between 
System-Apparatus.  Even  though  this  is  a  very  satisfying  feature  of  classical  physics 

^__>-  description  of  nature,  the  classical  physics  failed  in  providing  a  useful  description  of 

atomic  phenomenon  and  quantum  mechanics  had  to  be  introduced  by  founding  fathers 
viz.  Planck,  Einstein,  Bohr,  de-Broglie,  Heisenberg  and  Schrodinger  in  the  first  quarter  of 
this  century. 


Virendra  Singh 

Do  we  continue  to  have  a  unitary  picture  of  the  physical  universe  in  quantum  physics 
as  was  the  case  in  classical  physics?  The  answer  is  no,  in  the  standard  way  quantum 
mechanics  is  formulated.  By  standard  way  we  refer  here  to  Copenhagen  interpretation  of 
quantum  mechanics,  and  since  this  is  not  monolithic,  we  also  include  its  variants.  We  now 
proceed  to  elaborate  the  negative  answer  using  Bohr's  and  von-Newmann's  views  about 
measurement  in  quantum  mechanics. 


1.2  Bohr 

According  to  Bohr  [1]  the  system  of  interest,  which  we  are  studying  and  which  is 
generally  microscopic,  must  be  described  as  a  quantum  object  using  laws  of  quantum 
physics.  However  the  measuring  apparatus,  which  is  generally  macroscopic,  must  be 
described  as  a  classical  object  obeying  laws  of  classical  physics  as  the  language  of 
classical  physics  is  the  only  language  in  which  we  can  convey  the  results  of  our 
experiments.  When  we  study  a  system  S  with  experimental  arrangement  E  what  we 
observe  is  not  just  a  property  of  S  as  it  was  but  various  outcomes  depend  on  the  total  setup 
S  and  E.  Quantum  physics  provides  us  with  a  calculus  of  probabilities  for  various 
outcomes  of  the  joint  setup  S  and  E.  Unlike  classical  physics  there  is  no  way  in  which  E 
dependence  can  be  wished  away. 

We  must  emphasis  that  in  Bohr's  view  the  classical  physics  has  logical  priority  in  as 
much  as  we  cannot  do  physics  without  it.  This  logical  priority  is  different  from 
chronological  priority,  which  of  course  is  there,  of  classical  physics  over  quantum 
physics.  Thus  physical  universe  is  classical  and  quantum. 

These  views  of  Bohr  raise  a  number  of  problems.  How  is  one  to  understand  the 
working  of  an  apparatus?  Should  it  follow  from  classical  physics  or  should  we  use 
quantum  physics  when  we  want  to  do  that.  In  that  case  apparatus  is  a  quantum  system 
when  we  want  to  understand  it  but  is  a  classical  system  when  we  want  to  use  it  as  a 
measuring  device.  What  is  the  interaction  between  a  quantum  system  and  its  classical 
measuring  system?  Well,  there  is  no  articulated  theory  of  that.  Then  there  is  the  question 
of  how  much  of  a  given  'system  +  apparatus'  is  to  be  put  on  the  quantum  side  and  how 
much  on  the  classical  side.  In  practice  this  may  not  cause  much  problem  as  we  believe 
that  if  we  will  put  enough  on  the  quantum  side  we  will  achieve  the  required  degree  of 
accuracy.  This  is  supposed  to  be  ensured  by  the  folkloric  'correspondence  principle' 
according  to  which  quantum  mechanics  should,  in  appropriate  limits,  go  into  classical 
mechanics.  But  in  principle  the  split  remains. 

1.3  von  Neumann 

In  contrast  to  Bohr  it  was  decided  by  von  Neumann  [2]  to  treat  both  the  system  S  and 
measuring  apparatus  A  quantum  mechanically.  Let  the  eigenfunctions  of  the  system  S 
corresponding  to  an  observable  ft,  be  denoted  by  if)m  i.e.  fi^m  =  wmi/>m,  with  an 
eigenvalue  um.  Further  let  the  pointer  readings  a  be  the  eigenvalues  of  the  'pointer 
position  operator'  M,  for  the  system  A  with  the  eigenfunctions  f(a)  i.e.  Mf(a)  =  af(a). 
Consider  first  system  5  to  be  in  an  eigenstate  ij)n  of  H.  According  to  von  Neumann  the 
'measurement  interaction'  causes  the  system-apparatus  state  ipnf(a)  to  become  ij}nf(an}. 
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From  the  pointer  reading  an  we  conclude  thou  the  system  was  in  the  state  i{>n  of  the 
observable  £1  with  the  eigenvalue  ajn.  We  now  go  over  to  case  where  the  system  S  is  not  in 
a  pure  state  of  fi  but  is  in  a  linear  superposition  given  by  ?/>  =  ]T}n  Cnijjn.  By  the  linearity 
of  quantum  evolution  equation,  the  measurement  interaction  would  cause  the  system- 
apparatus  state  (^2nCni/jn')f(a)  to  develop  into  ^/nCn'i/}nf(an).  From  this  we  can,  of 
course,  conclude  that  the  probability  of  measurement  resulting  in  the  pointer  reading  an, 
implying  that  the  system  was  in  the  eigenstate  ifjm  with  eigenvalue  u)m  is  given  by  j  Cm  |2. 
But  note  that  this  wave  function  still  does  not  correspond  to  a  definite  pointer  reading  for 
the  apparatus.  The  apparatus  is  still  in  a  linear  combination  of  states  with  different,  even 
macroscopically  different,  pointer  readings  i.e.  in  a  grotesque  state. 

von  Neumann  postulates  at  this  stage  the  infamous  'collapse  of  the  wave-function', 
according  to  which,  when  the  measurement  is  completed  and  the  pointer  reading  is  an 
(say),  the  wave  function  ^Cnil>nf(an}  collapses  to  i/jnf(an}.  He  calls  this  a  process  of 
the  first  kind.  These  are  acausal,  discontinuous  and  takes  place  only  when  the 
measurement  is  completed  and  observation  registered.  In  an  elaboration  by  London  and 
Bauer  [3],  and  subscribed  to  by  Wigner  [4],  the  measurement  is  completed  only  at  the 
level  of  human  consciousness  of  the  result  of  the  measurement.  In  contrast  to  these 
processes  of  first  kind  there  is  the  usual  process  of  second  kind  describing  the  evolution 
of  the  system  between  measurements.  These  are  causal,  continuous  and  described  by 
Schrodinger  equation. 

Thus  irrespective  of  whether  we  follow  Bohr,  where  quantum  physics  has  to  be 
supplemented  by  'classical  apparatus'  or  von  Neumann,  where  we  have  to  postulate  a 
causal  processes  of  the  first  kind  (wave  function  collapse),  we  find  that  either  way 
quantum  physics  is  inherently  incomplete.  It  is  inexactly  formulated.  Quantum  physics 
does  not  provide  a  unitary  description  of  the  nature. 

1 .4  Quantum  mechanics  for  a  closed  system 

This  inexactness  in  the  fundamentals  of  the  quantum  mechanics  for  a  theory,  as  basic  as 
this  theory,  is  intolerable  and  there  have  been  various  attempts  to  formulate  a  quantum 
mechanics  for  a  closed  system.  Another  motivation  has  been  the  inability  of  any 
formulation  of  quantum  mechanics,  with  an  artificial  split  between  system  and  apparatus, 
to  deal  with  the  quantum  mechanics  of  the  whole  universe  i.e.  quantum  cosmology. 
Wheeler's  phrase  "Include  the  observer  in  the  wave  function"  expresses  the  same  desire. 
Some  of  these  attempts  are 

(i)  Causal  interpretation  of  de  Broglie  [5]  and  Bohm  [6].  This  was  also  favoured  by  Bell 

[7]  and  others  [8]. 
(ii)  Many  world  interpretation  suggested  by  Everetts,  initially  championed  by  Wheeler, 

and  followed  later  by  de  Witt  and  others  [9]. 
(iii)  'Quantum  mechanics  of  the  history'  approach  and  related  concept  of  decoherence 

(Griffith,  Gell-Mann  and  Hartle,  Omnes,  Zurck  etc.)  [10]. 

In  the  next  §2,  we  shall  describe  de  Broglie-Bohm  causal  interpretation  of  the 
quantum  mechanics  restricting  ourselves  to  the  nonrelativistic  quantum  mechanics.  We 
also  point  out  some  aspects  of  this  theory  which  make  us  look  for  a  version  of  it  treating 
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nonrelativistic  quantum  mechanics  of  one  nonrelativistic  particle  moving  in  one  space 
dimension  but  with  some  remarks  on  situations  without  these  restrictions. 

2.  de  Broglie-Bohm  causal  interpretation  of  quantum  mechanics 

2.1  A  bit  of  history 

Louis  de  Broglie  had  proposed  a  'pilot  wave  theory'  interpretation  of  quantum  mechanics 
in  1927  which  provided  a  realistic  interpretation  of  quantum  mechanics  [5]  unlike  the 
pragmatic  one  associated  with  Copenhagen  School.  Under  the  criticism  of  Pauli  and 
others,  and  lack  of  endorsement  even  from  those  physicists,  such  as  Einstein,  who  did  not 
like  Copenhagen  interpretation,  the  interpretation  did  not  gain  currency.  Even  de  Broglie 
gave  it  up.  An  important  role  was  also  played  in  this  by  so  called  'von  Neumann'  theorem 
[2]  which  was  taken  to  mean  by  physics  community  that  a  completion  of  quantum 
mechanics  with  extra  (hidden?)  variables  was  not  possible  if  it  had  to  reproduce  the 
observable  predictions  of  quantum  mechanics. 

Bohm,  in  1952,  independently  came  up  with  a  similar  proposal  [6].  He  was  able  to  take 
care  of  various  objections  which  had  been  earlier  raised  by  Pauli,  de  Broglie  and  others. 
Besides  he  supplemented  it  with  his  ideas  on  theory  of  measurement. 

It  is  a  historical  accident  that  de  Broglie-Bohm  theory  was  almost  totally  ignored  until 
quite  recently  [1 1].  Bell's  work  showing  irrelevance  of  'von-Neumann  theorem'  to  hidden 
variable  program,  and  his  advocacy  of  this  theory,  as  an  explicit  counter  example  to 
Copenhagen  orthodoxy's  claims  on  nonexistence  of  a  causal  description  for  quantum 
physics,  has  had  a  lot  to  do  with  the  revival  of  interest  in  it. 

2.2  Mathematical  formulation  of  de  Broglie-Bohm  theory 

Consider  first  a  single  particle,  with  mass  m,  moving  in  the  potential  V(r).  The  time 
evolution  of  this  system  is  described  by  the  Schrodinger  equation  for  the  wave  function 


Let  us  use  the  polar  decomposition 

ip  =  RtiS/h  (2.2.2) 

with  R  and  S  real.  Substituting  (2.2.2)  in  eq.  (2.2.1)  and  separating  real  and  imaginary 
parts  of  the  equation  we  obtain  [12] 

QD          I 

—  +  —  [RV2S  +  2V R  •  VS]  =  0  (2.2.3) 

at     2m  ^        ' 

and 

ds 


2m  v  '      2m    R 


=  0.  (2.2.4) 
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Defining 

P(r,t]=\*P?  =  [R(r,t)}2,  (2.2.5) 

mv(r,  0  =  VS(r,  t)  (2.2.6) 

and 

fc2    y2n 

u(r't)  =  ---'  (2-2J) 


we  obtain  from  (2.2.3)  and  (2.2.4)  the  more  suggestive  equations  (2.2.8)  and  (2.2.9)  given 
below.  We  have 

^  +  V(Pv)  =  0  (2.2.8) 

which  is  of  the  form  of  a  continuity  equation  for  position  probability  density  P  with  an 
associated  current  density  Pv.  We  also  obtain 


which  is  of  the  form  of  the  classical  Hamilton-Jacobi  equation  for  a  particle  of  mass  m 
moving  in  a  potential  V  +  U  i.e.  sum  of  the  given  external  potential  V  and  a  quantum 
potential  U. 

We  have  so  far  only  manipulated  the  Schrodinger  equation  mathematically  into  the 
suggestive  forms  (2.2.8)  and  (2.2.9).  We  now  come  to  de  Broglie-Bohm  causal  version  of 
the  quantum  mechanics. 

We  associate  with  this  system  a  wave  function  ^(r,  t}  obeying  Schrodinger  equation 
and  a  trajectory  function  q(f)  of  the  particle.  The  trajectory  function  q(r)  is  the  additional 
hidden  variable  introduced  so  as  to  be  able  to  give  a  causal  description.  The  particle 
trajectories  are  given  by  the  dynamical  equation 


(2.2.10) 


The  particle  moves  in  a  potential  V  +  U,  Note  that  this  description  is  nonlocal  since 
through  U  the  particle  experiences  a  potential  which  depends  on  the  whole  set  up  as  the 
wave  function  V(r»0  *s  determined  by  the  conditions  over  the  whole  space  through 
Schrodinger  equation.  Further  even  if  wave  function  is  small  in  some  region,  i.e.  the 
probability  P  =  R2  of  its  being  there  is  small,  its  influence  in  that  region  need  not  be 
small  as  the  quantum  potential 

U  =  -—  ~ 
~     2m      R 

may  not  be  small  there. 

In  this  theory  the  motion  of  the  quantum  particle  is  analogous  to  the  motion  of  boat 
which  is  set  on  an  automatic  pilot  guided  by  radio  wave  signals.  What  matters  for  this 
purpose  is  the  signal,  i.e.  the  shape  of  the  wave,  and  not  its  intensity.  The  boat  moves 
under  its  own  energy.  The  wave  function  ^  plays  the  same  role  for  directing  the  motion  of 
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for  the  de  Broglie-Bohm  theory. 

The  JV-particle  generalization  is  straightforward.  One  now  supplements  the  ^-particle 
wave  function  i/>(rl5  r2, . . . ,  rw.sf)  with  TV  trajectory  functions  qt  (?),-••,  q^(0  obeying 
the  dynamical  equation  of  motion 


where 

^(ri,r2,...)rw,r)=Re'5/;i  (2.2.12) 

and  the  quantum  potential  is  given  by 


i.q,(0  .  (2.2.13) 

2m 

One,  of  course,  also  has  TV-particle  Schrodinger  equation. 

2.3  Probability  in  de  Broglie-Bohm  theory 

It  would  be  remarked  that  all  the  equations  of  de  Broglie-Bohm  theory,  given  in  §  2.2,  are 
deterministic.  Given  q(t)  and  7/>(r,f)  at  t  =  0  we  can  calculate  them  for  later  times.  So 
how  do  quantum  probabilities  arise?  They  arise  here  in  the  same  way  as  they  do  in 
classical  statistical  mechanics  i.e.  through  our  ignorance  of  initial  conditions. 

We  are  not  able  to  control  precise  position  of  the  particles.  All  we  are  able  to  prepare 
are  statistical  ensembles  at  a  given  time  t,  say  t  =  0,  in  which  the  position  variable  q  is 
distributed  with  probability  function  P(q,  t  =  0)  given  by 

P(q,f  =  0)  =  Wq,'  =  0)|2.  (2.3.1) 

Once  one  has  done  that  it  can  be  shown  that  de  Broglie-Bohm  dynamics  is  such  that  we 
have 

P(q,0  =  Mq,0|2-  (2-3.2) 

We  thus  see  that,  in  view  of  this  result,  the  probability  distribution  (2.3.1)  is  somewhat 
special. 

2.4  Ontology 

In  the  de  Broglie-Bohm  interpretation  a  quantum  object,  say  an  electron,  has  both  a 
particle  aspect,  it  has  a  trajectory  q(t)  associated  with  it,  as  well  as  a  wave  aspect,  as  the 
wave  function  if)  is  involved  in  determining  its  velocity  at  any  time.  This  is  the  resolution 
of  the  usual  wave  particle  duality  conundrums  of  the  standard  Copenhagen  interpretation 
in  this  theory.  It  is  not  a  wave  or  a  particle  depending  on  the  measuring  setup  but  it  is 
always  a  wave  and  a  particle.  For  example  in  the  usual  two  slit  experiment  the  wave 
always  goes  through  both  the  slits  but  the  particle  goes  through  only  one  of  them.  The 
trajectories  of  the  particles,  however,  are  not  straight  lines,  as  they  normally  are  in 
classical  mechanics  for  free  particles,  due  to  the  presence  of  quantum  potential.  The  wave 
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function,  and  therefore,  the  quantum  potential,  does  depend  on  the  presence  of  both  the 
slits  even  if  the  particle  goes  through  only  one  of  them. 

Particle  position  is  a  hidden  variable  of  the  theory  as  we  cannot  control  its  value  and 
there  is  inability,  at  least  at  present,  to  have  any  other  distribution  than  |V;(<I>  0  |  •  Particle 
position,  in  this  theory,  however,  has  a  special  role.  It  'is  intrinsic  and  not  inherently 
dependent....  on  the  overall  context'  [13].  Firstly,  it  is  conceptually  independent  of  the 
wave  function  with  its  own  dynamical  equation  of  motion.  Secondly,  it  can  be  measured 
without  being  changed.  In  the  terminology  of  Bell  it  is  a  'beable'  [7]. 

Particle  momentum  p  is  postulated  to  be  given  by  an  expression  equal  to  mass  times 
particle  velocity  i.e. 

Pi^ViS~(pi\iBB  (2.4.1) 

and  is  also  a  hidden  variable  of  the  theory.  This  clearly  depends  on  the  phase  of  the  wave 
function  of  the  system  as  a  whole.  The  momentum,  unlike  position,  is  not  regarded  as  an 
intrinsic  property  of  the  particle.  A  measurement  does  not  reveal  a  momentum  value  as 
given  by  (2.4.1). 
The  phase  space  density  p(p,  q\  i)  is  taken  in  this  theory  to  be  given  by 


\6(p-(p)dBB).  (2.4.2) 

Note  that,  as  expected 

Jp(p,q;t)dp  =  \il>(q,t)\2,  (2.4.3) 

but 

j  p(p,q,t}dq  =  6(p-(p)dBB]  (2.4.4) 

and 

^I^OI2,  (2-4-5) 

the  momentum  space  density,  where  -0(p,  f)  is  the  momentum  space  wave  function  of  the 
system. 

3.  Causal  quantum  mechanics  with  a  symmetrical  treatment  of  position 
and  momentum 

3.1  Asymmetry  in  de  Boglie-Bohm  theory  between  position  and  momentum 

There  is  a  clear  asymmetry  in  the  treatment  of  particle  position  and  momentum  variables 
in  the  de  Broglie-Bohm  theory  as  noted  earlier.  This  aspect  of  the  theory  was  considered 
as  a  defect  of  the  theory  [14]. 

Takabayashi  pointed  out  while  the  phase  space  density  p(p,  q\  i)  correctly  reproduced 
the  phase  space  average  of  a  general  function  f(q]  of  position  q  i.e. 

p(p,q-t)dpf(q)  =  &  \f(q]  \  ^>  =  j  dq  \  ^(q}ff(q)  (3.1.1) 
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in  view  of  (2.4.3),  it  does  not  do  so  for  an  arbitrary  function  g(p)  of  momentum  p  i.e. 

(3.1.2) 

in  view  of  (2.4.4)  except  when  g(p]  is  a  linear  function  of  momentum  [  15]  .  In  view  of  this 


is  reproduced  while 


is  not  and  as  such  the  product  6p  6q  involved  in  Heisenberg  uncertainty  principle  is  not 
recovered. 

We  may  further  note  that,  even  for  a  'free'  particle,  i.e.  particle  not  acted  on  by  external 
potentials,  the  momentum  (p\}dBB  does  not  satisfy  the  'expected'  equation  of  motion 


Why  should  position  variable  be  special?  One  argument  in  favor  of  this  position  given  is 
that  ultimately  all  observations  can  be  reduced  to  'pointer  readings'.  At  least  it  looks  like 
that  in  our  normal  experience  despite  position  variable  having  no  preferred  role  in 
standard  quantum  mechanics  as  compared  to,  say,  momentum  [16].  This  could,  however, 
a  quirk  of  nonrelativistic  mechanics.  In  Galilean  group  it  is  possible  to  define  a  position 
variable  which  is  conjugate  to  momentum.  For  Poincare  group  such  is  not  the  case.  In  fact 
for  massless  particles  such  as  photons  there  is  no  generally  acceptable  position  variable. 
In  contrast  for  light  we  have  direct  comprehension  that  the  given  light  is  say  green  i.e.  of 
its  wavelength  which  is  related  to  its  momentum.  So  in  relativistic  5-matrix  theory  and 
zero  mass  particle  it  would  seem  that  it  is  momentum  variable  which  is  special  and  not 
the  position  variable.  . 

3.2  A  symmetrical  treatment  for  the  case  one  particle  moving  on  a  line 

We  now  propose  a  reformulation  of  causal  quantum  mechanics  with  a  symmetrical 
treatment  of  particle  position  and  momentum  [17],  For  this  purpose  our  point  of  departure 
is  to  replace  (2.4.1)  by 


where  p(q,  t)  ^  (p}dBB  =  VS,  and  is  to  be  determined  by  the  requirement  that  the  phase 
space  density  p(p,q;t]  reproduces  correct  marginal  distributions.  Let  the  phase  space 
density  p  be  given  by  the  ansatz 


\rS(p-p(q,t)).  (3.2.1) 

The  requirement  about  the  marginal  distributions  is  given  by 

(0  f  p(p,q;t}dp=ty(q,t}\2,  (3.2.2) 


(ii)  /  p(p,  q\  t}dq  =  \ij>(p  t)  I2  .  (3.2.3) 

J 
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The  ansatz  (3.2.1)  satisfies  (3.2.2)  automatically.  The  requirement  (3.2.3)  leads  to  the 
equation  for  the  determination  of  p(q,  t)  given  by 

OI2,  (3-2.4) 


where  e  —  +1  or  —  1  represents  a  twofold  ambiguity  in  the  determination  of  p(q,  t}. 
We  also  require  that  phase  space  density  satisfies  Liouville  equatiuon  i.e. 


(3.2,) 


This  leads  to  the  dynamical  equation  of  motion 
dq      dS(x,  t} 


(3.2.6) 

which  is  the  same  relation  as  in  the  de  Broglie-Bohm  causal  quantum  mechanics,  by 
integrating  (3.2.5)  over  the  variable  p  and  comparing  with  the  continuity  equation  for 
hK#>0  P-  We  further  demand  that  the  dynamics  in  the  phase  space  is  Hamiltonian  i.e. 
there  exists  a  Hamiltonian  Hc(p,q)  such  that 

Qrr  p\rr 

(iv)      ^ip.  p=:~7r-  (3>2-7) 

The  Hamiltonian  Hc  is  not  to  be  confused  with  the  Hamiltonian  H  which  is  involved  in 
the  Schrodinger  equation 


(3-2.8) 
The  requirement  (3.2.5)  and  (3.2.7)  are  satisfied  provided  we  choose 

Hc  =  (p-^\V(x,t}  (3.2.9) 

for  the  case  when 

ff«"  =  -££+f/w-  (3-2-10) 

Here  A  is  given  by 

£te,0  =  (p)dM+Ate,0,  (3-2.11) 

and  there  is  an  appropriate  equation  to  determine  V(:c,  t). 

Illustrative  examples  for  a  quantum  free  particle  and  oscillator  can  be  found  in  ref.  [17]. 

The  potential  felt  by  the  particle  in  de  Broglie-Bohm  theory  was  external  potential  plus 
a  quantum  potential.  For  us,  in  view  of  (3.2.1 1),  the  momentum  is  not  just  a  product  of 
mass  and  particle  velocity  but  acquires,  like  the  potential,  a  quantum  correction  A(q}  t). 
An  additional  contribution  like  this  to  momentum  occurs  even  classically  in  the  presence 
of  electromagnetic  fields. 
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3.3  Some  features  of  the  symmetrical  treatment 

The  expression  (2.4.2),  while  actually  symmetrical  between  position  and  momentum,  is 
not  manifestly  so.  It  can  however  be  put  in  such  a  form  given  by 


.    -00  -00 

(3.3.1) 

It  is  obviously  positive  definite  i.e. 

p  >  0  (3-3.2) 

unlike  the  Wigner  phase  space  density.  It  reproduces  marginal  position  and  momentum 
distributions  correctly. 

The  class  of  functions  for  which  phase  space  density  p  reproduces  the  correct 
expectation  value  now  isf(q)  +  g(p),  i.e. 


while  this  was  restricted  to  only 

f(q)+cp 

in  de  Broglie-Bohm  version. 
We  further  note  that  the  symmetrical  version  also  leads  to  Newton's  law 


(3.3.4) 


for  a  free  particle  (i.e.  U  =  0  in  (3.2.10)). 

We  may  also  note  that  despite  this  treatment  lacking  manifest  Galilean  invariance,  it  is 
in  fact  Galilean  invariant  [18]. 

3.4  Generalizations 

If  the  space  dimension  is  greater  than  one  and/or  if  the  number  of  particles  is  more  than 
one,  then  the  number  of  marginal  distributions  is  no  longer  two  as  was  the  case  for  one 
particle  in  one  dimension. 

Consider  for  example  two  particles  moving  in  one  space  dimension.  Let  the  position 
and  momenta  of  the  two  particles  be  denoted  by  0?i,pi)  and  (^2,^2)-  We  may  prefer  to 
use  centre  of  mass  and  relative  positions  and  momenta  given  by 

P=P\+P2,    p=p\-p2,    Q  =  q\+q2,    q  =  q\-q2- 

We  now  have  four  marginal  distributions  for  the  joint  probability  densities  for  the  pairs  of 
variables  given  by  (P,/?),  (P,  q],  (q,  Q]  and  (p,  Q).  It  turns  out  that  it  is  not  possible  to 
find  a  positive  definite  p(P,p,Q,q\t)  such  that  all  the  four  marginal  distributions  are 
reproduced.  It  is  however  possible  to  reproduce  marginal  joint  distributions  in  the  first 
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three  pairs,  such  that 

p  =  0  (Newton's  law), 
.       dS 


and  another  equation  for  Q. 

Some  results  are  known  now  as  to  what  marginal  distribution  cannot  be  reproduced 
[19].  Further  work  is  however  needed  to  elucidate  the  general  structure  underlying  these 
considerations. 
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Abstract.  A  generalized  Schrodinger  formalism  has  been  presented  which  is  obtained  as  a  Hilbert 
space  representation  of  a  Liouville  equation  generalized  to  include  the  action  as  a  dynamical 
variable,  in  addition  to  the  positions  and  the  momenta.  This  formalism  applied  to  a  classical 
mechanical  system  had  been  shown  to  yield  a  similar  set  of  Schrodinger  like  equations  for 
the  classical  dynamical  system  of  charged  particles  in  a  magnetic  field.  The  novel  quantum-like 
predictions  for  this  classical  mechanical  system  have  been  experimentally  demonstrated  and  the 
results  are  presented. 

Keywords.  Classical  and  quantum  mechanics;  Hilbert  space  representation  charged  particle 
dynamics;  non-Planckian  discrete  states. 
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1.  Introduction 

Quantum  mechanics  has,  since  its  advent,  revealed  itself  to  be  as  enigmatic  as  it  is  novel. 
While  it  is  a  more  general  theory,  supposed  to  be  containing  classical  mechanics  as  a 
limit,  it  is  not  just  a  generalization  of  the  latter,  but  represents  a  fundamentally  distinct 
theory  and  indeed  a  paradigm  shift  from  the  conceptual  framework  of  classical 
mechanics. 

Attempts  have  continued  since  the  inception  of  QM  to  forge  a  conceptual  unity  and 
continuity  between  the  two  theories  through  a  possible  unifying  covering  formalism.  The 
present  author  has  been  concerned  with  the  development  of  such  a  formalism  for  a 
number  of  years.  Clearly,  the  most  distinctive  feature  of  quantum  mechanics  is  the 
probability  amplitude  nature  of  its  description  and  the  interference  effects  resulting 
therefrom. 

While  there  is  obviously  a  genetic  relationship  between  classical  and  quantum 
mechanics,  there  exist  differences  in  their  mathematical  form  and  content  which 
makes  them  appear  so  distinct  from  each  other.  Classical  mechanics,  for  example, 
admits  the  whole  continuum  of  initial  values  and  the  resulting  dynamical  states  as 
'allowed  states',  which  are  propagated  as  allowed  states  by  the  equation  of  motion. 
Quantum  mechanics,  by  contrast,  being  a  boundary  value  theory,  permits,  for  a  bounded 
system,  only  a  discrete  set  of  states  of  motion  determined  by  the  boundary  conditions. 
Quantum  mechanical  states  are  thus  determined  by  a  set  of  global  constraints  (boundary 
conditions),  while  there  are  no  such  constraints  for  a  classical  mechanical  system:  A 
classical  particle  is  not  affected  by  a  distant  boundary,  and  represents  only  a  local 
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evolution.  One  may,  therefore,  ask  the  question  whether  classical  and  quanturr 
mechanics  may  be  regarded  as  two  different  manifestations  of  the  same  underlying 
dynamics,  described  by  the  two  different  mathematical  representations:  global  vs 
local. 

There  are  two  crucial  facts  about  QM  that  need  to  be  recalled.  One,  that  it  bears  i 
close  relationship  with  the  Hamilton-Jacobi  formalism  of  classical  mechanics.  The 
second  one  is  that  it  is  a  probabilistic  theory  and  ought  to  have  its  origin  in  a  probabilistic 
framework.  In  classical  statistical  mechanics,  the  probability  arises,  from  a  lack  o: 
knowledge  about  the  initial  data.  While  the  orthodox  (Copenhagen)  point  of  view  ordain; 
that  quantum  mechanics  is  intrinsically  probabilistic,  it  has  also  been  argued  that  th< 
probability  may  be  considered  to  arise  because  of  a  lack  of  knowledge  about  certaii 
'hidden  variables'  which  when  specified  could  make  an  event  deterministic.  We  shal 
make  two  stipulations.  One,  that  the  probability  in  QM  has  the  same  origin  as  in  classica 
statistical  mechanics.  Second,  that  the  quantum  events  can  be  described  by  a  classica 
Liouville  equation,  but  in  a  suitably  generalized  form.  To  see  the  manner  in  which  it  i; 
generalized  we  consider  here  in  §  2  the  Hamilton-Jacobi  formalism  via  the  theory  of  firs 
order  partial  differential  equation.  In  §  3,  we  give  the  generalized  Liouville  equation  an< 
in  §  4  a  generalized  Schrodinger  theory  is  obtained  as  a  Hilbert  space  representation  of  thi 
former.  It  will  be  seen  that  this  formalism  covers  both  classical  and  quantum  mechanic 
suitably. 

A  fascinating  consequence  of  this  formalism,  namely,  obtaining  Schrodinger  theor 
as  a  Hilbert  space  representation  of  the  classical  (generalized)  equation,  is  that  thi 
may  be  applied  to  a  suitably  defined  classical  mechanical  system  as  well.  Thi 
means  that  the  particular  classical  mechanical  system  would  be  predicted  to  exhibi 
properties  characteristic  of  a  probability  amplitude  description.  This  would  appea 
to  be  quite  heretical.  The  interesting  fact,  however,  is  that  such  a  classical  mechanics 
system  had  indeed  been  identified  by  the  present  author  more  than  two  decades  ag' 
and  a  set  of  Schrodinger-like  equations  were  obtained  then  (through  a  heuristi 
derivation)  [1].  Later  they  were  derived  as  a  Hilbert  space  representation  of  th 
Liouville  equation  for  the  system  [2].  Its  quantum-like  observable  consequence 
have  indeed  been  observed  over  the  years.  Some  of  these  observed  effects  will  b 
presented  in  §  4.  In  some  sense  these  results  are  more  fascinating  than  the  derivation  c 
the  quantum  mechanic  Schrodinger  equation,  because  they  are  something  entirel 
new  and  unexpected  and,  in  fact,  cannot  be  understood  in  the  framework  of  th 
standard  classical  mechanical  paradigm.  If  the  latter  is  indeed  the  case,  as  it  seems  t 
be,  then  we  have  an  entirely  new  physics  in  the  classical  mechanical  domain  c 
parameters:  What  it  means  is  that  the  standard  classical  mechanical  paradigm  need  t 
be  supplemented  by  constraints  delimiting  the  allowed  values  of  the  initial  condition; 
It  may  be  emphasized  here  that  the  predictions  and  subsequent  observations  of  a  s< 
of  entirely  new  phenomena  which  cannot  be  understood  even  post-facto  in  terms  c 
the  standard  classical  mechanical  paradigm  in  whose  domain  they  fall,  do  testify  t 
the  physical  significance  and  reality  of  the  Schrodinger-like  description  which  le 
to  these  predictions.  This  may  also  serve  as  a  validation  of  the  procedure  for  obtaii 
ing  the  quantum  mechanic  Schrodinger  formalism  on  a  Hilbert  space  representatio 
of  a  generalized  Liouville  equation  which  has  been  presented  here  and  elsewhei 
earlier  [3,4]. 
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2.  The  HamiSton-JacoM  formalism  and  a  generalized  Liouville  equation  in  an 
extended  phase  space 

The  standard  manner  of  arriving  at  the  Hamilton-Jacobi  formalism  given  in  most 
standard  text  books  on  classical  mechanics  is  via  the  canonical  transformation.  A 
generating  function  S  which  makes  the  new  canonically  transformed  Hamiltonian  vanish 
is  essentially  the  Hamilton  principal  function  and  the  defining  equation  for  the  new 
Hamiltonian  is  the  Hamilton-Jacobi  equation. 

Following  Courant  and  Hilbert  [5]  (for  example)  we  introduce  the  Hamilton-Jacobi 
equation  as  a  first  order  partial  differential  equation,  whose  characteristics  are  the 
Hamilton  equation  of  motion.  Thus,  consider  a  partial  differentia]  equation  of  the  form 

.  . 
=  0, 


where 

_  dS  _<9S 

and  where  to  correspond  to  the  H-J  equation,  F  has  been  taken  to  be  independent  of  5, 
and  the  dependence  on  pt  to  be  linear. 

With  the  above  first  order  partial  differential  equation  F  =  0,  one  associates  the 
following  system  of  ordinary  differential  equations  for  the  (2./V+1)  functions 
(Xt,pi  —  dS/dXi,  S}  of  a  parameter  T, 

^i__9F__dH_       d^_dF__ 

~d^~dp'i~"dpi:     d7~%~    '  (  ^ 

*£L_  _9F__l}  9F__dH_ 

dr~     dXt     P'~dS~     dxr  (     ] 

dS      ^     dF         dF      ^^     dH      ,.      , 


where  L  is  the  Lagrangian.  This  system  is  referred  to  as  the  system  of  'characteristic 
differential  equations'  belonging  to  the  partial  differential  equation  (1).  Using  the 
equation  dtfdr  =  1,  the  two  sets  of  these  equations  (2a)  and  (2b)  will  be  recognized  as 
the  Hamilton  equations  with  H  as  the  Hamiltonian  function,  while  (2c)  gives  the  time  rate 
of  change  of  the  action  S  as  the  Lagrangian  on  the  right.  The  partial  differential  equation 
(the  H-J  equation)  and  characteristic  equations  are  thus  equivalent  to  each  other.  It  is  this 
equivalence  which  was  exploited  by  Jacobi  to  formulate  his  theory. 

There  is  an  advantage  in  the  above  manner  of  introduction  of  the  H-J  equation.  It  leads 
naturally  to  a  complete  set  of  characteristic  equations:  In  addition  to  the  standard 
Hamilton  equations  (2a)  and  (2b)  one  also  finds  eq.  (2c),  as  one  of  the  characteristic 
equations.  This  provides  a  basis  for  augmenting  the  phase  space  of  a  dynamical  system, 
and  writing  down  a  generalized  Liouville  equation.  As  we  shall  see  later,  a  Hilbert  space 
representation  of  this  generalized  Liouville  equation  yields  a  generalized  Schrb'dinger 
theory. 
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The  set  of  'characteristic  differential  equations'  (2a,b,c)  for  the  quantities  (X/,  /?,•,£) 
define  trajectories  in  the  space  of  the  (2N  +1)  variables.  One  can  then  construct  a 
(2N  +  1)  dimensional  phase  space  corresponding  to  these  variables  and  a  probability 
(phase)  function  /(X,-,  /?,-,  S)  defined  over  this  phase  space.  (Usually  one  defines  a  phase 
space  of  the  2N  variables  (X,-  />,-).  But  we  include  here  also  the  variable  S  to  correspond  to 
the  (2N  +  1)  characteristic  equations  (2a,b,c).)  The  'equation  of  continuity'  for 
f(Xi,pi,S]  can  then  be  written  down  as 


Using  the  expressions  (2a)  and  (2b)  for  X,-  and  pi  and  the  fact  that  S  =  L  is  independent  of 
S,  so  that  d5/as  =  0,  eq.  (3)  becomes 

df     T-^  dH  df      ^  dH  df         df 

^L.-fy.-QX-+2^Q£.-fy.+L-QS-">  (4) 

This  is  a  generalization  of  the  classical  Liouville  equation,  in  the  extended  phase  space  of 
(X,-,p(-,  S}  resulting  in  the  inclusion  of  the  last  term,  Ldf/dS.  This,  as  usual,  describes  the 
conservation  of  the  probability  measure  along  the  characteristics  described  by  (2a,b,c). 
The  underlying  dynamics  is,  of  course,  the  classical  Hamiltonian  flow.  Since  all  the 
'flow'  components  (dH/dpi,-dH/dXi,L)  are  independent  of  5,  an  integration  with 
respect  to  S  yields  the  standard  classical  Liouville  equation 

S.     dH  $      dH  d/  -  A 

dt'i"dpidXi~'dXi~dp~i~'  ^ 

with 

(6) 

2.1  Classical  analogue  of  the  state  of  motion  in  quantum  mechanics 

Dirac,  as  the  readers  would  already  know,  was  quite  occupied  with  the  question  of  the 
nature  of  relationship  between  classical  and  quantum  mechanics,  and  with  the  question  of 
classical  analogues  of  quantum  objects.  In  his  1933  paper  [6],  for  example,  he  very 
beautifully  elucidated  the  role  of  classical  Lagrangian  in  quantum  mechanics,  which  later 
culminated  into  the  path  integral  formulation  at  the  hands  of  Feynman  [7].  Another 
important  remark,  made  by  Dirac  [8]  was  in  relation  to  the  significance  of  the  Hamilton 
principal  function  as  a  solution  of  the  Hamilton-Jacobi  equation.  A  principal  function, 
satisfying  the  Hamilton-Jacobi  equation,  defines  a  'family'  [11].  "The  family  does  not 
have  any  significance  from  the  point  of  view  of  Newtonian  mechanics;  but  it  is  a  family 
which  corresponds  to  one  state  of  motion  in  the  quantum  theory,  so  presumably  the 
family  has  some  deep  significance  in  nature,  not  yet  properly  understood"  (quoted  from 
Dirac  [8]). 

Coming  to  the  generalized  Liouville  equation  (4)  the  Liouville  density  function/  can 
be  any  function  of  Xhpt  and  S,  which  solves  (4).  In  my  earlier  papers,  however,/  was 
chosen  to  be  a  ^-function  in  all  the  initial  momenta  including  the  global  integrals  of 

Pramana  -  J.  Phys.,  Vol.  49,  No.  1,  July  1997 
20  Special  Issue:  Conference  on  Fundamentals  of  Physics  &  Astrophysics 


Generalized  Liouville  equation 

motion.  This  was  done  to  make  the  distribution  /  correspond  closely  to  a  quantum  state 
where  the  momenta  (in  terms  of  which  the  distribution  is  a  5-function)  represent  integrals 
of  motion  with  respect  to  which  the  state  is  prepared.  I  was  not  aware  of  Dirac's  remarks 
then,  but  it  turns  out  that  such  a  distribution  represents  what  Dirac  has  called  a  'family', 
defined  by  a  principal  function,  and  which  according  to  him  corresponds  to  one  state  of 
motion  in  the  quantum  theory. 

In  accordance  with  the  above  considerations,  /  is  regarded  as  a  function  of  the  initial 
momenta  values  a,-,  rather  than  of  the  current  momenta  pi.  Equation  (4)  is  then  trans- 
formed accordingly  (from  the  current  momenta  pi  to  the  initial  momenta  a:,-).  This  yields 

at      9/    Ldf 

9i  +  V'dXl  +  ^  =  0'  (7) 

where  now  /  =f(Xf,  $,  f;  a,-)  and  vi  is  not  to  be  regarded  as  independent  of  the  X,-,  but  as 
a  function  of  the  Xi  and  the  a,-,  while  the  a,  appear  as  parameters  in  the  argument  of/. 
Here,  we  have  also  introduced  a  constant  77  of  the  dimensions  of  action  to  non- 
dimensionalize  the  action  S,  so  that 

S  =  77$  (8) 

or  to  measure  S  in  units  of  77.  $  is  then  a  dimensionless  quantity  which  may  be  termed  as 
'action-phase'.  The  meaning  of/  is  then  also  analogous  to  the  meaning  of  probability  in 
quantum  mechanics:  /  gives  the  probability  of  finding  the  system  at  Xt  at  time  /  with  a 
given  value  of  S,  if  it  had  initially  the  momenta  a:;. 

2.2  A  Hilbert-space  representation 

Equation  (7)  with  the  definition  (8)  and  the  underlying  characteristic  equations  (2a,b,c),  it 
may  be  recalled,  are  essentially  the  equations  representing  classical  dynamics,  though  the 
Liouville  equation  has  been  generalized  to  include  a  term  corresponding  to  the  action 
variable  S.  It  may  be  recalled  that  eq.  (5)  for  /,  the  action  averaged  distribution  is 
essentially  the  classical  Liouville  equation.  One  seeks  a  Hilbert  space  representation  of 
eq.  (7)  and  writes  accordingly: 

/  =  V>2,  (9) 

where  -0  is  a  real  quantity  (one  could  let  if)  be  complex  and  write/  =  i/)*if),  but  there  is  no 
loss  of  generality  if  if)  is  taken  to  be  real).  Next  a  finite  time  representation  of  eq.  (7)  is 
written  as 


f(Xt,  *,  *;  a,-)  =  fXt 
L 

$  -  i  f  L(X,(<"),  ^(O),  di",  f  ,  aj  .  (10) 

'nJf  •    \ 

Using  (9)  and  taking  the  square  root  of  (10),  choosing  the  position  sign  at  all  space-time 
points: 

1>(Xh  S,  t-  ai)  =  if)  (x{  -  f  Vi(t")d*",  $  -  -  /  L  dt",  f  ,  Of)  .  (11) 

V      Jf  "nJtf  / 
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I  shall  not  repeat  the  procedure  given  elsewhere  [3, 4]  which  yields,  starting  from  (1 1),  a 
generalized  set  of  Schrodinger  equations 

/    \  2 

ma^=_m    1  V2^(n)  +  y^(n)j     n  =  l,2,3,...  (12) 

n      dt  \nj  2m 

with  the  total  probability  density 

(13) 


It  is,  however,  pertinent  to  point  out  some  crucial  steps,  which  represent  a  point  of 
departure  from  classical  mechanics  and  which  lead  to  the  above  set  of  Schrodinger 
equations. 

The  first  is  clearly  the  generalization  of  the  Liouville  equation  to  include  the  action  S 
as  a  variable.  However,  as  the  action-averaged  Liouville  equation  (5)  (which  is  the 
standard  classical  Liouville  equation)  shows,  the  classical  mechanics  is  clearly  contained 
in  (4). 

The  second  step  is  the  eq.  (9)  writing  /  =  if?  seeking  a  Hilbert  space  representation  of 
eq.  (7).  While  it  may  be  an  unusual  proposition  to  seek  a  Hilbert  space  representation  of 
(7),  clearly  this  by  itself  could  not  make  it  depart  in  its  content  from  that  of  classical 
mechanics,  for  one  could  in  principle  solve  for  ip  and  reconstruct  /  =  ijj2  and  action- 
average  it  to  obtain  the  classical  distribution  /. 

The  third  step  is  the  assumption  of  ijj  being  periodic  in  $  —  S/r]  with  the.  period  2?r.  It 
is  this  assumption  (where  r]  is  identified  with  ft)  which  enable  -^  to  be  Fourier- 
decomposed  as  a  series  (rather  than  an  integral)  and  the  subsequent  procedure  to  be 
followed  leading  up  to  the  derivation  of  the  Schrodinger  equations  which  are  second 
order  in  space.  One  should  follow  the  derivation  closely  to  see  how  the  second  order 
operator  V2  arises.  It  is  clear  that  this  operator  could  not  have  arisen  if  the  action  S  were 
not  included  as  a  variable. 

The  important  consequence  of  this  structure  (second  order  differential  operator)  is  that 
the  functions  \&(n)  of  eq.  (12)  should  be  specified  through  appropriate  boundary  condi- 
tions. This  amounts,  apart  from  other  consequences,  to  delimiting  the  allowed  values  of 
certain  integrals  of  motion  to  a  discrete  set  -  that  is,  to  'quantization'. 

It  ought  to  be  pointed  out  that  this  particular  derivation  yields  a  generalized  formalism 
in  the  form  of  an  infinite  set  of  Schrodinger  equations  [12]  with  (#/«),  «  =  1, 2, 3  ...  in 
the  place  of  H  and  a  correspondingly  generalized  probability  connection  (13).  Some  of  the 
direct  observable  consequences  of  these  additional  modes  n  =  2, 3, . . .  have  been 
discussed  in  ref.  [4].  They  have  not  been  so  far  identified  nor  has  there  been  any  attempt 
made  to  check  their  existence  experimentally. 

3.  A  classical  mechanical  system  with  the  Schrodinger-like  description 

There  is  nothing  special  in  the  procedure  given  above  (where  we  obtained  the 
Schrodinger-like  description  as  a  Hilbert  space  representation  of  the  Liouville  equation) 
which  could  not  be  applied  to  any  suitable  classical  mechanical  system.  As  pointed 
out  above  perhaps  the  most  important  step  where  the  quantization  really  came  in  was 
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the  assumption  of  periodicity  of  ifi  with  respect  to  <£(=  S/H)  with  the  period  2-7T.  What 
is,  of  course,  required  for  the  classical  mechanical  system  is  the  justification  of 
periodicity  with  respect  to  the  action  phase  and  the  identification  of  an  appropriate 
unit  of  action  (analogous  to  R)  belonging  to  the  system  in  terms  of  which  to  define  the 
latter. 

Such  a  classical  mechanical  system  was  identified  by  the  present  author  more  than 
two  decades  back  [1].  The  dynamical  system  of  charged  particles  in  a  magnetic  field 
is  such  a  system.  The  action  in  the  system  which  can  serve  as  a  unit  is  the  gyroaction 
/x  =  |m^/fi,  where  11  j_  is  the  component  of  velocity  perpendicular  to  the  magnetic 
field  at  the  point  of  injection  and  Q  =  eB/mc  is  the  gyro-frequency  also  at  the 
point  of  injection,  so  that  /j,  is  essentially  an  initial  value  which  is  an  exact  constant  of 
motion. 

The  Liouville  equation  for  the  system  is  given  by 

i-1-JH 

where  0  is  the  gyro-phase. 

Transforming  the  equation  to  momenta  initial  values:  the  total  energy  E,  the  canonical 
angular  momentum  P^,  and  the  gyro-action  p.,  as  well  as  transforming  0  to  the  action 
phase 


where  SA  is   the  time  integral  of  the  adiabatic  Lagrangian  LA  —  ($>nvu  —  fJ>ty,  one 
obtains 

d  d        L  d 


This  equation  has  a  structure  similar  to  that  of  eq.  (7)  except  that  yu  takes  the  place  of  77 
(later  identified  as  K).  A  Hilbert  space  representation  of  this  equation  which  can  be  sought 
without  any  prejudice  to  QM,  yields  in  a  similar  manner,  the  following  set  of 
Schrodinger-like  equations: 

+0*>*W,-W,.. 

again  with  the  total  probability  density 

(18) 
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The  periodicity  of  -0  =  \/f  with  respect  to  <£  which  is  crucial  for  obtaining  the 
Schrodinger-like  equation  (17)  is  guaranteed  through  the  periodicity  with  respect  to  d> 
(the  gyro-phase)  which  is  an  additive  part  of  <3>  as  per  eq.  (15). 

It  may  be  mentioned  that  (/^Ti)  which  appears  in  the  place  of  'potential'  is  in  fact  the 
adiabatic  potential  which  describes  the  effective  parallel  motion  along  the  magnetic  field 
through  the  equation  of  motion  (in  the  adiabatic  approximation) 

(19) 


4.  Quantum-like  consequences  for  the  classical  mechanical  system 

Even  though  the  above  mentioned  dynamical  system  of  charged  particles  in  a  magnetic 
field  is  a  classical  mechanical  one  with  macroscopic  dimension,  the  above  amplitude 
description  governed  by  the  Schrodinger-like  equations  (18)  entails  that  this  system 
exhibits  quantum-like  properties  for  the  ensemble  of  trajectories  (the  coherent  set  of 
trajectories,  a  la  Synge  [9]  or  a  'family'  a  la  Dirac  [8]),  for  which  these  equations  are 
obtained.  Whether  this  is  indeed  the  case  can  be  ascertained  only  through  appropriate 
experimentation.  Two  kinds  of  predictions  were  identified  for  experimental  verification. 

4.1  Existence  of  multiplicity  of  residence  times  in  an  adiabatic  trap 

One  relates  to  the  residence  times  of  charged  particles  trapped  in  an  adiabatic  potential 
well  as  described  by  the  adiabatic  equation  of  motion  (19).  Charged  particles  can  be 
confined  in  a  well  of  the  potential  /^fi,  if  the  total  energy  E  of  the  particle  is  E  <  (/iif2)max. 
But  the  trapping  is  not  for  ever,  because  the  equation  of  motion  (19)  which  describes  this 
trapping  is  only  an  approximate  equation.  Particles  so  trapped  have  indeed  been  found 
experimentally  to  have  leaked  out  of  the  trap,  with  characteristic  residence  times.  No 
satisfactory  theory  for  the  determination  of  these  residence  life-times  existed  when  these 
experimental  results  were  reported  during  1968-1969.  The  Schrodinger-like  equations 
(17)  along  with  (18),  which  were  first  given  by  the  author  in  1971  as  a  possible 
description  of  the  leakage  of  particles,  afforded  the  possibility  of  determining  the  life 
times  through  a  quantum-tunneling  like  process.  Leaving  aside  for  the  moment  the 
question  of  the  interpretation  of  the  amplitude  functions  &(n)  vis-a-vis  the  quantum 
mechanics  Schrodinger  wave  functions,  what  is  different  here  from  the  standard  quantum 
formalism  is  that  we  have  here  not  one  but  a  set  of  equations  for  the  &(n)  with 
n  —  1,2,3....  This,  as  already  pointed  out,  is  also  true  of  the  generalized  Schrodinger 
formalism  for  quantum  mechanics  as  contained  in  the  set  of  equations  (12)  and  (13). 
Correspondingly,  one  predicts  here  the  existence  of  a  multiplicity  of  residence  times  as 
determined  by  the  equations  corresponding  to  n  =  1,  2,  3  .  .  .  ,  for  the  injection  of  particles 
with  the  same  energy  and  the  pitch  angle.  It  should,  perhaps,  be  pointed  out  that  no 
predictions  of  this  kind  were  available  based  on  the  standard  approach. 

Such  multiplicity  of  residence  times  were  indeed  found  experimentally  in  a  series  of 
experiments  carried  out  at  the  Physical  Research  Laboratory  [lOa,  b,c].  Upto  three 
distinct  times  were  identified,  and  were  found  to  correspond  to  the  modes  n  =  1,2,  3  in 
their  dependence  on  the  magnetic  field  strength  for  a  given  energy  E  and  the  pitch  angle 
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of  injection  9.  The  experimental  identification  of  these  modes  n  —  1,2,3  through  the 
existence  of  the  corresponding  residence  times  then  constitutes  a  validation  of  the 
Schrodinger-like  description.  It  may  also  be  mentioned  that  so  far  no  way  has  been  found 
in  terms  of  the  standard  approach  to  the  problem  to  describe  these  multiplicities  of 
residence  times. 

4.2  Existence  of  discrete  allowed  and  forbidden  states  in  the  macro-domain 

The  other  kind  of  prediction  refers  to  the  wave-like  manifestations  of  the  charged  particle 
dynamics  in  the  macro  domain,  that  is  the  dimensions  of  tens  of  centimeters.  Such 
manifestations  follow  from  the  wave  nature  of  the  Schrodinger-like  equations,  which 
include  the  existence  of  interference  effects  and  consequent  discrete  allowed  and 
forbidden  energy  states  in  the  classical  domain  of  parameters.  Astonishing  as  it  may  seem 
such  non-Planckian  discrete  energy  states  -have  indeed  been  observed  in  recent 
experiments,  as  will  be  described  below. 

These  observations  appear  to  be  in  manifest  violation  of  the  Lorentz  equation  of 
motion  -  initial  value  paradigm  since  the  latter  permits  all  the  continuum  of  initial  values 
and  hence  energies.  As  a  matter  of  fact,  the  observations  demonstrate  in  conformity  with 
the  predictions  of  the  theory,  a  kind  of  wave-like  nonlocality  whereby  the  relative 
separation  between  the  discrete  states  depends  on  the  distance  between  the  electron 
source  -  the  electron  gun,  and  the  detector.  Such  a  distance  dependence  is  quite 
characteristic  of  the  quantum  behaviour,  but  is  completely  inexplicable  in  terms  of  the 
standard  paradigm,  whereby  the  entire  continuum  of  initial  values  are  allowed  values  and 
which  takes  no  cognizance  of  the  distant  boundaries. 

It  seems  therefore,  that  an  electron  moving  in  a  magnetic  field  exhibits  a  wave-like 
behaviour  even  in  macroscopic  dimensions  very  much  like  the  wave  nature  of  electron  in 
micro-dimensions  (de  Broglie  wave).  Such  a  behaviour  follows  from  the  set  of 
Schrodinger-like  equations  obtained  for  the  system. 

What  is  then  the  resolution  of  the  apparent  paradox?  The  Lorentz  equation  is  certainly 
not  wrong.  But  the  experiments,  on  the  other  hand,  cannot  be  explained  in  terms  of  the 
standard  paradigm,  but  appear  to  conform  to  the  Schrodinger-like  description. 

The  resolution  of  the  parodox  appears  to  consist  in  the  realization  that  the  standard 
paradigm  of  classical  mechanics  represents  a  purely  'local'  evolution.  That  is,  the 
trajectory  evolution  at  a  given  time  /  is  determined  entirely  by  the  value  of  the  field  of 
force  at  the  position  of  the  particle  at  that  time,  that  is  'locally'.  The  Schrodinger-like 
equation  on  the  other  hand,  seems  to  provide  a  global  description  of  the  same  dynamics. 
Such  a  global  description  takes  cognizance  of  the  distant  boundaries.  As  a  consequence 
certain  energy  values  (as  initial  conditions)  are  found  to  be  disallowed,  as  deduced  from 
the  theory  and  verified  experimentally.  The  allowed  values  on  the  other  hand,  could  well 
propagate  according  to  the  Lorentz  equation  of  motion.  If  this  point  of  view  is  taken 
there  need  not  be  any  violation  of  the  Lorentz  equation,  but  only  of  the  paradigm  that  all 
the  continuum  of  initial  values  are  the  allowed  values  in  the  classical  mechanical 
formalism. 

It  may  not  be  possible  for  reasons  of  space  to  present  here  the  derivation  of  the  formula 
giving  the  discrete  allowed  states  in  terms  of  a  'quantum  number'  .  If  we  consider  only  the 
function  ^(1)  for  n  =  1,  corresponding  to  an  electron  beam  from  an  electron  gun 
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propagating  along  a  magnetic  field,  then  it  has  been  shown  (Varma  [11])  that  the 
probability  density  of  finding  the  electrons  on  a  grounded  detector  after  propagating  a 
distance  D  along  the  field  is  given  by 

+  V  2R(Kt  k)  sin  [55  +  J  ,  (20) 

k  Hi         J 

where  v\\  is  the  'parallel'  velocity 

1/2.  (21) 


We  see  that  this  expression  has  an  oscillating  term  (the  second  term)  (over  the  mean  first 
term)  which  oscillates  with  the  magnetic  field  B,  with  the  energy  E,  and  the  distance 
traversed  D  individually  with  the  other  parameters  remaining  constant.  The  oscillating 
term  is  a  consequence  of  the  interference  effects.  The  minima  in  the  expression  of  *&*$ 
are  interpreted  as  'forbidden  states'  of  the  charged  particles  in  a  magnetic  field.  The 
energies  of  the  'forbidden  states'  are  given  by 

Ej  =  %m(nD/2ir)2/(j  +  0;/27r)2,  (22) 

where  j  denotes  the  'quantum  number'  labelling  the  forbidden  energy  states  Ej  with  <£/ 
being  the  phase  shift. 

As  is  clear  from  the  expression  (22)  for  the  'forbidden  energies',  they  are  seen  to  be 
determined,  very  astonishingly,  by  the  distance  D  over  which  the  electrons  travel  from  the 
gun  to  the  detector.  This  is  quite  astonishing  from  the  point  of  view  of  the  standard 
paradigm  of  classical  mechanics.  For,  the  dependence  on  D  signifies  a  kind  of  wave-like 
nonlocality  while  classical  mechanics  is  known  to  be  a  local  theory.  The  predictions 
contained  in  this  relation  were  subjected  to  experimental  scrutiny  at  the  Physical 
Research  Laboratoy.  We  describe  below  an  experiment  reported  earlier  [12(a,  b)]  to  check 
these  predictions. 


5.  The  experiment  and  its  results 

An  electron  beam  of  very  low  intensity  (<  0.1  joA)  is  injected  from  an  electron  gun 
along  a  magnetic  field  (  ~  200-300  gauss)  in  an  SS  vacuum  chamber  of  27  cm  dia- 
meter evacuated  to  ~5.10~7torr,  and  is  received  at  a  detector  (Faraday  cup)  at  a 
distance  (L  ~  20  cm)  away  from  the  gun.  The  injection  is  almost  parallel  to  the  field. 
The  Faraday  cup  detector  consists  of  a  grounded  collector  plate  of.  ~  25  cm  diameter, 
1cm  behind  a  grid  which  can  be  biased  to  any  required  potential.  The  electron 
current  from  the  beam  can  be  measured  by  the  detector  (current  received  by  the  plate) 
for  various  negative  grid  potentials  from  zero  to  -<&max,  where  $max  >E/\e\,E  being 
the  electron  beam  energy.  Since  according  to  classical  mechanics,  the  whole  continuum 
of  energy  states  are  allowed  states,  the  plate  current  is  expected  to  exhibit  a 
monotonically  increasing  response  as  the  negative  grid  potential  is  swept  from  —  $max 
to  zero. 

The  actual  experimentally  observed  response  is  quite  and  astonishingly  different  from 
the  expected  one  (a  la  the  standard  classical  mechanical  paradigm)  and  is  shown  in 
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Figure  1.     Plate  current  (a)  and  grid  current  (b)  as  functions  of  the  retarding 
potential.  B  =  170  G,  L  —  30cm  and  E  =  600  eV. 
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Figure  2._   Plate  current  (a)  and  anode  current  (b)  as  functions  of  the  retarding 
potential  5  =  177  G,  L  -  19  cm  and  E  =  600  eV. 

figure  1.  The  upper  curve  (a)  is  the  plate  current  and  quite  clearly  exhibits  a  series  of 
sharply  defined  dips.  The  lower  curve  (b)  is  the  grid  current  for  the  same  set  of 
parameters  and  also  exhibits  a  series  of  dips  which  are  found  to  be  exactly  correlated  with 
the  plate  current  dips.  From  the  point  of  view  of  classical  mechanics,  these  dips  are  quite 
unexpected  and  astonishing  as  they  signify  the  existence  of  'forbidden  states'  which  have 
no  place  in  the  formalism  of  classical  mechanics. 

To  further  check  that  these  are  indeed  the  forbidden  states,  both  the  plate  current  and 
the  anode  current  were  measured  simultaneously  as  the  grid  potential  is  swept.  (It  should 
be  explained  that  the  anode  which  is  grounded,  is  a  part  of  the  electron  gun  and  which 
accelerates  the  electrons  emanating  from  a  negatively  biased  hot  cathode  placed  about 
one  cm  away  from  it.)  Thus  the  electrons  encounter  the  anode  much  before  (~  20  cm)  on 
the  way  to  grid-plate  assembly.  Figure  2  shows  both  the  simultaneously  recorded  plate 
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Figure  3.    Plate  current  as  a  function  of  the  retarding  potential  for  different  values  of 
5  and  L  (as  shown  in  the  plots)  and  E  =  650  eV. 


Table  1.    The  energies  Ej  and  the  j  values  for  plots  in  figure  3(a,  b.  c). 


Peaks 

Energy  Ej  (eV)                                                   j  +  0/2-Tr 

Plot  3a 

Plot  3b 

Plot  3c 

Plot  3a 

Plot  3b 

Plot  3c 

Ml) 

417 

453 

438 

41+0.15 

31+0.32 

36  +  0.56 

JV  +  3 

357 

377 

373 

44  +  0.48 

34  +  0.36 

39  +  0.62 

N  +  6 

313 

317 

323 

47  +  0.45 

37  +  0.47 

42  +  0.57 

N  +  9 

277 

272 

283 

50  +  0.50 

40  +  0.46 

45  +  0.47 

N+12 

247 

237 

250 

53  +  0.48 

43  +  0.35 

48  +  0.41 

and  anode  currents,  the  upper  curve  being  the  plate  and  the  lower  one  being  the  anode 
current.  The  two  curves  are  clearly  anti-correlated,  showing  that  electrons  that  did  not  (or 
could  not)  pass  through  the  system  in  a  certain  energy  state  (forbidden  state)  have  found 
their  way  to  the  anode,  confirming  in  a  sense  the  interpretation  of  the  'dips'  in  the  plate 
current  as  forbidden  states. 

The  experiment  was  repeated  with  different  distances  between  the  gun  and  the  detector 
and  magnetic  fields.  The  plots  so  obtained  are  shown  in  figure  3.  We  see  that  the  positions 
of  the  dips  change  both  with  the  distance  L  and  the  magnetic  field  B,  A  little  reflection 
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shows  that  the  dependence  on  the  distance  L  is  most  enigmatic  because  it  signifies  a  kind 
of  wave-like  nonlocality. 

One  may  now  finally  examine  whether  the  dips  so  observed  can  be  described 
by  the  relation  (23).  To  do  so,  we  read  the  positions  of  the  dips  (in  energy)  from  the  plots 
and  using  these  values  on  the  left  of  eq.  (23)  with  the  magnetic  field  and  distance  D 
inserted  on  the  right,  we  calculate  the  quantity  (7  +  $/27r)  for  every  third  dip  counted  from 
an  (arbitrary)  arrowed  peak  in  three  respective  plots  of  figure  3.  The  results  are  shown  in 
table  1 .  (It  should  be  pointed  out  that  D  =  3L  was  used  in  the  calculation  for  reasons  to 
be  explained  elsewhere.)  The  whole  number  in  the  value  of  (j  +  <^>/27r)  so  obtained  is 
identified  with  the  'quantum  number'  characterizing  the  dip  and  the  fraction  with  (<£/27r). 
It  is  clearly  seen  that  they  values  do  differ  by  3  corresponding  to  the  fact  that  every  third 
dip  was  chosen.  Since  the  different  curves  correspond  to  different  B  and  L  values,  the 
dependence  on  B  and,  in  particular,  on  the  distance  L,  is  well  borne  out  by  the 
experimental  results. 

In  summary,  it  is  important  to  highlight  the  following  facts  that  we  have  demonstrated: 

a)  The  discrete  forbidden  states  of  motion  do  exist  in  the  domain  of  parameters  where 
one  would  use  classical  equation  of  motion  to  determine  the  motion. 

b)  The  energies  of  these  'forbidden  states'  are  well  represented  by  the  relation  (5)  which 
is  obviously  nonquantal  as  there  is  no  Planck  quantum  h  appearing  in  it. 

c)  The  forbidden  states  £/  form  a  hydrogen-like  sequence  for  which  'quantum  numbers'  j 
and  the  phases  can  be  identified  as  in  table  1. 

d)  The  forbidden  states  Ej  and  the  associated  quantum  numbers  j  depend  on  the  distance 
between  the  gun  and  the  detector.  This  is  a  manifestation  of  wave-like  behaviour 
which  is  not  known  to  be  a  characteristic  of  the  standard  initial  value  paradigm  of 
classical  mechanics. 

Based  on  the  above  described  experimental  results,  one  may  now  conclude  that 
the  electrons  moving  in  a  magnetic  field  do  appear  to  exhibit  a  wave-like  behaviour 
in  macroscopic  dimension  which  is  known  to  be  a  domain  of  operation  of  classical 
dynamics  and  which,  therefore,  admits  a  continuum  of  energy  states.  The  existence  of 
discrete  forbidden  states  as  described  above  appears  to  be  in  contradiction  with  the  latter. 


6.  Implication  of  these  results 

To  summarize,  it  has  been  predicted  theoretically  and  demonstrated  experimentally,  that 
electrons  moving  along  a  magnetic  field  within  the  classical  mechanical  domain  of 
parameters,  exhibit  the  existence  of  discrete  forbidden  states,  a  feature  which  is  not 
admitted  by  the  standard  initial  value  paradigm  of  classical  dynamics.  The  latter  admits 
the  entire  continuum  of  initial  conditions  as  allowed  states.  This  is  an  entirely  new  feature 
of  classical  dynamics,  not  hitherto  pointed  out  to  the  best  of  the  author's  knowledge. 
What  is  most  astonishing  and  violative  of  the  classical  mechanical  intuition  is  that  the 
forbidden  (as  also  the  allowed)  states  are  determined  nonlocally  by  the  distant 
boundaries.  The  allowed  states  may  well  evolve  a  la  the  Lorentz  equation  of  motion. 
The  new  description  a  la  the  Schrodinger-like  equation  merely  constrains  the  allowed 
initial  data. 
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The  Schrodinger-like  formalism  may  thus  be  regarded  as  providing  a  global 
description  of  the  classical  mechanical  system  as  it  takes  cognizance  of  the  boundaries 
which  the  standard  paradigm  does  not.  It  is  of  course,  interesting  and  significant  that  a 
classical  mechanical  system,  such  as  the  one  under  consideration,  admits  a  Schrodinger 
wave-like  description,  so  far  considered  as  the  sole  preserve  of  quantum  mechanics.  Of 
course,  not  every  classical  mechanical  system  may  be  so  describable.  We  have  not  been 
able  to  identify  general  criteria  for  such  systems. 

We  have  thus  shown  how  the  generalized  Liouville  equation  for  the  coherent  system 
gives  the  Schrodinger  formalism  (generalized)  as  its  Hilbert  space  representation 
provided  the  Liouville  density  and  the  square-root  thereof  is  periodic  in  the  action  phase 
$  =  S/H.  The  classical  Liouville  equation  is  obtained  as  an  action-phase  average  of  the 
generalized  Liouville  equation.  It  is  in  this  manner  that  classical  mechanics  is  contained 
in  this  generalized  formalism.  It  will  be  seen  that  formally  the  limit  h  — »  0  (which  is 
usually  identified  as  the  classical  limit)  also  amounts,  in  the  lowest  order,  to  an  averaging 
over  $. 

The  question  that  is  most  likely  to  be  raised  is  that  of  the  validity  and  the  validation 
of  the  formalism  obtained  and  the  essential  steps  and  arguments  leading  to  it.  Such  a 
validation  of  the  formalism  has  been  provided  in  a  rather  spectacular  fashion. 

As  discussed  earlier  the  main  thrust  of  our  investigation  was  to  provide  a  forma- 
lism which  could  cover  both  classical  and  quantum  mechanics  in  a  more  natural 
and  logically  connected  manner.  The  same  formalism  applied  to  an  appropriate 
classical  mechanical  system  (charged  particle  dynamics  in  a  magnetic  field)  has 
yielded  a  Schrodinger-like  description  whose  quantum-like  predictions  have  been 
experimentally  verified  in  a  rather  spectacular  fashion.  These  are  astonishing  observa- 
tions in  as  much  as  they  cannot  be  understood  in  terms  of  the  standard  classical 
mechanical  paradigm.  Our  line  of  investigation  has  thus  helped  unearth 
entirely  new  physical  effects  in  the  classical  mechanical  domain  of  parameters.  More 
than  just  that,  they  seem  to  point  to  a  new  paradigm  in  classical  mechanics  whereby 
not  the  whole  of  the  continuum  of  initial  values  are  "allowed  values,  just  like  in  the 
quantum  domain. 

The  question  that  presents  itself  is  that  what  is  it  that  leads  a  classical  mechanical 
system,  to  the  discreteness  of  the  allowed  states  as  against  the  continuum  as  per  the 
standard  paradigm.  It  has  been  shown  by  the  author  [13]  recently  that  the  topological 
considerations  of  the  system  configuration  space  leads  to  conditions  which  constrain  the 
allowed  initial  values  to  a  discrete  set.  These  conditions  turn  out  to  be  nothing  but  the 
eigenvalue  equations  in  the  EBK  form  of  the  Schrodinger-like  equations  (17).  It  is 
conjectured  that  the  same  that  is,  the  topology,  may  also  be  the  origin  of  discreteness  of 
allowed  energy  values  in  quantum  mechanics. 

These  investigations  thus  provide  another  new  point  of  view  in  terms  of  which  to 
consider  the  question  of  classical-quantum  relationship:  Quantum  mechanics  as  a  Hilbert 
space  representation  of  the  (generalized)  classical  Liouville  equation  may  thus  be 
considered  as  a  global  description  of  the  same  dynamics,  with  the  boundary  conditions 
simply  helping  to  determine  the  wave  functions  and  corresponding  discrete  energies 
as  eigenvalues  permitted  by  the  overall  topology  of  the  system.  This  in  turn  translates 
into  an  appropriate  Liouville  density  function  being  determined  by  the  boundary 
conditions. 

Pramana  -  J.  Phys.,  Vol.  49,  No.  1,  July  1997 
30  Special  Issue:  Conference  on  Fundamentals  of  Physics  &  Astrophysics 


Generalized  Liouville  equation 
References 

[1]  R  K  Varma,  Phys.  Rev.  Lett.  26,  917  (1971) 

[2]  R  K  Varma,  Phys.  Rev.  A31,  3951  (1985) 

[3]  R  K  Varma,  Had.  J.  Suppl.  1,  437  (1985) 

[4]  R  K  Varma,  in  Microphysical  reality  and  quantum  formalism  edited  by  A  van  der  Merve 

(Kluwer  Academic  Publishers,  1988)  p.  175 
[5]  R  Courant  and  D  Hilbert,  Methods  of  mathematical  physics  vol.  II,  p.  107  (Imerscience 

Publishers,  1962) 

[6]  P  A  M  Dirac,  Z  Phys.  Sov.  Union  3,  63  (1933) 
[7]  R  P  Feynman,  Rev.  Mod.  Phys.  20,  367  (1948) 
[8]  P  A  M  Dirac,  Can.  J.  Math.  3,  1  (1951) 
[9]  J  L  Synge,  in  Principles  of  mechanics  and  field  theory,  Handbuch  der  Physik,  vol.  III/l, 

Springer  Verlag  (Berlin,  Gottingen,  Heidelberg)  (1960),  p.  121 
[10]  D  Bora,  P  I  John,  Y  C  Saxena  and  R  K  Varma,  (a)  Phys.  Lett.  A75,  60  (1979);  (b)  Plasma 

Phys.  22,  653  (1980);  (c)  Phys.  Fluids  25,  2284  (1982) 
[11]  R  K  Varma,  in  A  variety  of  plasmas,  Proc.  Int.  Conf.  Plasma  Phys.,  Delhi,  Indian  Acad.  of 

Sciences  (1989)  p.  235 
[12]  (a)  R  K  Varma  and  A  M  Punithavelu,  Mod.  Phys.  Lett.  A8,  169  (1993) 

(b)  R  K  Varma  and  A  M  Punithavelu,  Mod.  Phys.  Lett.  A8,  3823  (1993) 
[13]  R  K  Varma,  Mod.  Phys.  Lett.  A9,  3653  (1994) 


Pramana  -  J.  Phys.,  Vol.  49,  No.  1,  July  1997 
Special  Issue:  Conference  on  Fundamentals  of  Physics  &  Astrophysics  3 1 


-journal  of  July  1997 

physics  pp.  33-40 


The  quantum  geometric  phase  as  a  transformation  invariant 

N  MUKUNDA* 

Centre  for  Theoretical  Studies  and  Department  of  Physics,  Indian  Institute  of  Science, 

Bangalore  560012,  India 

*  Honorary  Professor,  Jawaharlal  Nehru  Centre  for  Advanced  Scientific  Research,  Jakkur, 

Bangalore  560064,  India 
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1.  Introduction 

• 

Ever  since  Berry's  important  work  of  1984  [1],  the  geometric  phase  in  quantum 
mechanics  has  been  extensively  studied  by  many  authors.  It  was  soon  realised  that  there 
were  notable  precursors  to  this  work,  such  as  Rytov,  Vladimirskii  and  Pancharatnam  [2]. 
Considerable  activity  followed  in  various  groups  in  India  too,  notably  the  Raman 
Research  Institute,  the  Bose  Institute,  Hyderabad  University,  Delhi  University,  the 
Institute  of  Mathematical  Sciences  to  name  a  few. 

Iln  the  account  to  follow,  a  brief  review  of  Berry's  work  and  its  extensions  will  be 
given  [3].  We  then  turn  to  a  description  of  a  new  approach  which  seems  to  succeed  in 
reducing  the  geometric  phase  to  its  bare  essentials,  and  which  is  currently  being  applied 
in  various  situations  [4].  Its  main  characteristic  is  that  one  deals  basically  only  with 
quantum  kinematics.  We  define  certain  simple  geometrical  objects,  or  configurations  of 
vectors,  in  the  Hilbert  space  of  quantum  mechanics,  and  two  natural  groups  of 
transformations  acting  on  them.  We  then  seek  the  simplest  expressions  invariant  under 
these  transformations.  This  is  seen  to  lead  immediately  to  a  kinematic  view  of  the 
geometric  phase.  It  helps  us  pose  useful  questions  and  connect  the  phase  to  other  more 
familiar  expressions  in  quantum  mechanics. 


2.  Quantum  kinematics:  States,  phases  and  rays 

As  is  well-known,  in  the  quantum  mechanical  description  of  any  system  the  dynamical 
variables  are  linear  operators  on  a  suitably  constructed  Hilbert  space  H.,  while  the  various 
(pure)  states  of  the  system  correspond  to  vectors  ijj,  i//, . . .  in  H.  The  superposition 
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principle  of  quantum  mechanics  permits  us  to  form  linear  combinations 
c\ijj\  +  C2if>2--  of  given  vectors  ^i,  -02...  using  complex  coefficients  ci,  C2 . .  • , 
and  thus  to  produce  new  pure  states  from  old  ones  in  a  completely  nonclassical  way. 
(This  is  of  course  apart  from  superselection  rules.)  The  relation  between  vectors  and 
physical  states  is  quite  subtle.  Namely,  a  change  in  the  overall  phase  of  a  vector  in 
7^  ^  _>  e'<*^  causes  no  change  in  the  physical  state  at  all.  Thus  the  relation  between 
vectors  hi  H  and  distinct  physical  states  is  many-to-one.  One  is  thus  motivated  to 
introduce  the  concept  of  rays  [5]  -  equivalence  classes  of  vectors  differing  from  one 
another  by  phases  alone-so  that  between  rays  and  physical  states  the  relation  is  one-to- 
one.  A  given  vector  if}  eTi  determines  a  corresponding  ray  consisting  of  all  the 
vectors  e'Qi/>,  0  <  a  <  2?r;  this  ray  can  be  conveniently  represented  by  the  pure  state 
density  matrix  or  projection  operator  onto  if),  namely  p  =  ifj  if)*,  and  one  has  these 
relationships: 

many-to-one 

Vectors  ifrinH       — >       physical  states; 

quotient  w.r.t  [/(I) 

Vectors  ip  in  H          — »          rays  p  = 

•    one-to-one 

rays  p  —  if}  -0T      — *•      physical  states.  (1) 

The  geometry  of  ray  space  is  somewhat  complicated,  and  not  as  easy  to  visualize  as  that 
of  H.  Moreover  the  superposition  principle  is  not  manifest,  though  it  is  certainly  present. 
Nevertheless,  its  use  is  crucial  not  only  in  the  above  context  but  also  for  the  geometric 
phase. 

In  contrast  to  overall  phases  being  unobservable,  relative  phases  in  a  linear 
combination,  such  as  in  ^  +  elaif)2,  are  physically  observable  -  all  quantum  mechanical 
interference  phenomena  ultimately  have  their  origins  in  such  relative  phases. 

We  shall  hereafter  deal  with  unit  vectors  in  H,  namely  with  points  on  the  unit  sphere  in 
7i,  and  will  not  mention  this  repeatedly. 


3.  Quantum  dynamics,  adiabatic  theorem  and  the  geometric  phase 

Quantum  dynamics  is  governed  by  the  time-dependent  Schrodinger  equation:  for  each  t 
we  have  a  vector  ifj(t]  e  H  evolving  according  to 

ih^(t}=H(W(t}.  (2) 

Here  H(t)  is  the  Hamiltonian  operator  of  the  system,  and  the  possible  explicit  time 
dependence  allows  for  external  or  environmental  influences  on  the  system.  For  a 
completely  isolated  system  there  would  be  no  such  dependence. 

Berry's  original  discovery  of  the  geometric  phase  was  in  the  following  context. 
Imagine  a  situation  where  H(t)  changes  very  slowly  -  adiabatically  -  with  passage  of 
time,  and  suppose  for  each  time  we  have  a  nondegenerate  normalized  eigenvector  u(t) 
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with  corresponding  eigenvalue  E(t}: 

H(t}u(t}=E(t)u(t}.  (3) 

Thus  we  have  an  instantaneous  energy  eigenstate  with  time-dependent  energy.  Then  the 
Born-Fock  adiabatic  theorem  of  quantum  mechanics  [6]  states  that  an  approximate 
solution  of  the  Schrodinger  equation  (2)  is  -given  by 


),  (4) 

where  the  (hitherto)  free  phase  factor  in  u(t]  is  restricted  by  the  convention 

(ii(0,«(f))=0.  (5) 

Now  suppose  we  have  a  cyclic  environment:  H(T]  =  H(&)  for  some  time  T.  The  question 
is  whether,  when  the  environment  returns  to  its  original  condition,  the  state  vector  also 
does  so.  While  it  was  long  known  that  the  physical  state  returns  to  its  original  form,  the 
precise  behaviour  of  the  state  vector  had  not  been  properly  appreciated  until  Berry's 
work.  What  Berry  found  was  that  there  was  a  new  piece  in  the  phase  factor  relating  if)(T) 
to  "0(0),  which  was  geometrical  in  origin: 


Vtot  —  V-'dyn  +  ^geoirn 

(6) 


The  total  phase  </?tot  is  made  up  of  a  dynamical  part,  already  evident  in  eq.  (4)  expressing 
the  adiabatic  theorem,  and  a  geometric  piece  <£>geom  which  cannot  be  transformed  away. 
Indeed,  one  can  see  that  a  nontrivial  geometric  phase  implies  u(T]  ^  w(0)  if  eq.  (5)  is 
obeyed. 

Thus  the  geometric  phase  was  originally  found  in  the  context  of  adiabatic,  cyclic 
unitary  evolution  governed  by  the  Schrodinger  equation.  Later  developments  showed  that 
each  of  the  first  three  conditions  could  be  relaxed  [7]  -  thus  the  geometric  phase  could  be 
usefully  defined  even  for  nonadiabatic,  noncyclic,  nonunitary  evolution  governed  by  the 
Schrodinger  equation.  The  developments  to  be  now  described  show  that  one  can  even 
dispense  with  the  Schrodinger  equation! 

4.  The  kinematic  approach 

On  the  unit  sphere  in  H  we  define  the  following  geometric  objects:  Open  smooth 
parametrized  curves  C,  which  may  be  pictured  as  strings  lying  on  the  sphere.  Such  a  curve 
C  may  be  represented  as  a  collection  of  vectors  in  this  way: 

C  =  {ifj(s),  s\  <  s  <  52}.  (7) 

The  end  points  are  i/j(si)  and  ififa)',  and  while  ip(s}  must  vary  continuously  with  no 
breaks,  a  finite  number  of  points  where  it  is  not  differentiable  can  be  tolerated. 
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Two  groups  of  transformations  can  be  defined  to  act  on  these  curves,  mapping  each  C 
to  another  C': 

(i)  Local  phase  changes: 


a(s)  —  smooth  function  of  s.  (8) 

(ii)  Monotonic  reparametrizations: 

*'=/(*),   /00>o, 

^'(s')  =  ^(s}.  (9) 

If  we  denote  the  ray  space  image  of  C  by  C,  it  is  clear  that  the  local  phase  changes  do  not 
alter  this  image  at  all.  The  reparametrization  transformation  traverses  the  same  set  of 
points  but  at  an  altered  rate;  so  the  set  of  points  comprising  C  receives  a  new  description. 
The  same  is  then  true  of  C  as  well. 

We  now  ask  for  the  simplest  functional  of  C  with  the  property  that  it  is  invariant  under 
both  these  transformations.  With  a  little  bit  of  work,  one  easily  finds  that  the  following 
expression  is  doubly  invariant  [8]: 


This  is  the  geometric  phase  associated  with  C\  We  see  that  it  is  the  difference  of  two 
terms,  each  individually  dependent  on  C.  However  local  phase  invariance  means  that  (pg  is 
really  a  functional  of  the  ray  space  image  C  of  C\  and  the  reparametrization  invariance 
indicates  its  geometric  nature.  All  this  can  be  expressed  as  follows: 


).  (11) 

The  term  </?p[C]  -  the  subscript  standing  for  Pancharatnam  -  is  just  the  total  phase  seen  in 
eq.  (6).  It  depends  only  on  the  end  points  of  C  and  is  in  that  sense  a  nonlocal  quantity.  The 
term  <^dyn[C]  is  the  'dynamical'  piece  -  it  is  an  integral  along  C  of  a  locally  defined 
integrand. 

Given  any  smooth  curve  C  in  ray  space,  we  may  choose  any  lift  C  in  Ti.  projecting  onto 
C.  Then  the  calculation  of  the  quantities  ^[C]  and  <pdyn[C]  dependent  on  C  is  immediate. 
Their  difference  however  is  independent  of  the  particular  lift  C  and  depends  on  C  alone. 
In  all  this  we  see  how  easy  it  is  to  deal  with  open  curves  in  Hilbert  or  ray  space-noncyclic 
evolution.  Whereas  <£dyn[C]  is  the  integral  along  C  of  a  suitably  defined  one-form  on 
*H,<£>g[C]  cannot  be  displayed  in  any  similar  fashion  at  ray  space  level. 

Particular  kinds  of  lifts  C  — >  C  can  lead  to  corresponding  simplifications: 

(i)  Horizontal  lifts:  Here  (ip(s)y  i>(s})  =  0  throughout,  so  one  has 

(12) 
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(ii)  Pancharatnam  lifts:   Now  the  end  points   are  chosen  to  be   'in  phase'   in 
Pancharatnam  sense,  so  that  (t^(s\},  ^($2))  is  real  positive,  and  then 


One  can  ask  for  an  expression  for  <pg\C]  directly  in  terms  of  density  matrices, 
involving  state  vectors  at  all.  One  such  expression  which  shows  clearly  the  'nonlc 
dependence  of  <f>g[C]  on  C  is 

<pg[C\  =  arg  : 


Reparametrization  invariance  and  the  geometric  nature  are  evident. 

All  the  earlier  treatments  and  special  cases  can  be  easily  recovered  from 
formalism.  In  the  case  where  one  is  dealing  with  some  solution  of  the  Schrodii 
equation  for  some  given  Hamiltonian,  one  can  clearly  pose  and  answer  interes 
questions:  how  does  the  geometric  phase  behave  under  static  and  dynamic  symmetric 
the  Hamiltonian  and  under  antiunitary  time  reversal?  It  turns  out  to  be  invai 
under  both  static  symmetries  and  time  reversal,  but  in  general  not  under  dynz 
symmetries  [8]. 

5.  Connection  to  the  Bargmann  invariants 

Given  any  continuous  curve  C  of  unit  vectors  in  7i,  with  image  C  in  ray  space, 
possible  to  define  the  'length'  of  C  as  a  functional  of  C.  By  extremising  this  functi 
one  arrives  at  the  concept  of  geodesies  in  ray  space.  For  convenience,  any  lift  of  a 
space  geodesic  will  be  regarded  as  a  geodesic  in  Hilbert  space  as  well.  Then  after  suit 
choices  of  phases  and  parametrization,  it  turns  out  that  the  most  general  geodesic  in 
describable  as  follows  [8] 

•0(j)  =  fii  cos  s  +  (j)2  sin  s, 


So  it  is  basically  a  real  plane  curve,  an  arc  of  a  circle  in  two  dimensions.  We  see 
phases  and  the  complex  nature  of  H  are  all  absent  here.  As  a  consequence  we  obtair 
key  result  [8] 

^[geodesic  C  in  ray  space]  =  0. 

We  now  explain  how  this  may  be  exploited. 

If  V>i,  ^2,  •  •  •  ,  tyn  are  any  «  unit  vectors  in  H,  given  in  this  sequence,  they  define 
Bargmann  invariant  [9] 
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The  context  in  which  Bargmann  introduced  such  expressions  (for  the  case  n  =  3)  was  a 
discussion  of  the  Wigner  unitary-antiunitary  theorem  [10]:  any  symmetry  in  quantum 
mechanics,  i.e.,  any  probability  preserving  map  of  (pure  state)  rays  on  to  rays,  can  be 
lifted  to  either  a  linear  unitary  or  an  antilinear  antiunitary  map  at  the  Hilbert  space  level. 
The  behaviour  of  AS  distinguishes  between  these  two  alternatives,  since  it  is  invariant  in 
the  unitary  case  and  goes  to  its  complex  conjugate  in  the  antiunitary  case. 

The  link  between  geometric  phases  and  Bargmann  invariants  arises  from  the  result  (16) 
for  geodesies.  Given  the  points  or  vertices  fa  ,  fa,  •  •  •  ,  tyn  needed  to  set  up  AM,  join  fa  to 
fa  by  a  geodesic  arc,  fa  to  1,63  by  another  geodesic  arc,  and  so  on  all  the  way  till  the 
geodesic  arc  from  ifjn  back  to  fa  .  This  gives  us  an  «-sided  polygon  in  ray  space  as  well, 
with  pi,  p2)  •  •  •  5  Pn  for  vertices.  We  then  find 

(pg     [n-sided  polygon  with  vertices  pi,  p2,  -  .  .  ,  pn] 

hife,...,^).  (18) 


This  is  a  nice  connection  between  something  old  and  something  new,  and  it  also  gives 
some  feeling  for  the  nature  of  the  geometric  phase.  It  can  and  has  been  used  in  several 
ways:  for  instance  the  original  definitions  (10,11)  for  (ps\C\  can  be  recovered  by  a 
limiting  process  via  a  polygonal  approximation  to  C,  showing  how  the  pieces  tpp  [C]  and 
f#iyn[C]  arise  respectively  from  the  last  and  the  previous  factors  in  AB(^i,  fa,---,  fa}',  it 
has  been  shown  that  the  very  well-known  Guoy  phase  in  classical  beam  optics  is  an 
instance  of  the  geometric  phase,  as  seen  via  the  Bargmann  invariant  [11]. 

6.  The  case  of  Lie  group  representations 

The  next  major  application  of  this  formalism  is  to  a  study  of  geometric  phases  arising  out 
of  unitary  Lie  group  representations  [12].  Many  special  features  are  present  on  account  of 
the  algebraic  and  differential  geometric  properties  that  now  become  available. 

The  framework  we  use  is  the  following.  We  have  a  (compact  or  noncompact)  Lie  group 
G,  with  a  faithful  unitary  representation  U(-}  of  it  acting  on  a  Hilbert  space  H.  The 
representation  need  not  be  irreducible.  Denote  its  hermitian  generators  by  {Tr}.  We  have 
a  given  fiducial  vector  fa  €  H.  We  are  interested  in  calculating  geometric  phases  for 
smooth  curves  C  which  start  out  at  ^o  and  are  produced  by  continuous  group  action  on  fa. 
It  turns  out  that  the  dynamical  part  of  the  geometric  phase  can  be  studied  in  great  detail 
and  brought  to  a  maximally  simplified  form.  We  indicate  the  structures  and  results  briefly. 

Given  fa  and  the  unitary  representation  U(g)  of  G  on  H,  two  subgroups  of  G  are 
naturally  defined 


—  stability  group  of  fa\ 
H={g£  G\U(g)fa  =  (phase  factor)^} 

=  stability  group  of  fa  up  to  phases.  (19) 

Clearly  HO  is  an  invariant  subgroup  of  H  .  For  definiteness  we  make  the  assumption  that 
HQ  is  compact  -  this  is  so  in  all  physically  interesting  cases. 
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Now  the  curves  C  that  we  are  interested  in  can  be  viewed  or  described  in  two  ways: 
either  as  lying  in  the  orbit  0(V>o)  of  ^o  in  H,  which  consists  of  the  collection  of  vectors 
U(g]  ifjQ  for  all  g  €  G;  or  as  lying  in  the  coset  space  MQ  =  G/HQ.  This  is  because  by  a 
well-known  argument  these  two  objects  are  the  same  -  there  is  a  one-to-one  corres- 
pondence between  vectors  -0  6  O(V'o)  and  cosets  in  G/H0.  Hence 


C  =  {l^(g(s))ijjQ\g(s)a  smooth  curve  in  G} 
—  curve  in  G  —  orbit  O(ipo}  of  I/JQ 
=  curve  in  coset  space  MQ  =  G/HQ.  (20) 

To  calculate  the  dynamical  phase  <pdyn[C],  we  need  to  appreciate  that  there  are  three  (and 
only  three)  possible  relations  between  HQ  and  H,  described  as  follows: 


A)  H  =  HQ,     H/HQ  =  trivial; 

B)  H/HQ  =  discrete,  nontrivial; 

C)  H/HQ  =  £7(1).  (21) 


In  case  (A)  we  are  unable  to  change  the  phase  of  ?/>o  by  group  action,  so  O(^Q)  consists  of 
exactly  one  vector  each  from  a  certain  collection  of  rays.  In  case  (B)  we  can  change  the 
phase  of  IJJQ  by  group  action  but  only  by  certain  discrete  amounts,  so  O(V'o)  consists  of  a 
discrete  set  of  vectors  drawn  from  each  of  a  certain  collection  of  rays.  In  case  (C)  we  can 
change  the  phase  of  V>o  by  any  amount  by  suitable  group  action,  so  O(I(JQ)  consists  of  a 
certain  collection  of  entire  rays.  At  the  Lie  algebra  level,  in  cases  (A)  and  (B),  the 
subgroups  HQ  and  H  have  the  same  Lie  algebra;  while  in  case  (C),  H  has  an  extra  £7(1) 
generator  invariant  under  HQ. 

Now  we  turn  to  </?dyn[C]-  By  using  the  Wigner-Eckart  theorem  of  quantum  mechanics, 
and  following  also  the  spirit  of  that  theorem,  we  find  we  can  simplify  <£>dyn[C]  a  great  deal, 
and  effect  a  neat  separation  of  its  algebraic  and  its  geometric  parts  -  namely,  dependences 
on  T/JQ,  U(-}  on  the  one  hand  and  dependence  on  C  on  the  other.  For  this  some  standard 
differential  geometric  properties  of  G  and  MQ  are  needed  [13].  The  Lie  group  G  carries 
two  sets  of  vector  fields  and  their  dual  one  forms,  one  set  being  left  invariant  and  the 
other  right  invariant.  These  forms  are  the  Maurer-Cartan  one-forms  and  the  Lie  algebra 
structure  can  be  expressed  using  either  set.  When  we  descend  from  G  to  the  coset  space 
MQ  =  G/HQ,  only  some  of  the  Maurer-Cartan  forms  survive  and  yield  globally  defined 
one-forms  on  MQ.  These  are  the  one-forms  going  with  those  generators  of  G  which  are 
scalar  with  respect  to  HQ.  Using  all  this  machinery  and  the  standard  Wigner-Eckart 
theorem  we  find 

^yn[C]-(Vo,^0)    /          &.  (22) 

JCcMo 

There  is  a  sum  here  on  the  repeated  index  p  :  {Tp}  is  a  complete  independent  set  ofH- 
scalar  generators  among  {TV},  and  6P  are  the  pull-backs  to  MQ  of  the  Maurer-Cartan  forms 
on  G  that  are  associated  with  the  7^.  Among  the  {Tp}  we  may  omit  any  generators  of  HQ 
since  they  annihilate  T/JQ;  and  the  Bp  are  globally  well-defined  on  MQ. 

We  see  that  </?dyn[C]  is  generally  a  sum  of  terms  in  each  of  which  there  is  a 
neat  separation  of  the  algebraic  representation  dependent  part  from  the  geometric 
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dependence  on  C.  This  simplified  expression  allows  a  systematic  study  and  comparison 
of  cases  where  U(g)  may  change  but  HQ  and  C  do  not;  when  two  groups  G  and  G'  are 
locally  isomorphic  but  globally  different,  and  the  relevant  coset  spaces  MO,  M'Q  coincide, 
and  so  on. 

Several  applications  of  this  formalism  have  been  made:  the  Guoy  phase  was  already 
mentioned,  and  this  involves  the  metaplectic  group  Mp(2);  the  case  of  5f/(3) 
representations  including  three-level  quantum  systems  [14];  squeezing  transformations 
etc.  Indeed  in  practically  every  experimental  realisation  of  geometric  phases,  it  does 
happen  that  some  Lie  group  is  intimately  involved! 

7.  Concluding  remarks 

This  account  conveys  the  value  of  viewing  the  geometric  phase  as  a  purely  kinematic 
construct,  and  gives  a  new  perspective  on  it.  It  has  led  to  interesting  questions  and 
applications  which  are  conceptually  clear  when  expressed  in  the  present  framework. 
Lastly,  as  Feynman  expressed  himself  in  a  well  known  paper:  'there  is  a  pleasure  in 
recognizing  old  things  from  a  new  point  of  view'. 
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Abstract.  In  the  past  ten  years,  the  ideas  of  supersymmetry  have  been  profitably  applied  to  many 
nonrelativistic  quantum  mechanical  problems.  In  particular,  there  is  now  a  much  deeper 
understanding  of  why  certain  potentials  are  analytically  solvable.  In  this  lecture  I  review  the 
theoretical  formulation  of  supersymmetric  quantum  mechanics  and  discuss  many  of  its  applications. 
I  show  that  the  well-known  exactly  solvable  potentials  can  be  understood  in  terms  of  a  few  basic 
ideas  which  include  supersymmetric  partner  potentials  and  shape  invariance.  The  connection 
between  inverse  scattering,  isospectral  potentials  and  supersymmetric  quantum  mechanics  is 
discussed  and  multi-soliton  solutions  of  the  KdV  equation  are  constructed.  Further,  it  is  pointed  out 
that  the  connection  between  the  solutions  of  the  Dirac  equation  and  the  Schrb'dinger  equation  is 
exactly  same  as  between  the  solutions  of  the  MKdV  and  the  KdV  equations. 

Keywords.     Supersymmetry;  shape  invariant  potentials;  solvable  potentials. 
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1.  Introduction 

Physicists  have  long  strived  to  obtain  a  unified  description  of  all  basic  interactions  of 
nature,  i.e.  strong,  electroweak,  and  gravitational  interactions.  Several  ambitious  attempts 
have  been  made  in  the  last  two  decades,  and  it  is  now  widely  felt  that  supersymmetry 
(SUSY)  is  a  necessary  ingredient  in  any  unifying  approach.  SUSY  relates  bosonic  and 
fermionic  degrees  of  freedom  and  has  the  virtue  of  taming  ultraviolet  divergences.  One  of 
the  important  predictions  of  SUSY  theories  is  the  existence  of  SUSY  partners  of  quarks, 
leptons  and  gauge  bosons.  Despite  the  beauty  of  all  these  unified  theories,  there  has  so  far 
been  no  experimental  evidence  of  SUSY  being  realized  in  nature. 

However,  over  the  last  10  years,  the  ideas  of  SUSY  have  stimulated  new  approaches  to 
other  branches  of  physics  [1]  like  nuclear,  atomic,  condensed  matter,  statistical  physics  as 
well  as  in  quantum  mechanics  (QM).  I  have  been  fortunate  to  be  involved  in  some  of 
these  developments  in  the  area  of  supersymmetric  quantum  mechanics  [2,3].  Recently, 
Cooper,  Sukhatme  and  myself  have  written  an  exhaustive  Physics  Reports  on  this  topic 
where  we  have  discussed  many  of  these  developments  at  length  [4].  Today  I  would  like  to 
raise  some  of  the  issues  in  which  SUSY  has  given  us  new  insight  in  QM  and  discuss  few 
of  them  in  some  detail. 

1.  It  is  well  known  that  the  infinite  square  well  is  one  of  the  simplest  exactly  solvable 
problem  in  nonrelativistic  QM  and  the  energy  eigenvalues  are  given  by  En  =  c(n  4- 1)2 
where  c  is  constant.  Are  there  other  potentials  for  which  the  energy  eigenvalues  have  a 
similar  form  and  is  there  a  simple  way  of  obtaining  these  potentials? 
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2  Free  particle  is  obviously  the  simplest  example  in  QM  with  no  bound  states,  no 
reflection  and  transmission  probability  being  unity.  Are  there  other  (nontnvial) 
potentials  for  which  also  there  is  no  reflection  and  is  it  possible  to  easily  construct 

such  potentials?  .  .  ~ 

3.  Why  is  Schrodinger  equation  analytically  solvable  in  the  case  of  few  potentials 
Another  question  is  if  the  one  dimensional  harmonic  oscillator  the  only  potential 
which  can  be  solved  by  operator  method?  In  this  context,  recall  that  the  operator 
method  of  solving  the  one  dimensional  problem  is  in  fact  the  whole  basis  of  quantum 
field  theory  as  well  as  many  body  theory. 

4.  It  is  well  known  that  given  a  potential  V(x),  the  corresponding  energy  eigenvalues  £„, 
and  the  scattering  matrix  (the  reflection  and  transmission  coefficients  R(k)  and  T(k)  in 
the  one  dimensional  case  or  phase  shifts  in  the  three  dimensional  case)  are  unique.  Is 
the  converse  also  true  i.e.  given  £„,  R(k)  and  T(k)  is  the  corresponding  potential 
unique?  If  not  then  how  does  one  construct  the  various  potentials  with  the  same  £„,  R 
andT? 

5.  A  related  question  is  about  the  construction  of  the  soliton  solutions  of  the  KdV  and 
other  nonlinear  equations.  Can  these  be  easily  constructed  from  the  formalism  of 
SUSY  QM? 

6.  What  is  the  connection  between  the  Dirac  and  the  Schrodinger  equations?   In 
particular,  knowing  the  solution  of  the  Schrodinger  problem  does  there  always  exist  a 
corresponding  exactly  solvable  Dirac  problem  and  what  is  the  precise  connection 
between  the  two? 

7.  Is  there  a  unified  treatment  for  constructing  the  bound  states  in  the  (classical) 
continuum? 

8.  Are  there  semiclassical  approximations  which  do  even  better  than  the  usual  WKB 
approximation?  For  example  is  there  an  approximation  scheme  for  which  the  lowest 
order  is  exact  while  all  higher  order  corrections  are  zero? 

9.  Finally,  can  one  also  analytically  solve  few  noncentral  potentials  by  using  operator 
method  alone? 

Before  I  discuss  in  some  detail  as  to  what  SUSY  QM  has  to  say  about  these  questions,  I 
shall  briefly  discuss  the  formalism  of  SUSY  QM  and  show  that  because  of  the  underline 
SUSY,  the  energy  eigenvalues,  the  eigenfunctions  and  the  S-matrix  of  the  two  partner 
potentials  are  related  in  a  very  definite  way. 


2.  Formalism 

One  of  the  key  ingredients  in  solving  exactly  for  the  spectrum  of  one  dimensional 
potential  problems  is  the  connection  between  the  bound  state  wave  functions  and  the 
potential.  It  is  not  usually  appreciated  that  once  one  knows  the  ground  state  wave  function 
(or  any  other  bound  state  wave  function)  then  one  knows  exactly  the  potential  (up  to  a 
constant).  Let  us  choose  the  ground  state  energy  for  the  moment  to  be  zero.  Then  one  has 
from  the  Schrodinger  equation  that  the  ground  state  wave  function  if)Q(x)  obeys  [4] 


0) 
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This  allows  a  global  reconstruction  of  the  potential  V\  (x)  from  a  knowledge  of  its  ground 
state  wave  function  which  has  no  nodes.  Once  we  realize  this,  it  is  now  very  simple  to 
factorize  the  Hamiltonian  using  the  following  ansatz: 


(3) 
where 

+W(jc).  (4) 


This  allows  us  to  identify 

'(x}.  (5) 


This  equation  is  the  well-known  Riccati  equation.  The  quantity  W(x)  is  generally  referred 
to  as  the  'superpotentiaT  in  SUSY  QM  literature.  The  solution  for  W(x)  in  terms  of  the 
ground  state  wave  function  is 


This  solution  is  obtained  by  recognizing  that  once  we  satisfy  AIJJQ  =  0,  we  automatically 
have  a  solution  to  HIIJJQ  =  A'A-00  =  0. 

The  next  step  in  constructing  the  SUSY  theory  related  to  the  original  Hamiltonian  H\  is 
to  define  the  operator  HI  =  AA\  obtained  by  reversing  the  order  of  A  and  AT.  A  little 
simplification  shows  that  the  operator  HI  is  in  fact  a  Hamiltonian  corresponding  to  a  new 
potential  V2(x) 

V2(x)  =  W*(x)  +  -A=  W(x).  (7) 


"£•  r\          JV2      '          •'•V/'  •'•V     /  \     /      '          fci 

2m  aX*  ^/2m 

The  potentials  V\(x]  and  V2(x)  are  known  as  supersymmetric  partner  potentials. 

As  we  shall  see,  the  energy  eigenvalues,  the  wave  functions  and  the  ^-matrices  of  H \ 
and  HI  are  related.  To  that  end  notice  that  the  energy  eigenvalues  of  both  H\  and  HI  are 
positive  semi-definite  (En  >  0)  .  For  n  >  0,  the  Schrodinger  equation  for  H\ 


(8) 
implies 

H2(A^}  =  AAtAtf  )  =  E^(A^}.  (9) 

Similarly,  the  Schrodinger  equation  for  HI 
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implies 


(11) 

From  eqs  (8)-(ll)  and  the  fact  that  E^  =0,  it  is  clear  that  the  eigenvalues  and 
eigenfunctions  of  the  two  Hamiltonians  HI  and  HI  are  related  by  (n  =  0,  1,  2,  .  .  .) 


Attf).  (14) 

Notice  that  if  i//1^  (T/^)  of  #1  (#2)  is  normalized  then  the  wave  function  1$ 
("01+1  )  m  e<ls  (13)  and  (14)  is  also  normalized.  Further,  the  operator  A  (A'  )  not  only 
converts  an  eigenfunction  of  H\  (#2)  mt°  an  eigenfunction  of  H2(H\]  with  the  same 
energy,  but  it  also  destroys  (creates)  an  extra  node  in  the  eigenfunction.  Since  the 
ground  state  wave  function  of  H\  is  annihilated  by  the  operator  A,  this  state  has  no 
SUSY  partner.  Thus  the  picture  we  get  is  that  knowing  all  the  eigenfunctions  of  H\ 
we  can  determine  the  eigenfunctions  of  HI  using  the  operator  A,  and  vice  versa  using 
A  i  we  can  reconstruct  all  the  eigenfunctions  of  HI  from  those  of  HI  except  for  the  ground 
state. 

The  underlying  reason  for  the  degeneracy  of  the  spectra  of  H\  and  HI  can  be 
understood  most  easily  from  the  properties  of  the  SUSY  algebra.  That  is  we  can  consider 
a  matrix  SUSY  Hamiltonian  of  the  form 


Hi 

which  contains  both  H\  and  HI.  This  matrix  Hamiltonian  is  part  of  a  closed  algebra  which 
contains  both  bosonic  and  fermionic  operators  with  commutation  and  anti-commutation 
relations.  We  consider  the  operators 

0     01 

<16> 


0    At 
0     0 


(17) 


in  conjunction  with  H.  The  following  commutation  and  anticommutation  relations  then 
describe  the  closed  superalgebra  sl(l/l): 


0.  (18) 

The  fact  that  the  supercharges  Q  and  Q\  commute  with  H  is  responsible  for  the 
degeneracy. 

Supersymmetry  also  allows  one  to  relate  the  reflection  and  transmission  coefficients  in 
situations  where  the  two  partner  potentials  have  continuum  spectra.  In  order  for  scattering 

Pramana  -  J.  Phys.,  Vol.  49,  No.  1,  July  1997 


to  take  place  in  both  of  the  partner  potentials,  it  is  necessary  that  the  potentials  V\2  are 
finite  as  x  —  >  —  oo  or  as  x  —  >  +00  or  both.  Define 


=  W±.  (19) 

Then 

Vi,2-*Wl     as    x  -4  ±00.  (20) 

Let  us  consider  an  incident  plane  wave  elkx  of  energy  E  coming  from  the  direction 
x  —  >  —  oo.  As  a  result  of  scattering  from  the  potentials  Vi^2(x}  one  would  obtain 
transmitted  waves  T\t2(k)^x  and  reflected  waves  R\2(k}e,~lkx.  Thus  we  have 


-oo)  ->  e'** 

+00)  ->  r1)2e('^.  (21) 


SUSY  connects  continuum  wave  functions  of  H\  and  HI  having  the  same  energy 
analogously  to  what  happens  in  the  discrete  spectrum.  Thus  we  have  the  relationships: 


where  N  is  an  overall  normalization  constant.  On  equating  terms  with  the  same  exponent 
and  eliminating  N,  we  find 

'W 

*!(*)= 


(23) 
«/ 

where  k  and  k'  are  given  by 

k=(E-W2_}l/2,     k'  =  (E-Wl}l/2.  (24) 

A  few  remarks  are  now  in  order  at  this  stage. 

(1)  Clearly  \R\\2  =  \R2\2  and  |7i|2  =  \T2  2,  that  is  the  partner  potentials  have  identical 
reflection  and  transmission  probabilities. 

(2)  RI(TI)  and  R2(T2)  have  the  same  poles  in  the  complex  plane  except  that  R\  (T\)  has 
an  extra  pole  at  k  =  —iW-.  This  pole  is  on  the  positive  imaginary  axis  only  if 
W-  <  0  in  which  case  it  corresponds  to  a  zero  energy  bound  state. 

(3)  In  the  special  case  that  W+  =  W-,  we  have  that  T\(k)  =  T2(k}. 

(4)  When  W-  =  0  then  R^k)  =  -R2(k). 


3.  SUSY  partner  of  the  infinite  square  well 


Let  us  look  at  a  well  known  potential,  namely  the  infinite  square  well  and  determine  its 
SUSY  partner  potential.  Consider  a  particle  of  mass  m  in  an  infinite  square  well  potential 
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of  width  L . 

V(x)  =  0,     0  <  x  <  L, 

=  00,     —  oo<x<Q,x>L. 

The  ground  state  wave  function  is  known  to  be 

41)  =  (2/L)1/2sin(7rx/L),     0  <  x  <  L,  (26) 

and  the  ground  state  energy  is  EO  =  ft  ir/2mL  . 

Subtracting  off  the  ground  state  energy  so  that  we  can  factorize  the  Hamiltoman  we 
have  for  HI  =H-EQ  that  the  energy  eigenvalues  are 

£(i)_"(n  +  2)fr^2  (27) 

^    ~    2mL2 

and  the  eigenfunctions  are 

.^(n  +  l)^       0<;c<Li  (28) 


The  superpotential  for  this  problem  is  readily  obtained  using  eq.  (6) 

W(x)  =  —  ^=7Cot(TO/L)  (29) 

V  2m  L 

and  hence  the  supersymmetric  partner  potential  Vi  is 

/L)  -  1].  (30) 


The  wave  functions  for  H2  are  obtained  by  applying  the  operator  A  to  the  wave  functions 
of  H\.  In  particular  we  find  that 

T/JQ    oc  sin2(7rx/L),     ij}\    oc  sin(7rx/L)  sin(27r;c/L).  (31) 

Thus  we  have  shown  using  SUSY  that  two  rather  different  potentials  corresponding  to  H\ 
and  HI  have  exactly  the  same  spectra  except  for  the  fact  that  HI  has  one  fewer  bound 


state. 


4.  Reflectionless  potentials 

It  is  clear  from  the  discussion  in  §  2  that  if  one  of  the  partner  potentials  is  a  constant 
potential  (i.e.  a  free  particle),  then  the  other  partner  will  be  of  necessity  reflectionless.  In 
this  way  we  can  understand  the  reflectionless  potentials  of  the  form  V(x]  =  Asech2ox 
which  play  a  critical  role  in  understanding  the  soliton  solutions  of  the  KdV  hierarchy.  Let 
us  consider  the  superpotential 

W(x)=Atanhax.  (32) 

Pramana  -  J.  Phys.,  Vol.  49,  No.  1,  July  1997 
46  Special  Issue:  Conference  on  Fundamentals  of  Physics  &  Astrophysics 


The  two  partner  potentials  are 


=  A—A\A  +  OL    , seclr  ox, 

\  fr\  I  ' 

V2m/ 


V2  =  A2  -  A  (  A  -  a  —==]  sech2ca.  (33) 

V2my 


We  see  that  for  A  =  o:(/z/v/2m),  V^jc)  corresponds  to  a  constant  potential  so  that  the 
corresponding  Vi  is  a  reflectionless  potential.  It  is  worth  noting  that  V\  is  ^-dependent. 
One  can  in  fact  rigorously  show,  though  it  is  not  mentioned  in  most  text  books,  that  the 
reflectionless  potentials  are  necessarily  /it-dependent.  Proceeding  in  the  same  way  one  can 
obtain  reflectionless  potentials  with  n  bound  states  in  case  A  =  nct(H/V2m), 
(n  =  2, 3, . . .;  note  that  V\  has  precisely  one  bound  state). 

Recently  we  [5, 6]  have  also  shown  how  to  construct  reflectionless  potentials  with 
infinite  number  of  bound  states. 

It  is  worth  mentioning  here  that  these  reflectionless  potentials  are  intimately  related 
with  the  soliton  solutions  of  the  KdV  equation 

ut  =  6uux  -  Uxxx.  (34) 

We  shall  have  something  more  to  say  about  this  question  in  a  later  section. 

5.  Shape  invariance  and  solvable  potentials 

Most  text  books  on  quantum  mechanics  describe  how  the  one  dimensional  harmonic 
oscillator  problem  can  be  elegantly  solved  using  the  raising  and  lowering  operator 
method.  Using  the  ideas  of  SUSY  QM  developed  in  §  2  and  an  integrability  condition 
called  the  shape  invariance  condition  [8],  we  now  show  that  the  operator  method  for 
the  harmonic  oscillator  can  be  generalized  to  the  whole  class  of  shape  invariant 
potentials  (SIP)  which  include  all  the  popular,  analytically  solvable  potentials.  Indeed, 
we  shall  see  that  for  such  potentials,  the  generalized  operator  method  quickly  yields 
all  the  bound  state  energy  eigenvalues,  eigenfunctions  as  well  as  the  scattering  matrix. 
It  turns  out,  that  this  approach  is  essentially  equivalent  to  Schrodinger's  method  of 
factorization  [7]  although  the  language  of  SUSY  is  more  appealing. 

Let  us  now  explain  precisely  what  one  means  by  shape  invariance.  If  the  pair  of  SUSY 
partner  potentials  Vi^x)  defined  in  §2  are  similar  in  shape  and  differ  only  in  the 
parameters  that  appear  in  them,  then  they  are  said  to  be  shape  invariant.  More  precisely,  if 
the  partner  potentials  V\ti(x]a\}  satisfy  the  condition 

V2(x;al)  =  V,(x-a2)+R(al},  (35) 

where  a\  is  a  set  of  parameters,  ai  is  a  function  of  a\  (say  ai  =f(ai})  and  the  remainder 
R(a\)  is  independent  of  x,  then  V\(x;a\)  and  Vi(x\a\)  are  said  to  be  shape  invariant.  The 
shape  invariance  condition  (35)  is  an  integrability  condition. 

Let  us  start  from  the  SUSY  partner  Hamiltonians  H\  and  HI  whose  eigenvalues  and 
eigenfunctions  are  related  by  SUSY.  Further,  since  SUSY  is  unbroken  we  know  that 

P  px  -I 

£<01)(fl1)=0,     ^1)(x;a1)=^exp  -  /    W^jflijdy  .  (36) 

L     J  J 
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We  now  show  that  the  entire  spectrum  of  H\  can  be  very  easily  obtained  algebraically  by 
using  the  shape  invariance  condition  (35).  To  that  purpose,  let  us  construct  a  series  of 
Hamiltonians  Hs,  s  =  1, 2, 3  ....  In  particular,  following  the  discussion  of  the  last  section 
it  is  clear  that  if  H\  has  p  bound  states  then  one  can  construct  p  such  Hamiltonians 
HI  ,  #2,  •  •  • )  Hp  and  the  nth  Hamiltonian  Hn  will  have  the  same  spectrum  as  HI  except  that 
the  first  n  -  1  levels  of  R\  will  be  absent  in  Hn.  On  repeatedly  using  the  shape  invariance 
condition  (35),  it  is  clear  that 

(37) 

where  as  =J"~1(fli)  i.e.  the  function/  applied  s  -  1  times.  Let  us  compare  the  spectrum 
of  Hs  and  HS+I.  In  view  of  eqs  (35)  and  (37)  we  have 


"^  k=l 

Thus  Hs  and  Hs+\  are  SUSY  partner  Hamiltonians  and  hence  have  identical  bound  state 
spectra  except  for  the  ground  state  of  Hs  whose  energy  is 

s-l 

k=l 

This  follows  from  eq.  (37)  and  the  fact  that  E^  =  0.  On  going  back  from  Hs  to  Hs-\  etc, 
we  would  eventually  reach  H2  and  H\  whose  ground  state  energy  is  zero  and  whose  nth 
level  is  coincident  with  the  ground  state  of  the  Hamiltonian  Hn.  Hence  the  complete 
eigenvalue  spectrum  of  H\  is  given  by 

i)=0.  (40) 

We  now  show  that,  similar  to  the  case  of  the  one  dimensional  harmonic  oscillator,  the 
bound  state  wave  functions  -01 '  (jq  a\]  for  any  shape  invariant  potential  can  also  be  easily 
obtained  from  its  ground  state  wave  function  ify  \x\a\)  which  in  turn  is  known  in  terms 
of  the  superpotential.  This  is  possible  because  the  operators  A  and  At  link  up  the 
eigenfunctions  of  the  same  energy  for  the  SUSY  partner  Hamiltonians  H\ 2.  Let  us  start 
from  the  Hamiltonian  Hs  as  given  by  eq.  (37)  whose  ground  state  eigenfunction  is  then 
given  by  I/JQ(X;  as).  On  going  from  Hs  to  H,_i  to  H2  to  HI  and  using  eq.  (14)  we  then  find 
that  the  nth  state  unnormalized,  energy  eigenfunction  1$'  (x]a\)  for  the  original 
Hamiltonian  H\ (x\a\]  is  given  by 

#2)  •••A'(x;«n)'0Q  (jc;an+i),  (41) 

which  is  clearly  a  generalization  of  the  operator  method  of  constructing  the  energy 
eigenfunctions  for  the  one  dimensional  harmonic  oscillator. 
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Finally,  it  is  worth  noting  that  in  view  of  the  shape  invariance  condition  (35),  the 
relation  (23)  between  scattering  amplitudes  takes  a  particularly  simple  form 


[(£;fl2),  (43) 

thereby  relating  the  reflection  and  transmission  coefficients  of  the  same  Hamiltonian  H\ 
atfli  anda2(=/(ai)). 

Let  us  now  discuss  the  interesting  question  of  the  classification  of  various  solutions 
to  the  shape  invariance  condition  (35).  This  is  clearly  an  important  problem  because 
once  such  a  classification  is  available,  then  one  can  discover  new  SIPs  which  are 
solvable  by  purely  algebraic  methods.  Although  the  general  problem  is  still  unsolved, 
two  classes  of  solutions  have  been  found  and  discussed.  In  the  first  class,  the  parameters 
a\  and  a2  are  related  to  each  other  by  translation  (a2  =  a\+a)  [9].  Remarkably 
±f  enough,  all  well  known  analytically  solvable  potentials  found  in  most  textbooks  on 

nonrelativistic  quantum  mechanics  belong  to  this  class.  In  table  1,  we  give  expressions  for 
the  various  shape  invariant  potentials  V\(x],  superpotentials  W(x),  parameters  a\  and  a2 
and  the  corresponding  energy  eigenvalues  £"„ '  and  eigenfunctions  ipn  [10, 11]. 

As  an  illustration,  let  us  consider  the  superpotential  (n  =  2m=  1) 

W(x;A,B)  =  A  tan  ax  -  B  cot  ax\     A ,  B  >  0.  (44) 

The  corresponding  partner  potentials  are 

Vi(x\A,B)  =  -(A+B}2  +A(A-a)sec2oac  +  B(B-  a)cosec2oa, 

T  /    /         ,1      n\  f  A      i     n\*>     i      A  /  A      i          \  2  i      !">  /  r>     i          \  2  //ic"\ 

V2(x]A,B)  —  — (A  +  jDj   +A(A -f- ajsec  ax  -\-B(Jo  +  ajcosec  ax.  (45) 

V\  and  V2  are  often  called  Poschl-Teller  I  potentials  in  the  literature.  They  are  shape 
^  invariant  partner  potentials  since 

V2(x;A,B]  =  Vl(x]A  +  a,B  +  a}  +  (A+B  +  2af-  (A+5)2  (46) 

and  in  this  case 


=  (A,B);  {a2}  =  (A  +  a,B  +  a),RM  =  (A+B  +  2a)2  -(A  +  B). 

(47) 

In  view  of  eq.  (40),  the  bound  state  energy  eigenvalues  of  the  potential  Vi(x;A,B)  are 
then  given  by 

n 

£0)  =        R(ak)  =  (A  +  B  +  2na)2  -  (A  +  B)2.  (48) 


The  ground  state  wave  function  of  V\  (jc;  A,5)  is  calculated  from  the  superpotential  W  as 
given  by  eq.  (44).  We  find 

$\x;A,B)  oc  (cosax}s(sinax)x,  (49) 
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where 

s  =  A/a;     X  =  B/a.  (50) 

The  requirement  of  A,B>0  that  we  have  assumed  in  eq.  (44)  guarantees  that 
•0Ql)  (jc;  A,  B)  is  well  behaved  and  hence  acceptable  as  x  —  >0,  n/2a.  Using  this  expression 
for  the  ground  state  wave  function  one  can  also  obtain  explicit  expressions  for  the  bound 
state  eigenfunctions  ijrn  '(x\A>B)  [12]. 

Thus  what  we  have  shown  here  is  that  shape  invariance  is  a  sufficient  condition  for 
exact  solvability.  But  is  it  also  a  necessary  condition?  This  question  has  been  discussed  in 
detail  in  ref.  [9]  where  it  has  been  shown  that  the  answer  to  the  question  is  no. 

For  the  SIPs  (with  translation)  given  in  table  1,  the  reflection  and  transmission 
amplitudes  R\  (k)  and  T\  (k)  (or  phase  shift  8\  (k)  for  the  three-dimensional  case)  can  also 
be  calculated  by  operator  methods.  Let  us  first  notice  that  since  for  all  the  cases 
02  —a\  +a,  hence  /?i(k;ai)  and  Ti(k\a\}  are  determined  for  all  values  of  a\  from 
eqs  (42)  and  (43)  provided  they  are  known  in  a  finite  strip.  For  example,  let  us  consider 
the  shape  invariant  superpotential 


(51) 
where  n  is  positive  integer  (1,  2,  3,  .  .  .).  The  two  partner  potentials 

V\(x\  n)  =  n2  -  n(n  -f  I)sech2x, 

V2(*;  n)  =  n2  -  n(n  -  l)sech2*,  (52) 

are  clearly  shape  invariant  with 

a\  =  n,     a2  =  n  —  I.  (53) 

On  going  from  V\  to  V-i  to  Vs  etc.,  we  will  finally  reach  the  free  particle  potential  which  is 
reflectionless  and  for  which  T  =  1.  Thus  we  immediately  conclude  that  the  series  of 
potentials  Vi,V2,  ...  are  all  reflectionless  and  the  transmission  coefficient  of  the 
reflectionless  potential  V\  (x\  n}  is  given  by 

_  («  -  *)(«  -  1  -  /k)  --.  (1  -  ik) 


"V"'"'      (_„  _  ik}(-n  +  1  -  ik) ..-  (-1  -  ik) 
=  r(-n-ik)r(n+l-ik) 

The  scattering   amplitudes   of  the  Coulomb   and  the  potential  corresponding  to 
W  =  A  tanhjc  -f  B  sech*  have  also  been  obtained  in  this  way. 

There  is,  however,  a  straightforward  method  [13]  for  calculating  the  scattering 
amplitudes  by  making  use  of  the  nth  state  wave  functions  as  given  in  table  1.  In  order 
to  impose  boundary  conditions  appropriate  to  the  scattering  problem,  two  modifications 
of  the  bound  state  wave  functions  have  to  be  made:  (i)  instead  of  the  parameter  n  labelling 
the  number  of  nodes,  one  must  use  the  wave  number  k7  so  that  the  asymptotic  behaviour 
is  expftk'x)  as  x  -»  oo,  (ii)  the  second  solution  of  the  Schrodinger  equation  must  be 
kept  (it  had  been  discarded  for  bound  state  problems  since  it  diverged  asymptotically). 
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In  this  way  the  scattering  amplitude  of  all  the  SIPs  of  table  1  have  been  calculated 
in  ref.  [13]. 

For  almost  nine  years,  it  was  believed  that  the  only  shape  invariant  potentials  are  those 
given  in  table  1  and  that  there  were  no  more  shape  invariant  potentials.  However,  very 
recently  we  have  been  able  to  discover  a  huge  class  of  new  shape  invariant  potentials 
[5, 6].  It  turns  out  that  for  many  of  these  new  shape  invariant  potentials,  the  parameters  a2 
and  a\  are  related  by  scaling  (02  =  qa\t  0  <  q  <  1)  rather  than  by  translation,  a  choice 
motivated  by  the  recent  interest  in  ^-deformed  Lie  algebras.  We  shall  see  that  many  of 
these  potentials  are  reflectionless  and  have  an  infinite  number  of  bound  states.  So  far 
none  of  these  potentials  have  been  obtained  in  a  closed  form  but  are  obtained  only  in  a 
series  form. 


6.  Shape  invariance  and  noncentral  solvable  potentials 

We  have  seen  that  using  the  ideas  of  SUSY  and  shape  invariance,  a  number  of  potential 
problems  can  be  solved  algebraically.  Most  of  these  potentials  are  either  one  dimensional 
or  are  central  potentials  which  are  again  essentially  one  dimensional  but  on  the  half  line. 
It  may  be  worthwhile  to  enquire  if  one  can  also  algebraically  solve  some  noncentral  but 
separable  potential  problems.  As  has  been  shown  recently  [14],  the  answer  to  the  question 
is  yes.  It  turns  out  that  the  problem  is  algebraically  solvable  so  long  as  the  separated 
problems  for  each  of  the  coordinates  belong  to  the  class  of  SIP.  As  an  illustration,  let  us 
discuss  noncentral  separable  potentials  in  spherical  polar  coordinates. 

In  spherical  polar  coordinates  the  most  general  potential  for  which  the  Schrodinger 
equation  is  separable  is  given  by 


where  V(r),  V(6)  and  V(cj)')  are  arbitrary  functions  of  their  argument.  First,  let  us  see  why 
the  Schrodinger  equation  with  a  potential  of  the  form  given  by  eq.  (55)  is  separable  in  the 
(r,  0,  (f))  coordinates.  The  equation  for  the  wave  function  i/j(r,  9,  0)  is 

(56 


j  2 

\o2r      r  orj     r2  \oB2  oQ        r2sirr 

It  is  convenient  to  write  ifj(r,  0,  0)  as 


r    (sin  5) 

Substituting  eq.  (57)  in  eq.  (56)  and  using  the  standard  separation  of  variables  procedure, 
one  obtains  the  following  equations  for  the  functions  K(4>},H(ff)  and  R(r}: 


(58) 

~  w + [v(e] +(m2-1^ cosec2^  H(6"> =  l'H^  ^ 
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,  (60) 


where  m2  and  I2  are  separation  constants. 

As  has  been  shown  in  ref.  [14],  the  three  Schrodinger  equations  given  by  (58),  (59)  and 
(60)  may  be  solved  algebraically  by  choosing  appropriate  SIPs  for  V(0),  V(0)  and  V(r}. 
Details  can  be  found  in  ref.  [14]. 

Generalization  of  this  technique  to  noncentral  but  separable  potentials  in  other 
orthogonal  curvilinear  coordinate  systems  as  well  as  in  other  dimensions  is  quite 
straightforward.  Further,  as  we  show  now,  one  could  use  this  trick  to  discover  a  number  of 
new  exactly  solvable  three-body  potentials  in  one  dimension. 

Many  years  ago,  in  a  classic  paper,  Calogero  [15]  gave  the  complete  solution  of  the 
Schrodinger  equation  for  three  particles  in  one  dimension,  interacting  via  two-body 
harmonic  and  inverse-square  potentials.  Attention  then  shifted  to  the  exact  solutions  of 
the  many-body  problem  and  the  general  question  of  integrability.  Recently,  there  has  been 
renewed  interest  in  the  one-dimensional  many-body  problem  in  connection  with  the 
physics  of  spin  chains.  Also,  there  has  been  a  recent  generalization  of  Calogero's 
potential  for  JV-particles  to  SUSY  QM.  In  fact  one  now  believes  that  the  Calogero- 
Sutherland  model  represents  an  example  of  ideal  gas  in  one  dimension  with  fractional 
statistics  [16]. 

The  important  point  to  note  is  that  three  particles  in  one  dimension,  after  the  center 
of  mass  motion  is  eliminated,  have  two  degrees  of  freedom.  This  may  therefore 
be  mapped  on  to  a  one-body  problem  in  two  dimensions.  Calogero  [15]  considered 
the  case  where  the  two  dimensional  potential  is  noncentral  but  separable  in  polar 
coordinates  r,  0.  From  the  above  discussion,  it  is  clear  that  if  the  potentials  in  each  of  the 
coordinates  r  and  </.»  are  chosen  to  be  shape  invariant,  then  the  whole  problem  can  be 
solved  algebraically.  Calogero's  [15]  solution  of  the  three-body  problem  is  for  the 
potential 

VC  =  c,2/8(*<-  -Xjf  +  *  -x>Y\  (61) 


where  g  >  —1/2  to  avoid  a  collapse  of  the  system.  To  see  why  potential  given  by  eq.  (61) 
is  solvable,  define  the  Jacobi  coordinates 

(62) 
(63) 

After  elimination  of  the  center  of  mass  part  from  the  Hamiltonian,  only  the  x-  and  y- 
degrees  of  freedom  remain,  which  may  be  mapped  into  polar  coordinates 


(64) 
In  the  above  equation, 

-  x2)2  +  (X2  -  *3)2  +  (*3  -  xi)2].  (65) 


r2  =  2  2 
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Obviously,   the   variables    r,    $  have   ranges    0  <  r  <  oo   and   0  <  0  <  2?r.    It   is 
straightforward  to  show  that 

(x\  —  X2)  =  \/2rsin  </>, 


(x3  -  jcj  )  =  \/2  r  sin(0  +  47T/3)  .  (66) 


It  turns  out  that  Vc  is  a  noncentral  but  separable  potential  in  the  polar  coordinates  r,</>.  As 
a  result,  the  Schrodinger  equation  separates  cleanly  in  the  radial  and  angular  variables  so 
that  if  the  potentials  in  the  radial  and  angular  variables  are  again  SIP  then  their 
eigenvalues  and  eigenfunctions  are  easily  obtained  from  table  1. 

Using  this  idea,  we  have  recently  discovered  several  new  exactly  solvable  three  body 
problems  where  one  has  combined  the  SIP  in  the  angular  variable  with  the  harmonic 
confinement  [17].  The  three  body  scattering  problem  has  also  been  studied  in  these  cases 
after  dropping  the  harmonic  term  [17].  The  possibility  of  replacing  the  harmonic 
confinement  term  with  the  attractive  1/r  type  interaction  has  also  been  considered.  Note 
that  in  this  case  one  has  both  discrete  and  continuous  spectra. 

7.  Isospectral  Hamiltonians 

In  this  section,  we  will  describe  how  one  can  start  from  any  given  one-dimensional 
potential  Vi(x)  with  atleast  one  bound  state  and  construct  a  one  parameter  family  of 
strictly  isospectral  potentials  [18].  The  generalization  to  obtain  an  n-parameter  family  is 
straight  forward  [19].  When  applied  to  a  reflectionless  potential,  the  n-parameter  families 
provide  surprisingly  simple  expressions  for  the  pure  multi-soliton  solutions  [20]  of  the 
Korteweg-de  Vries  (KdV)  and  other  nonlinear  evolution  equations.  The  fact  that  such 
families  exist  has  been  known  for  a  long  time  from  the  inverse  scattering  approach,  but 
the  Gelfand-Levitan  approach  to  finding  them  is  technically  much  more  complicated 
than  the  supersymmetry  approach  described  here.  Indeed,  the  advent  of  SUSY  QM  has 
produced  a  revival  of  interest  in  the  determination  of  isospectral  potentials. 

In  the  SUSY  QM  approach,  the  isospectral  families  follow  when  one  asks  the 
following  question:  Suppose  Vi(x}  is  the  SUSY  partner  potential  of  the  original  potential 
V\(x),  and  let  W(x)  be  the  superpotential  such  that  V2(x)  =  W2  +  W  and 
Vi(jc)  =  W2  -  W.  Then,  given  VizCx),  is  the  original  potential  V\(x)  unique  i.e.,  for  a 
given  V2(x),  what  are  the  various  possible  superpotentials  W(x)  and  corresponding 
potentials  V\  (x)  =  W2  —  W"?  Let  us  assume  [21]  that  there  exists  a  more  general 
superpotential  which  satisfies 

V2(x)  =  W2(x)  +  W'(x).  (67) 

Clearly,  W  =  W  is  one  of  the  solutions  to  eq.  (67).  To  find  the  most  general  solution,  let 
us  set 

W(x)  =  W(x)  +  <l>(x)  (68) 

in  eq.  (67).  We  find  then  that  y(x)  =  (jrl  (x)  satisfies  the  Bernoulli  equation 

(69) 
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whose  solution  is 


1    =<t>(x)=±ln(Il(x)+Xl}.  (70) 


y(x 
Here 


\i  is  a  constant  of  integration  and  ij)i(x)  is  the  normalized  ground  state  wave  function  of 
Vi(x)  =  W2(x)  -  W'(x).  Thus  the  most  general  W(x)  satisfying  eq.  (67)  is  given  by 


W(x]  =  W(x)  +      ln[Ii(x)  +  AI],  (72) 

so  that  the  one  parameter  family  of  potentials 

V^x)  =  W2(x)  -  W'(x}  =  V,  (x}  -  21n[Ji(jc)  +  A!]  (73) 


have  the  same  SUSY  partner  Vz(x).  One  can  show  that  this  whole  family  of  potentials  are 
strictly  isospectral  to  V\  (x}  (i.e.  have  same  spectrum  and  same  S-matrix)  provided  that  Aj 
does  not  lie  in  the  interval  - 1  <  AI  <  0. 

To  elucidate  this  discussion,  it  may  be  worthwhile  to  explicitly  construct  the  one- 
parameter  family  of  strictly  isospectral  potentials  corresponding  to  the  one  dimensional 
harmonic  oscillator  [18].  In  this  case 

W(jc)  =  —  jc,  (74) 

so  that 

Vl(x}=^-x2 -^.  (75) 

The  normalized  ground  state  eigenfunction  of  Vi  (x}  is 

(76) 
Using  eq.  (71)  it  is  now  straightforward  to  compute  the  corresponding  T\(x).  We  get 


i       /  /n  \  9     r°° 

J1(x)  =  l--erfc (V-x    ;     erfc^)  =  -=  /     e^dr.  (77) 

2          V  2      /  V  T  Jx 

In  this  way  one  obtains  the  one  parameter  family  of  isospectral  potentials  and  the 
corresponding  wave  functions.  In  figures  1  and  2  we  have  plotted  some  of  the 
potentials  and  the  wave  functions  for  the  case  o>  =  2.  We  see  that  as  AI  decreases  from 
oo  to  0,  Vi  starts  developing  a  minimum  which  shifts  towards  x  =  -oo.  Note  that  as 
A]  finally  becomes  zero  this  attractive  potential  well  is  lost  and  we  lose  a  bound  state. 
The  remaining  potential  is  called  the  Pursey  potential  Vf(x)  [22].  An  analogous 
situation  occurs  in  the  limit  AI  =  -1,  the  remaining  potential  being  the  Abraham-Moses 
potential  [23]. 
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20   I 1 r 


Figure  1.    Few  members  of  the  family  of  potentials  with  energy  spectra  identical  to 
the  one-dimensional  harmonic  oscillator  with  LJ  =  2  and  R  =  2m  —  I. 
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Figure  2.    Ground  state  wave  functions  for  all  the  potentials  shown  in  figure  1  except 
the  potential  with  AI  =  0. 


8.  SUSY  and  the  Dirac  equation 

There  have  been  many  applications  of  SUSY  QM  in  the  context  of  the  Dirac  equation.  In 
view  of  the  limitations  of  space,  we  shall  concentrate  here  on  only  one  application  [24, 4]. 
In  particular,  consider  the  Dirac  Lagrangian  in  1  +  1  dimensions  with  a  Lorentz  scalar 
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potential  given  by 

£  =  tfrfd^  -  ^0-  (78) 

The  scalar  potential  0(;c)  can  be  looked  upon  as  the  static,  finite  energy,  kink  solution 
corresponding  to  the  scalar  field  Lagrangian 

(79) 


Such  models  have  proved  quite  useful  in  the  context  of  the  phenomenon  of  fermion 
number  fractionalization  which  has  been  seen  in  certain  polymers  like  polyacetylene. 
Further,  a  variant  of  this  model  is  also  relevant  in  the  context  of  supersymmetric  field 
theories  in  1  +  1  dimensions.  Note  that  the  coupling  constant  in  eqs  (78)  and  (79)  has 
been  absorbed  in  </>  and  V(0)  respectively. 
The  Dirac  equation  following  from  eq.  (78)  is 

(*,o  -  tf(*)v>M  =  o.  (so) 


Let 

tj>(x,  t}  =  exp(-iu;r)i/>(jc)  (81) 

so  that  the  Dirac  equation  reduces  to 

7°w0(jt)  +  ry1  — —  —  (j)(x)tj}(x}  =  0.  (82) 

We  choose 

rJ)    _    _1     _     /  0 

7   -o-   -  ^ 
so  that  we  have  the  coupled  equations 

(84) 
where 

dx  cbc  ^     ' 

We  can  now  easily  decouple  these  equations.  We  get 

On  comparing  with  the  formalism  of  §2,  we  see  that  there  is  a  supersymmetry  in  the 
problem  and  (j>(x)  is  just  the  superpotential  of  the  Schrodinger  formalism.  Further  fa  and 
V>2  are  the  eigenfunctions  of  the  Hamiltonians  H-.  =  A+A  and  H+  =  AA^  respectively 
with  the  corresponding  potentials  being  V^(x)  =  4>2(x)  T  <£'(*)•  The  spectrum  of  the  two 
Hamiltonians  is  thus  degenerate  except  that  #_(#+)  has  an  extra  state  at  zero  energy  so 
long  as  (j)(x  -*•  ±co)  have  opposite  signs  and  <j>(x  — >  +00)  >  0(<  0). 

We  thus  find  a  remarkable  connection  between  the  scalar  Dirac  problem  and  the 
Schrodinger  problem.  This  connection  is  very  similar  to  the  one  between  the  KdV 

Pramana  -  J.  Phys.,  Vol.  49,  No.  1,  July  1997 
58  Special  Issue:  Conference  on  Fundamentals  of  Physics  &  Astrophysics 


in  quanmm  mecnamcs 

equation 

ut  =  6uux  -  HXXX  (87) 

and  the  MKdV  equation 

v,  =  6v\  -  Vxxx.  (88) 

In  particular  it  is  well-known  that  if  v  is  a  solution  of  the  MKdV  equation  then  the 
two  corresponding  solutions  u\  and  HI  of  the  KdV  equation  are  given  by  the  Miura 
transform  i.e. 

MI  =  v2  +  vx\     u2  =  v2-  vx.  (89) 

9.  Supersymmetric  WKB  approximation 

The  semiclassical  WKB  method  is  one  of  the  most  useful  approximations  for  computing 
the  energy  eigenvalues  of  the  Schrodinger  equation.  It  has  a  wider  range  of  applicability 
than  standard  perturbation  theory  which  is  restricted  to  perturbing  potentials  with  small 
coupling  constants.  The  purpose  of  this  section  is  to  describe  and  give  applications  of  the 
supersymmetric  WKB  method  (henceforth  called  SWKB)  [25,26]  which  has  been 
inspired  by  supersymmetric  quantum  mechanics. 

As  we  have  seen  in  previous  sections,  for  quantum  mechanical  problems,  the  main 
implication  of  SUSY  is  that  it  relates  the  energy  eigenvalues,  eigenfunctions  and  phase 
shifts  of  two  supersymmetric  partner  potentials  V](x)  and  V^(jc).  Combining  the  ideas  of 
SUSY  with  the  lowest  order  WKB  method,  Comtet,  Bandrauk  and  Campbell  [25] 
obtained  the  lowest  order  SWKB  quantization  condition  in  case  SUSY  is  unbroken  and 
showed  that  it  yields  energy  eigenvalues  which  are  not  only  exact  for  large  quantum 
numbers  n  (as  any  WKB  approximation  scheme  should  in  the  semiclassical  limit)  but 
which  are  also  exact  for  the  ground  state  (n  =  0).  We  shall  now  show  this  in  detail. 

In  lowest  order,  the  WKB  quantization  condition  for  the  one  dimensional  potential 
V(x)  is 


n  =  0,1,2,...,  (90) 

where  x\  and  jc2  are  the  classical  turning  points  defined  by  En  =  V(x\]  =  Vfa}.  For  the 
potential  V\(x]  corresponding  to  the  superpotential  W(x),  the  quantization  condition  (90) 
takes  the  form 


'(x}}  dx=(n+  l/2)/nr.  (91) 

Let  us  assume  that  the  superpotential  W(x)  is  formally  O(h°).  Then,  the  W'  term  is  clearly 
0(n).  Therefore,  expanding  the  left  hand  side  in  powers  of  H  gives 


l)  -  W*(x) 

(92) 

Pramana  -  J.  Phys.,  Vol.  49,  No.  1,  July  1997 
Special  Issue:  Conference  on  Fundamentals  of  Physics  &  Astrophysics  59 


Avinash  Khare 


where  «  and  b  m  the  turning  points  defined  by  E<"  =  W>(«)  = 
eq.  (92)  can  be  integrated  easily  to  yield 


ft .  -1 

-sm 
2 


The  O(»)  term  in 


(93) 


In  the  case  of  unbroken  SUSY,  the  superpotential  W(x)  has  opposite  signs  at  the  two 
turning  points,  that  is 


-W(a)  =  W(b]  = 


(94) 


For  this  case,  the  0(h)  term  in  (93)  exactly  gives  Hv/2,  so  that  to  leading  order  in  h  the 
SWKB  quantization  condition  when  SUSY  is  unbroken  is  [25, 26] 

n  =  0.1.2 (95) 


Proceeding  in  the  same  way,  the  SWKB  quantization  condition  for  the  potential  V2(.v) 
turns  out  to  be 


n  =  0,l,2,... 


(96) 


Some  remarks  are  in  order  at  this  stage. 

(i)  For  n  =  0,  the  turning  points  a  and  b  in  eq.  (95)  are  coincident  and  E0  —  0.  Hence 
SWKB  is  exact  by  construction  for  the  ground  state  energy  of  the  Hamiltonian 
#!  =  (-H2/2m)d2/d*2  +  yl  (*). 

(ii)  On  comparing  eqs  (95)  and  (96),  it  follows  that  the  lowest  order  SWKB 
quantization  condition  preserves  the  SUSY  level  degeneracy  i.e.  the  approximate 
energy  eigenvalues  computed  from  the  SWKB  quantization  conditions  for 
Vi(jt)  and  V^jc)  satisfy  the  exact  degeneracy  relation  E^  =  En  . 

(Hi)  Since  the  lowest  order  SWKB  approximation  is  not  only  exact  as  expected  for  large 
n,  but  is  also  exact  by  construction  for  n  —  0,  hence,  unlike  the  ordinary  WKB 
approach,  the  SWKB  eigenvalues  are  constrained  to  be  accurate  at  both  ends  of 
allowed  values  of  n  at  least  when  the  spectrum  is  purely  discrete.  One  can  thus 
reasonably  expect  better  results  than  the  WKB  scheme.  This  is  born  out  by  several 
calculations. 

(iv)  It  has  been  proved  that  the  lowest  order  SWKB  approximation  reproduces  the  exact 
bound  state  spectrum  of  any  SIP  as  given  in  table  1  [27].  This  is  in  contrast  to  the 
lowest  order  WKB  which  is  exact  for  only  one  potential  i.e.  the  one  dimensional 
harmonic  oscillator. 

(v)  Further  it  has  been  explicitly  checked  for  all  SIPs  of  table  1  that  up  to  0(7z6),  there 
are  indeed  no  corrections  to  the  lowest  order  exact  result  [28].  These  results  can  be 
extended  to  all  orders  in  H. 

(vi)  It  has  recently  been  shown  [29]  that  the  lowest  order  SWKB  is  not  exact  for  the 
newly  discovered  class  [5, 6]  of  SIPs  for  which  the  parameters  a2  and  a}  are  related 
by  scaling  ai  —  qa\. 
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(vii)  Recently,  quantization  condition  has  also  been  obtained  in  the  case  of  broken  SUSY 
[30V  32]  and  it  has  been  proved  that  even  here  the  lowest  order  condition  gives  exact 
spectra  in  the  case  of  the  three  SIP  with  broken  SUSY  [31]  and  all  higher  order 
corrections  are  zero  [30,32,33]. 

10.  Bound  states  in  the  continuum 

In  1929,  von  Neumann  and  Wigner  [34]  realized  that  it  was  possible  to  construct 
potentials  which  have  quantum  mechanical  bound  states  embedded  in  the  classical  energy 
continuum  (BICs).  Further  developments,  by  many  authors  have  produced  more 
examples  and  a  better  understanding  of  the  kind  of  potential  that  can  have  such  bound 
states,  although  there  is  not  as  yet  a  fully  systematic  approach.  Capasso  et  al  [35]  have 
recently  reported  direct  evidence  for  BICs  by  constructing  suitable  potentials  using 
semiconductor  heterostructures  grown  by  molecular  beam  epitaxy.  Finally,  it  is 
interesting  to  note  that  BICs  have  found  their  way  into  a  recently  written  text  [36]. 

In  this  section,  we  show  how  one  can  start  from  a  potential  with  a  continuum  of  energy 
eigenstates,  and  use  the  methods  of  SUSY  QM  to  generate  families  of  potentials  with 
bound  states  in  the  continuum  [BICs]  [37].  Basically,  one  is  using  the  technique  of 
generating  isospectral  potentials  (discussed  in  §  7)  but  this  time  starting  from  states  in  the 
continuum.  The  method  preserves  the  spectrum  of  the  original  potential  except  it  adds 
these  discrete  BICs  at  selected  energies. 

Consider  any  spherically  symmetric  potential  V(r)  which  vanishes  as  r  — >  oo.  The 
radial  s- wave  Schrodiriger  equation  for  the  reduced  wave  function  u(r]  (in  units  where 
H  =  2m  =  1)  is 

-u"  +  V(r)u(r)=Eu(r),  (97) 

where  we  have  scaled  the  energy  and  radial  variables  such  that  all  quantities  are 
dimensionless.  Equation  (97)  has  a  classical  continuum  of  positive  energy  solutions 
which  are  clearly  not  normalizable. 

As  we  have  seen  in  §  7,  the  isospectral  potential  V(r\  A)  is  given  in  terms  of  the  original 
potential  V(r)  and  the  original  ground  state  wave  function  uo(r)  by  [21, 18, 19] 


V(r;  A)  =  V(r)  -  2[ln(/0  +  A)]"  =  V(r)  -  f^-  +          °    2  ,  (98) 

/o  +  A      (/Q  -(-  A) 

where 

/o(r)  =  /  w~(r')dr'.  .  (99) 

Jo 

Except  in  this  section,  MO  was  taken  to  be  the  nodeless,  normalizable  ground  state  wave 
function  of  the  starting  potential  V(r).  However,  it  is  easy  to  generalize  the  above 
equations  to  the  case  where  wo(r)  is  any  solution  of  eq.  (97)  with  arbitrary  energy  EQ.  Our 
results  are  best  summarized  in  the  following  statement. 

Theorem.  Let  UQ(T]  and  u\(r]  be  any  two  nonsingular  solutions  of  the  Schrodinger 
equation  for  the  potential  V(r)  corresponding  to  arbitrarily  selected  energies  EQ  and  E\ 
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respectively.  Construct  a  new  potential  V(r;  A)  as  prescribed  by  eq.  (98).  Then,  the  two 
functions 


and 


«o(r;  A)  = 


wi(r;A)  =  (Ei  -  EQ}u\ 


(100) 


(101) 


[where  W  denotes  the  Wronskian,  W(UQ,  u\)  =  UQU[  —  u\u'0]  are  solutions  of  the 
Schrodinger  equation  for  the  new  potential  V(r;  A)  corresponding  to  the  same  energies 
EQ  and  E\. 

Example.  Free  particle  on  the  half  line.  Consider  a  free  particle  on  the  half  line  ( V  =  0 
for  0  <  r  <  oo).  We  choose  UQ  =  sin  AT,  the  spherical  wave  solution,  corresponding  to 
energy  EQ  =  k2  >  0,  which  vanishes  at  r  =  0.  The  integral  /0  given  in  eq.  (99)  becomes 

/„  =  [2kr  -  sin(2*r)]/(4A:).  (102) 

We  observe  that  /o  -+  r/2  as  r  — *  oo. 
The  potential  family  V,  defined  in  eq.  (98)  becomes 


(103) 

(104) 
(105) 


with 

D0(r;  A)  =  2kr  -  sin(2kr)  -f  4fcA. 
V  has  a  BIG  at  energy  EQ  =  k2  with  wave  function 

«o(A)  =4ksmkr/DQ. 
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Figure  3.  Potential  V(r)  (solid  lines)  possessing  one  bound  state  in  the  continuum 
(BIG)  obtained  by  starting  from  a  free  particle  in  the  case  A  =  0.5  and  E  =  1.  The  BIG 
wave  function  is  shown  by  the  dashed  line. 
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Figure  4.    Potential  V(r]  in  the  case  A  =  0.5  and  E  =  1.  The  BIG  wave  function  is 
again  shown  by  a  dashed  line. 


For  special  values  of  the  parameters  k  and  A,  the  potential  V  and  its  BIC  wave  functions 
are  shown  in  figures  3  and  4.  The  original  null  potential  has  now  become  an  oscillatory 
potential  which  asymptotically  has  a  !//•  envelope.  The  new  wave  function  at  £"0  =  k2  also 
has  an  additional  damping  factor  of  Mr  which  makes  it  square  integrable.  The  parameter 
A  which  appears  in  the  denominator  function  £>o(r;A)  plays  the  role  of  a  damping 
distance;  its  magnitude  indicates  the  value  of  r  at  which  the  monotonically  growing 
integral  /o  becomes  a  significant  damping  factor,  both  for  the  new  potential  and  for  the 
new  wave  function.  The  parameter  A  must  be  restricted  to  values  greater  than  zero  in 
order  to  avoid  infinities  in  V  and  in  the  wave  functions.  In  the  limit  A  — >  oo,  V  becomes 
identical  to  V. 
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In  spite  of  much  effort  that  has  been  spent  over  decades,  it  has  not  been  possible  to 
formulate  a  completely  satisfactory  quantum  theory  of  gravity.  This  has  led  some  to 
suspect  that  quantum  theory  and  the  general  theory  of  relativity  are  incompatible  in  their 
present  forms  [1].  In  the  absence  of  a  satisfactory  quantum  theory  of  gravity,  it  has  been 
traditional  to  use  a  semi-classical  theory  in  which  the  metric  of  space-time  is  determined 
by  the  local  expectation  value  of  the  stress-energy-momentum  tensor  of  quantized  matter 
via  the  classical  field  equations  of  Einstein: 

(j:)).  (1) 


Although  such  a  semi-classical  theory  is  expected  to  be  reliable  far  away  from  the  Planck 
scale,  Kibble  has  emphasized  that  it  implies  a  non-linear  modification  of  quantum  theory 
[2].  He  has  also  suggested  a  Gedanken  experiment  which  shows  that  its  predictions  are 
inconsistent  with  those  of  quantum  theory  which  should  automatically  incorporate  gravity 
if  one  takes  the  view  that  the  universe  is  wholly  quantum  and  that  classical  Einsteinian 
gravity  is  only  an  approximate  description  of  phenomena  that  emerge  in  certain 
situations.  Let  me  describe  a  slight  variation  of  Kibble's  Gedanken  experiment.  Imagine  a 
device  like  a  Stern-Gerlach  apparatus  that  splits  the  wavefunction  T/;  of  an  incoming 
particle  (whose  mass  M  is  sufficiently  large  for  the  purpose  in  hand)  into  a  superposition 
of  two  orthogonal  pieces  that  are  eventually  registered  by  one  of  two  detectors  D\  and  DI 
localized  at  x\  and  *2.  The  final  wavefunction  of  the  combined  system  (particle  plus  the 
detectors)  is  then 

$  =-l[V>i(*)Z>i(x)  +ik(x)D2(x)].  (2) 

A  small  test  mass  m  is  placed  midway  between  the  two  detectors.  Every  time  a  detector 
fires,  m  is  attracted  towards  it  according  to  quantum  theory.  According  to  traditional 
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semi-classical  theory,  however,  the  metric  due  to  the  particle  wavefunction  $  would  be 
determined  by 

(3) 


which  does  not  change  when  a  detector  fires,  and  so  m  does  not  move  at  all. 

Recently  a  proposal  has  been  made  [3]  for  a  quasiclassical  theory  of  gravity  in  which 
one  has  to  solve  the  coupled  equations 

G^  =  87r7>(<i/>),     rjr  =  0,  (4) 

ffifyV  =  H(-ihd.^,  (5) 

where  the  metric  is  supposed  to  be  quasiclassical  and  the  matter  part  first  quantized.  The 

key  feature  is  that  the  classical  variables  become  correlated  to  the  state  of  the  quantum 

variables.  If  the  quantum  state  is  a  superposition  of  different  states,  the  classical  variables 

need  not  have  a  definite  value  but  may  take  a  distribution  of  values  depending  on  the 

quantum  state.  Effectively,  the  quantum  variables  act  like  a  source  of  noise  on  the 

classical  evolution.  These  variables  are  then  not  entirely  classical  in  nature  but  may  more 

properly  be  called  quasiclassical.  In  contrast  to  the  traditional  semi-classical  approach 

(eq.  (1)),  this  approach  maintains  the  linearity  of  quantum  mechanics  through  the  coupled 

equations  (4)  and  (5)  while  allowing  the  values  of  the  quasiclassical  variables  to  depend 

on  the  quantum  state.  This  provides  a  means  of  computing  the  backreaction  that  quantum 

variables  have  on  the  evolution  of  classical  variables  without  having  to  make  a  full  semi- 

classical  analysis.  If  this  approach  extends  to  quantum  field  theory,  it  has  potentially  far 

reaching  consequences.  By  keeping  the  gravitational  field  quasiclassical,  it  reopens  the 

debate  on  the  necessity  to  quantize  gravity  [4].  Alternatively,  when  viewed  as  an 

approximation  to  a  fully  quantized  theory  of  gravity  far  away  from  the  Planck  scale,  it 

improves  on  conventional  quantum  field  theory  in  curved  space-time  by  taking  into 

account  the  backreaction   of  quantized  matter  fields   on  the  classical   space-time 

background.  Such  effects  are  expected  to  be  crucial  for  a  complete  understanding  of 

information  loss  in  black  hole  evaporation  [5]. 

The  consistency  of  this  approach  with  linear  quantum  mechanics  can  be  checked  in  the 
case  of  Kibble's  Gedanken  experiment  discussed  above.  Since  the  metric  due  to  the 
matter  wavefunction  <&  is  determined  in.  this  approach  by 

MM'OPiP  +  ^MlAil2]  (6) 

rather  than  by  (3),  each  time  a  detector  fires,  $  'collapses'  to  only  one  of  the  terms  in  (2), 
and  so  the  mass  m  moves.  This  is  a  general  consequence  of  the  formalism  of  quantum. 
mechanics  and  is  independent  of  interpretations.  For  example,  even  the  many-worlds 
interpretation  in  which  there  is  no  collapse  in  the  universe  as  a  whole  would  imply  this  for 
every  branch  into  which  the  universe  splits.  This  means  that  the  metric  changes  each  time 
a  detector  fires,  and  m  is  attracted  towards  it,  which  is  consistent  with  quantum  theory. 
The  question  arises  as  to  whether  consistency  with  linear  quantum  mechanics  can  be 
demonstrated  most  generally.  I  will  now  show  that  tiiere  is  at  least  one  case  in  which  an 
inconsistency  arises.  This  happens  because  of  collapse-induced  non-locality.  Although 
quantum  mechanics  implies  Bell-type  non-locality  through  non-local  quantum  correla- 
tions that  cannot  be  reproduced  in  any  local  hidden  variable  theory,  it  is  consistent  with 
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though  the  notion  of  wavefunction  collapse  as  an  actual  physical  transition  from  a  pure  to 
a  mixed  state  implies  non-local  influences  at  the  level  of  individual  events  [6].  In  a  realist 
interpretation  of  these  events  such  non-local  influences  constitute  a  definite  violation  of 
the  principle  of  relativity. 

Consider  the  two-particle  position  and  momentum  correlated  entangled  state 

-XB-  d(t}}  +  \A'}\B'}6(xAI  -Xff  -  <*(*))],       (7) 


where  JA)  and  |A')  are  two  possible  orthogonal  position  eigenstates  of  particle  A  moving 
to  the  left  (say)  of  the  source,  and  \B)  and  \B')  are  the  corresponding  correlated  position 
eigenstates  of  particle  B  moving  to  the  right;  d(t)  is  the  distance  between  the  particles  at 
the  time  t  determined  by  their  relative  velocity.  The  density  operator  p  —  |^}  (•*/>!  is  non- 
diagonal,  and  one  can  calculate  the  reduced  density  operator  of  one  of  the  particles  (A  or 
B)  by  tracing  over  the  states  of  the  other.  For  example, 


nr>  I  n\  I  rt  I      i      I  rtt  \  I  T\/  1  nn  1  f  O  \ 

pB  =  Tr^p  =  \B)(B\  +  |fi  )(B  |,     Tr/)B  =  I.  (8) 

It  is  the  orthogonality  of  the  two  possible  states  |A)  and  |A')  that  results  in  PB  being 
diagonal.  This  implies  that  effectively  PB  describes  an  incoherent  mixture  of  \B)  and  |5'}, 
and  that  these  do  not  interfere  with  each  other  even  though  the  two-particle  state  \ip) 
remains  entangled.  This  is  because  when  the  system  is  prepared  in  the  state  [?/>),  one  could 
determine  which  path  particle  B  takes  by  placing  detectors  in  the  beams  A  and  A',  and  this 
determination  does  not  disturb  particle  B  in  any  mechanical  sense,  as  emphasized  by 
Einstein,  Podolsky  and  Rosen. 

According  to  Feynman  [7],  'if  an  experiment  is  performed  which  is  capable  of 
determining  whether  one  or  another  alternative  is  actually  taken,  the  probability  of  the 
event  is  the  sum  of  the  probabilities  for  each  alternative.  The  interference  is  lost' .  This 
rule  can  be  extended  in  the  spirit  of  Einstein,  Podolsky  and  Rosen  by  replacing  'is 
performed'  in  Feynman's  rule  by  'could  be  performed  without  disturbing  the  system'. 
This  is  a  novel  feature  of  two-particle  interferometry  [8].  It  has  the  important  corollary 
that  a  localized  measurement  on  A  cannot  affect  PB  (the  trace  over  the  possible  states  of  A 
having  already  been  taken  in  computing  it),  and  hence  the  expectation  value  of  all  local, 
hermitean  operators  O  in  the  Hilbert  space  of  B,  given  by 

remains  unchanged  when  such  a  measurement  is  made.  This  guarantees  that  no  super- 
luminal  signal  can  be  sent  utilizing  entangled  states  and  collapse-induced  non-locality. 
The  situation  is  different  if  gravitational  effects  are  included  in  the  way  suggested 
in  [3].  When  a  localized  measurement  is  made  on  A  by  placing  detectors  at  XA  and  XA>, 
the  state  of  the  combined  system  of  the  two  particles  A  and  B  and  the  detectors  can  be 
written  as 

I 

1$)  =  -j=[\A)\B)\DA)6V>(xA  -XB  ~d(t}} 
v2 
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where  \DA)  and  \DA>)  are  the  states  of  the  two  detectors  coupled  to  |A)  at  XA  and  \A')  t&x* 
respectively.  On  completion  of  the  measurement,  'collapse'  or  state  vector  reduction 
occurs  i.e.,  only  one  of  the  two  terms  in  (10)  survives.  If  it  is  the  first  term,  the  particle  B 
is  instantaneously  projected  to  its  state  \B)  localized  at  *B;  if  it  is  the  second  term,  it  is 
projected  to  its  state  \B'}  localized  at  xff.  This  localization  of  B  is  represented  by  a  change 
of  its  wavefunction  from  the  entangled  V  to  &»(*)  =  (x\B)  =  &  }(x  ~xf\  or 
fo(x)  =  (x\ff)  =  8(3)(x-xB'}.  The  local  stress-energy-momentum  density  T^(x)  of 
B  (which  is  not  an  observable)  must  therefore  change  from 


before  the  measurement  to  ^foM  or  ^B,(x}t^B'(x}  after  the  measurement, 
resulting  in  an  instantaneous  and  non-local  change  of  the  metric  field  around  XB  or  xy  to  a 
Schwarzchild  form  via  eq.  (4)  [9].  Although  such  a  change  may  be  quantitatively 
insignificant  and  for  all  practical  purposes  ignored  in  many  cases,  in  a  theory  in  which  the 
gravitational  field  is  regarded  as  being  fundamentally  classical  or  quasiclassical,  it  would 
already  imply  a  non-local  and  real  factual,  and  therefore  in  principle  observable,  change 
at  the  level  of  individual  events  that  contradicts  relativity  theory. 

Even  in  the  alternative  scenario  in  which  the  quasiclassical  gravitational  field  is 
regarded  as  an  approximation  to  a  fully  quantum  theory  of  gravity,  this  non-local  change 
of  metric  due  to  'collapse'  has  an  unacceptable  consequence.  'Collapse'  or  state  vector 
reduction  is  a  non-causal,  non-linear  and  non-unitary  change  during  which  the  normal 
dynamical  law  of  evolution  (linear  and  unitary  (eq.  (5))  remains  suspended.  Once  it  has 
occurred,  normal  dynamical  evolution  resumes  but  with  a  difference  in  the  presence  of 
gravity—  with  the  covariant  derivatives  in  eq.  (5)  changed  non-causally  by  the  '  collapse'  - 
induced  metric  change.  Consequently,  the  new  states  \B)  and  \B')  that  are  solutions  to 
eq.  (5)  with  the  changed  metric  must  be  related  to  the  old  ones  |B)  and  |J3')  by  a  non- 
unitary  operator  C,  i.e.,  \B]  =  C\B),  \B'}  =  C\B'}  with  Cf  ^  C"1  .  1  must  emphasize  that  C 
is  not  to  be  confused  with  the  projection  operator  for  collapse.  Then  the  new  density 
operator  for  B  has  the  property 

(12) 
(13) 

Consequently,  the  expectation  values  of  all  observables  change,  unitarity  is  violated  and 
superluminal  signalling  becomes  possible.  It  is  clearly  only  gravity  (as  formulated  in  [3]) 
that  is  capable  of  exposing  this  unacceptable  and  ugly  head  of  'collapse'.  This 
inconsistency,  if  true,  can  only  be  removed  by  changing  standard  measurement  theory  to 
make  it  consistent  with  relativistic  invariance.  Although  'retarded  collapse'  (the  effect  of 
collapse  propagating  within  the  light-cone)  looks  like  an  attractive  possibility  in  this 
context,  it  is  incompatible  with  quantum  mechanics  because  it  is  equivalent  to  a  local 
model  and  therefore  compatible  with  Bell's  inequalities  which  are  violated  by  quantum 
mechanics. 

This  violation  of  signal  locality,  a  fundamental  tenet  of  relativity  theory,  is  a  feature  of 
the  proposal  in  [3]  that  is,  however,  not  shared  by  the  traditional  semi-classical  approach 
because  of  the  use  of  the  local  expectation  value  of  the  stress-energy-momentum  tensor  in 
eq.  (1),  which  is  an  observable  and  does  not  change  with  measurements.  But,  as  Kibble 
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has  shown  through  his  Gedanken  experiment,  this  very  feature  makes  it  inconsistent  with 
quantum  theory. 

All  this  tends  to  confirm  the  suspicion  that  the  two  pillars  of  modern  physics,  quantum 
theory  and  general  relativity,  are  probably  incompatible  in  their  present  forms. 
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Abstract.  We  report  some  progress  on  the  quark  confinement  problem  in  2  +  1  dim.  pure  Yang- 
Mills  theory,  using  Euclidean  instanton  methods.  The  instantons  are  regularized  Wu-Yang 
'monopoles',  whose  long  range  Coulomb  field  is  screened  by  collective  effects.  Such  configurations 
are  stable  to  small  perturbations  unlike  the  case  of  singular,  undressed  monopoles.  Using  exact  non- 
perturbative  results  for  the  3-dim.  Coulomb  gas,  where  Debye  screening  holds  for  arbitrarily  low 
temperatures,  we  show  in  a  self-consistent  way  that  a  mass  gap  is  dynamically  generated  in  the 
gauge  theory.  The  mass  gap  also  determines  the  size  of  the  monopoles.  We  also  identify  the  disorder 
operator  of  the  model  in  terms  of  the  Sine-Gordon  field  of  the  Coulomb  gas  and  hence  obtain  a  dual 
representation  whose  symmetry  is  the  centre  of  SU(2). 

Keywords.     Quark;  confinement;  instanton;  disorder. 
PACS  No.    11.15 


1.  Introduction 

In  this  talk  we  will  discuss  some  progress  towards  an  understanding  of  the  dynamics  of 
pure  Yang-Mills  theory  in  2  +  1  dims.  [1].  Our  discussion  uses  the  Euclidean  instanton 
approach  which  has  been  successful  in  elucidating  the  dynamics  of  2  +  1  dim.  Yang- 
Mills  theory  in  the  presence  of  adjoint  Higgs  [2, 3].  However  the  gauge  theory  without  the 
Higgs  fields  is  a  much  more  difficult  problem  for  several  reasons.  Firstly,  perturbation 
theory,  though  ultraviolet  finite,  is  hopelessly  infrared  divergent.  Secondly,  because  this 
theory  has  only  one  length  scale  set  by  the  gauge  coupling  g,  unlike  the  theory  with  the 
Higgs  fields,  one  does  not  have  the  luxury  of  having  another  length  scale  mw  to  enable  a 
controlled  semi-classical  approximation.  The  classical  monopole  configurations  are 
singular  configurations  in  the  continuum  limit  and  hence  the  renormalization  of  the 
monopole  gas  is  very  nontrivial. 

It  is  possible  to  regulate  the  singularity  by  modifying  the  fields  inside  a  'core'  of  some 
size  A.  The  classical  action  now  depends  on  A.  We  do  not  vary  the  size  A  of  the 
monopoles.  Rather  we  treat  it  as  a  parameter  of  the  theory  to  be  self  consistently 
determined  by  the  mass  gap. 

In  the  absence  of  Higgs  fields  a  simple  monopole  is  unstable  to  small  fluctuations  of 
gauge  fields  around  it.  The  instability  can  be  traced  to  the  long  range  Coulomb  tail  of  the 
monopole  in  the  small  oscillations  operator.  However  a  Coulomb  gas  of  magnetic 
monopoles  in  3  dims,  always  screens  the  long  range  magnetic  field  of  a  monopole. 
Therefore  the  small  oscillations  of  the  gauge  field  around  a  screening  plasma  of 
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monopoles  need  not  be  unstable.  In  this  way  we  construct  a  self-consistent  picture  of 
instanton  gas.  The  Debye  length  then  self-consistently  determines  the  size  of  the 
monopoles.  The  resulting  long  distance  effective  theory  we  obtain  is  a  sine-Gordon 
theory  in  2  + 1  dim.  We  also  show  that  the  Sine-Gordon  theory  is  actually  a  dual 
representation  of  2  +  1  YM  theory  in  the  sense  that  the  disorder  (magnetic)  operators  of 
this  theory  have  a  local  formula  in  terms  of  the  Sine-Gordon  field  x:  <t>D  —  Q(-I^X^X'. 

2.  Topology  of  the  gauge  condition 

We  begin  with  a  review  the  topological  properties  of  the  vacuum  of  5(7(2)  Yang-Mills 
theory  in  2  +  1  dimensions  following  [4].  The  physical  degrees  of  freedom  are  most 
transparent  in  a  unitary  type  of  gauge.  For  pure  gauge  theories  this  is  defined  as  follows. 
Consider  some  local  operator  X(x}  which  transforms  according  to  the  adjoint 
representation  of  517(2).  The  unitary  gauge  is  now  defined  by 

(r1,  f=  1,2,3  stands  for  the  Pauli  matrices).  This  gauge  condition  retains  the  (7(1) 
generated  by  r3  as  an  unbroken  symmetry.  If  the  model  contains  adjoint  Higgs  fields  in 
addition  to  the  gluons,  X  may  be  the  Higgs  field  itself  and  (1)  is  the  conventional  unitary 
gauge  in  such  a  Georgi-Glashow  model.  In  pure  Yang-Mills  theory  X  has  to  be 
constructed  out  of  the  gauge  fields  alone. 
We  may  write  the  matrix  operator  X  in  the  form 

3 

X  =  XI  +  y^ea(x'}Ta.  (2) 

a=l 

where  /  is  the  identity  matrix.  Then  the  points  jc0  where 

eQ(x0)=0  (3) 

are  singularities  of  the  gauge  condition  (1).  As  shown  in  [4]  these  singularities  are 
nothing  but  magnetic  monopoles  with  respect  to  the  unbroken  (7(1).  In  3  +  1  dimensions 
these  monopoles  are  'particles'  which  represent  dynamical  degrees  of  freedom  (in  this 
gauge)  other  than  the  conventional  fields.  In  2  +  1  dimensions  these  monopoles  are 
instanton  configurations  which  will  play  a  crucial  role  in  determining  the  properties  of  the 
vacuum. 

In  the  Georgi-Glashow  model  the  monopoles  are  given  by  the  well-known  'tHooft- 
Polyakov  solution,  while  for  pure  gauge  theory  they  are  described  by  the  regularized  Wu- 
Yang  solution. 

3.  Confinement  in  pure  Yang-Mills  theory 

In  pure  Yang-Mills  theory  as  we  have  mentioned  there  is  no  Higgs  field.  This  has  two 
consequences.  First,  in  the  absence  of  the  second  scale  (i.e.  mw),  the  perturbation 
expansion  is  infrared  divergent  and  the  theory  cannot  be  defined  perturbatively  in  the 
infinite  volume  limit.  Secondly  the  classical  monopole  solutions  are  Wu-Yang 
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expansion  around  a  plasma  of  such  monopoles  and,  as  explained  in  the  introduction, 
argue  that  these  monopoles  are  stable  against  fluctuations. 

3.1  The  monopole  solution 

We  will  consider  monopoles  which  have  some  size  A.  The  field  due  to  single  monopole  at 
x  =  0  is  given  in  the  unitary  gauge  by 


K(rl\] 

r 
_\_ 

r 


\(j>  + 


[— 0  sin  </>  + flcos^, 


(4) 


in  spherical  coordinates.  Here  K(r/\}  is  a  structure  function  regulating  the  fields  at 
r  =  0.  The  function  K(r/\]  goes  to  1  as  r  —>  0  as  follows 


K(r/\}~\--2     forr 


0 


(5) 


while  at  r  =  A,  K(r/\)  =  K'(r/\]  =  0  and  remains  zero  for  r  >  A.  Furthermore  K'(r/X) 
is  continuous  at  r  =  A.  As  shown  by  Banks,  Myerson  and  Kogut  [6],  one  can  choose  a 
K(r/\]  so  that  the  configuration  (4)  is  a  classical  solution.  The  action  of  single 
monopole  is 


47T 

=     -        dr 


(6) 


Note  that  the  monopole  field  is  abelian  outside  the  monopole  core.  Consider  a  gas  of 
such  monopoles  such  that  if  the  positions  of  the  monopoles  are  xa,  JQ,  etc.,  one  always  has 
\xa  -  Xb\  >  2A.  The  field  configuration  in  the  regions  outside  the  core  of  the  monopoles  is 
approximated  by 


(7) 


a=l 


where  xa  denotes  a  monopole  position  and  ./V  is  the  number  of  monopoles.  In  our  self- 
consistent  approach,  we  assume  that  (7)  represents  the  dominant  field  configuration  in  the 
Euclidean  path  integral.  The  total  action  of  this  gas  is 


27T 


(8) 
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Finally  we  record  the  single  monopole  field  configuration  in  the  radial  gauge 

Aa  _     ewxJ  ^      K(r/\}).  (9) 

3.2  The  path  integral 

The  monopole  configuration  is  used  to  evaluate  the  path  integral  by  the  saddle  point 
method.  One  expands  the  field  around  Ac*  which  is  a  classical  solution  outside  the  core. 
The  form  of  the  solution  inside  the  core  is  unimportant  for  our  purposes: 

JL  A  cl  / 1  r\  \ 

AH  =  AH  +gaM.  (.lu) 

The  path  integral  may  be  formally  written  as 

Z  = 


/        r  \ 

exp(-Sci)  exp  f  -  /  aD2ad3x  )  ,  (11) 

\        **  /  , 

where  5ci  is  given  by  (8).  Here  D2  is  the  stability  operator  for  small  fluctuations: 

"(A*)<?&x,  (12) 


where  £"(Ai)  is  the  second  functional  derivative  of  the  Lagrangian  density  evaluated 
at  Ac\. 

Equation  (11)  as  it  stands  is  meaningless  since  D2  has  a  zero  eigenvalue  for  each 
symmetry  of  the  original  Lagrangian.  The  local  gauge  symmetry  is  fixed  by  requiring  the 
fluctuations  to  satisfy  the  background  gauge  condition 

V^KW^O,  (13) 

where  VM(.Acl)  is  the  co  variant  derivative  evaluated  at  the  configuration  Acl: 

^  +  ^,].  (14) 


This  gives  rise  to  the  usual  Fadeev-Popov  determinant  (det  AFP).  The  zero  modes  arising 
from  the  breaking  of  the  global  translation  invariance  and  the  U(l)  transformations 
obeying  the  background  gauge  condition  but  nonvanishing  at  infinity  are  replaced  by 
integration  over  corresponding  collective  coordinates.  Finally  we  have  to  sum  over  all  N 
with  the  standard  division  by  Nl  One  finally  has  the  formal  expressions 


N=0 
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in  tne  usual  semi-classical  metnoa  tne  dilute  instanton  gas  l/j  is  nomnteracung  ana  one 
writes 

detD2  =  (detrf2f ,  (17) 

where  d2  is  the  stability  operator  for  the  single  monopole  configuration. 

We  will  see,  however,  that  the  d2  has  negative  eigenvalues  signifying  the  instability  of 
a  single  monopole.  In  the  background  gauge  (13)  the  operator  d2  has  the  form: 

d2  =  <VV«(Aci)Va(AcI)  + ,-  [j-^  ]5 

where  Ac\  is  defined  in  (4)  and  F^v  is  the  corresponding  field.  We  refer  to  the  literature  for 
details  of  the  stability  analysis  [9,1].  Except  we  mention  that  the  source  of  the  instability 
of  d2  is  the  long  range  Coulomb  tail  of  the  single  regularized  monopole  solution. 

It  should  also  be  noted  that  in  the  presence  of  Higgs  fields  the  1/r2  Coulomb  tail  is 
cancelled  and  we  have  a  screened  potential  e~m"r/r2,  which  removes  the  potential 
instability.  m\\  is  the  Higgs  mass. 

3.4  Debye  screening  in  the  monopole  gas 

Our  main  point  is  that  when  the  instantons  are  interacting,  the  fluctuation  problem  cannot 
in  general  be  factored  into  N  copies  of  the  fluctuation  problem  for  an  isolated  monopole. 
Rather  one  should  consider  the  stability  of  the  neutral  plasma  of  monopoles  as  a  whole. 
This  statement  also  applies  to  the  Yang-Mills-Higgs  system  in  the  previous  section.  The 
main  reason  behind  this  is  that  we  have  an  integration  over  the  positions  of  the  monopole 
and  the  charges,  or  equivalently  a  functional  integration  over  the  charge  density  field.  The 
effect  of  this  averaging  over  the  charge  density  is  very  nontrivial.  The  results  of  [8]  show 
that  the  charge  density  field  clusters  so  that  the  theory  of  the  density  field  generates  a 
mass  gap  dynamically. 

In  fact  the  results  of  [8]  mean  that  in  the  neutral  plasma  the  fluctuations  of  the 
magnetic  field  are  bounded  and  the  1/r2  magnetic  field  of  a  single  monopole  is  Debye 
screened  to  e~Afr/r2,  where  M(g2,  A,z)  is  the  non-perturbative  mass  gap,  which  depends 
on  the  coupling  g2,  the  monopole  size  A  which  is  effectively  the  cut-off  of  the  Coulomb 
gas  and  the  fugacity  z  •  Recall  that  the  source  of  instability  for  a  single  isolated  monopole 
is  the  long  range  tail  of  the  Coulomb  potential.  One  might,  therefore  expect  that  in  the 
screened  neutral  plasma  a  'dressed'  monopole  whose  Coulomb  tail  has  been  screened  can 
in  fact  be  stable. 

In  the  following  we  shall  assume  that  the  monopole  gas  is  dilute.  Using  translation 
invariance  we  focus  on  one  monopole  at  x  =  xa  and  its  neighbourhood.  We  are  thus 
considering  the  problem  in  the  presence  of  a  single  source  at  x  =  xa.  Recall  that  the  fields 
outside  the  monopole  cores  of  size  A  are  abelian.  Thus,  in  the  unitary  gauge  it  follows 
from  (7)  and  (4)  that  outside  the  core  of  this  monopole  the  field  is 


N        1  /  r»     /  \  f\ 

-out         \ — r    1         /  UnAX  —  Xf, )  (J 


~  4        V  0  -D^X-X, 
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where  we  have  set  XN  =  xa.  Inside  the  core  the  effect  of  the  core  field  of  the  other 
monopoles  can  be  ignored  and  we  have 


-Dn(x-xa) 

(20) 


where  W*  =  A!.  ±  iqA*.  and  A],,  A    are  as  in  (4).  Introducing  the  charge  density 

fl  IL  fJ.  /*         p 

N 
/  \  _.  V^     c/    _     -\  f21^ 

0=1 

and  assuming  that  in  the  mean,  for  large  N,  p#  c±  p^_i  we  can  rewrite  (20)  as 

A^(r, Jta,  [p])  =  /  d3y  ^p(y}D»(X  -y}  +  9(X  -\x-  xa\) 
J          *• 

'     (22) 


In  the  above  expression  the  sharp  0  function  may  be  replaced  by  a  smoother  version. 

Debye  screening  means  that  in  the  presence  of  a  source  the  density  p(v)  has  a  mean 
value  p(y,xQ),  fluctuations  around  which  are  small.  AM(jt;jtQ,[p"])  then  represents  a 
'dressed'  monopole  configuration.  In  our  case  this  'source'  is  provided  by  the  particular 
monopole  at  x  =  xa  in  the  plasma  and  the  statement  pertains  to  the  field  in  the 
neighbourhood  of  this  particular  monopole. 

The  crucial  point  is  that  since  Debye  screening  holds,  we  can  assume  self-consistently 
that  the  gas  of  'dressed'  monopoles  is  weakly  interacting,  unlike  the  'bare'  monopoles. 
The  field  around  a  dressed  monopole  decay  exponentially  over  a  distance  scale  set  by  the 
Debye  screening  length  1D  =  l/M.  If  the  average  distance  between  the  monopoles  is 
much  larger  than  1D  then  the  interaction  between  such  dressed  monopoles  vanishes  and 
the  operator  D2  has  a  //-fold  degeneracy.  In  other  words  the  potential  appearing  in  the 
stability  equation  resembles  N  far  separated  potential  wells.  In  this  situation  we  have, 
using  translation  invariance, 

detD2  ~  (detD2[p]f,  (23) 

where  D2[p]  now  denotes  the  stability  operator  for  a  single  dressed  monopole  which  is  the 
same  for  any  monopole  in  the  plasma.  For  finite  distances  between  monopoles  the  exact 
degeneracy  is  lifted  and  eigenvalues  of  D2  organize  themselves  in  bands.  This  would  lead 
to  corrections  to  the  result  (23)  which  may  be  expanded  in  powers  of  lD/lm  where  lm 
denotes  the  average  distance  between  the  monopoles. 

In  this  regard  there  is  a  difference  between  the  pure  Yang  Mills  system  and  the  Yang- 
Mills-Higgs  system.  The  presence  of  the  Higgs  field  means  that  the  potential  appearing 
in  the  stability  operator  around  a  single  monopole  decays  over  length  scales  of  the  order 
of  l/mw.  Since  the  Debye  length  is  much  larger  than  l/mw,  corrections  to  the  extensivity 
of  the  small  fluctuation  determinant  appear  as  powers  of  l/lmmw. 
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3.5  The  Sine-Gordon  transform  and  dynamical  generation  of  mass  gap 

We  can  now  rewrite  the  theory  in  terms  of  a  Sine-Gordon  model.  The  path  integral  is 
written  as 


where  we  have  defined  Q[p]  (functional  of  the  charge  densities)  as 

/detO^]\-'Y*AFp 
W~  \tet-9*)        \  del -a 

and  S  is  the  action  for  a  single  monopole. 

It  may  be  noted  that  we  are  dealing  with  a  super  renormalizable  theory.  Thus  the 
expression  (25)  is  ultraviolet  finite. 

We  then  have 

•7        ^     I    JN^TJ     [A  (      ^TT^ 

Zs=E]vf/  Ell  /dx<-exp(-^ 

tf=OyV'          [qa]    /=!    J  \      8 

where  the  mean  fugacity  7  is  given  by  the  formula 

(27) 


We  can  now  perform  the  Sine-Gordon  transform  and  we  write  (26)  as 

r  r       gi      r  1 

Z  =   /  T>x(x)  exp    -  -^-j  /  d3*{(Vx)  ,     -2M2(1  -  cos  x)}  ,          (28) 

where 

M2=i^.  (29) 

o 

It  is  important  to  emphasize  in  accordance  with  the  discussion  of  [8],  that  the  quadratic 
term  f  d3x(  Vx)2  in  (28)  must  be  understood  in  a  regularized  sense,  so  that  the  Coulomb 
potential  between  the  monopoles  is  valid  only  upto  distances  greater  than  the  core  size  A. 
In  this  sense  A  is  the  cut  off  (lattice  spacing)  of  the  Sine-Gordon  theory. 

3.6  Stability  of  the  dressed  monopole 

We  now  discuss,  in  some  more  detail  than  previously,  whether  the  function  Q  [p]  which  is 
used  in  the  definition  of  the  fugacity  J  in  (27)  is  well  defined.  This  issue  is  important 
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because  we  have  already  indicated  that  as  we  average  over  p(x)  the  operator  D2[p]  has 
negative  eigenvalues  when  p  corresponds  to  a  single  isolated  monopole. 

We  will  now  argue  that  D2[p]  is  a  positive  operator.  Recall  the  form  of  D2[p]  in 
the  unitary  gauge,  outside  the  core  of  the  dressed  monopole  which  we  can  choose  to  be 


D2[p]  =  -  VV«(A(*,  [p]))Vft(A(jc,  [p]))  +  i  [F(x,  [p]),  ],  (30) 

where  F®(x,  [p])  is  related  to  the  magnetic  field  by  5^3)  =  e^F^!  and  fif*  is  given  by 

*(3)       3     r3     Xy)  (31) 

A       dxxj        \x-y\ 

Debye  screening  means  that 

,  (32) 


where  the  function  /(*)  has  the  property  that  for  x  »  1,  f(x)  ~  1,  and  M  is  the  mass  gap 
related  to  the  Debye  length  1D  by  M  =  I/  ID- 

For  a  nonzero  mass  gap,  the  field  outside  the  monopole  core  cannot  be  transformed  to 
the  radial  form  of  (9).  However  close  to  the  core  and  distances  much  smaller  than  the 
Debye  length  ID  the  field  is  close  to  the  single  monopole  field  outside  the  core  and  may 
be  cast  in  the  radial  gauge.  Furthermore  at  distances  much  larger  than  the  Debye  length, 
the  field  is  close  to  zero  and  once  again  one  may  cast  the  gauge  potential  in  the  radial 
gauge  trivially  (i.e.  with  K(r)  =  1).  As  mentioned  in  §4  the  source  of  the  even  parity  S- 
wave  instability  is  the  long  range  Coulomb  field  of  the  monopole.  Since  screening  cuts 
off  this  Coulomb  field  and  replaces  it  approximately  by  an  exponential,  one  expects 
stability. 

The  situation  is  in  fact  similar  to  that  of  the  Yang-Mills-Higgs  system  in  some 
respects.  Recall  that  the  S-wave  stability  of  the  't  Hooft-Polyakov  monopole  is  ensured 
by  the  fact  the  Higgs  field  rises  exponentially  to  1  beyond  the  core  and  cancels  the 
negative  1/r2  tail  of  the  gauge  field,  preventing  the  potential  in  the  Scnroedinger  problem 
from  being  negative  at  large  distances.  In  our  problem  the  gauge  field  itself  falls  off 
exponentially  to  zero  and  thus  the  potential  for  the  S-wave  is  positive  at  large  distances. 
In  this  sense  we  have  a  dynamical  Higgs  effect. 

3.7  Self  consistent  dynamical  generation  of  monopole  size 

As  mentioned  before  the  fugacity  of  the  monopole  gas  depends  on  p  and  hence  it  has  a 
dependence  on  the  mass  gap  M  and  the  cutoff  A  of  the  Sine-Gordon  theory.  This  means 
that  the  cutoff  A  is  not  independent,  but  determined  in  terms  of  M  and  g2,  i.e. 

M  =  M(A,g2,z(A,M))  (33) 

implies  that 

"  (34) 

^         ' 
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where  F  is  a  function  obtained  by  inverting  (33).  This  equation  now  fixes  the  monopole 
core  size  A  as  a  function  of  the  mass  gap  M  in  a  self-consistent  manner.  The  above 
considerations  must  be  considered  as  qualitative  because  the  calculation  of  the  function  F 
in  (34)  is  beyond  our  present  technology. 

4.  Dual  representation  and  the  disorder  operator 

We  now  relate  the  Euclidean  formalism  in  terms  of  disorder  operators  introduced  by 
'tHooft  [10]  .  In  the  hamiltonian  formalism  the  Schroedinger  picture  disorder  operator 
$D(XO)  is  defined  as  an  operator  which  creates  a  Zi  magnetic  vortex  at  the  point  XQ  in 
two  dimensional  space.  More  specifically  it  implements  a  singular  gauge  transformation 
fit*0'  which  has  the  property  that  if  we  consider  a  closed  spatial  loop  C  parameterized  by 
an  angle  9  one  has 

nM(0  +  27r)  =  -nM(0)  (35) 

when  the  loop  C  encloses  the  point  XQ.  If  C  does  not  enclose  XQ  the  gauge  transformation 
is  single  valued.  Consider  now  the  two  point  function  of  the  Heisenberg  picture  disorder 
operators 

(*I>W*D(y)>.  (36) 

Here  x  and  y  stand  for  three  dimensional  coordinates  (including  the  Euclidean  time).  This 
two  point  function  is  then  a  sum  over  all  configurations  of  the  gauge  fields  which  have  a 
Dirac  string  singularity  along  a  line  joining  x  and  y  with  a  monopole  of  charge  1  /2  at  the 
point  y  and  an  anti-monopole  of  charge  — 1/2  at  the  point  x.  It  is  crucial  that  the  magnetic 
charges  of  these  monopoles  is  half  that  of  the  monopoles  which  populate  the  vacuum. 
They  have  magnetic  charges  so  that  the  Dirac  string  is  visible  by  the  lowest  electrically 
charged  quarks  which  couple  to  the  gauge  field. 

Repeating  the  steps  which  led  to  the  Sine-Gordon  representation  with  the  difference 
that  we  have  two  external  magnetic  sources  with  charges  ±1/2  we  easily  get 

(4(*)*0(y)>  =  (e^fcM-'MJ),  (37) 

the  average  on  the  right  hand  side  in  (37)  being  performed  in  the  Sine-Gordon  theory.  A 
similar  identification  holds  for  all  higher  point  correlation  functions  of  the  disorder 
operators.  Hence  we  can  identify  the  disorder  operator  with 


(38) 
In  fact  the  Sine-Gordon  action  may  be  now  written  in  terms  of  $£>  as 

($D)2  +  (${,)2)]  (39) 


"         327T2 

up  to  an  irrelevant  constant.  The  field  $£  is  not  a  conventional  scalar  field,  since 
&D$D  =  1 .  This  non-linear  Zz  sigma  model  can  be  generalized  to  a  linear  sigma  model 
by  the  addition  of  the  term  A/d3jc($J)$£)  —  I)2  to  the  action  (39).  The  action  then 
exactly  has  the  form  conjectured  in  [10]. 
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The  Sine-Gordon  theory  thus  is  itself  a  dual  representation  of  the  original  Yang-Mills 
theory.  The  action  (39)  has  the  global  Z2  symmetry  $£>  ->  $Jj  which  is  spontaneously 
broken  leading  to  magnetic  disorder  and  confinement.  This  is  simply  the  symmetry 
X  — »  x  4-  2?r  of  the  Sine-Gordon  model.  It  is  clear  from  the  action  (39)  that  the 
dimensionless  coupling  constant  is  \/M/g.  This  is  inversely  related  to  the  gauge  coupling 
g  as  expected  in  a  dual  formulation.  The  dual  theory  is  weakly  coupled  when  M/g2  is 
small.  In  this  limit  the  minima  of  the  potential  (cosx)  break  the  Z2  symmetry 
spontaneously. 

Finally  we  note  that  the  above  construction  of  the  disorder  operators  can  be  easily 
extended  to  SU(N)  gauge  theories  following  the  treatment  in  [3]. 

5.  Conclusions 

We  have  argued  that  in  2  +  1  dimensional  pure  Yang-Mills  theory  Debye  screening  in  a 
gas  of  regularized  and  dressed  Wu-Yang  monopoles  provides  a  consistent  picture  of 
quark  confinement.  We  have  used  the  results  of  [8]  that  in  a  three  dimensional  Coulomb 
gas  the  charge  density  field  always  clusters,  leading  to  Debye  screening  even  for 
arbitrarily  low  temperatures.  Our  line  of  argument  has  been  self-consistent  in  nature, 
because  Debye  screening  in  turn  implies  a  screened  magnetic  field  and  hence  the  stability 
operator  around  a  single  dressed  monopole  is  expected  to  have  no  negative  eigenvalues. 
The  mass  gap  thus  obtained  is  non-perturbative  and  determines  the  monopole  size  self- 
consistently.  A  related  issue  is  that  the  mean  configuration  p(x)  in  the  presence  of  a  single 
monopole  source  is  in  general  non-classical  and  hence  the  associated  scalar  potential  x(x] 
does  not  satisfy  a  classical  equation.  Hence  the  explicit  evaluation  of  the  Wilson  loops  is 
not  as  easily  done,  However  on  general  grounds  the  existence  of  a  mass  gap  leads  to 
qualitative  conclusions  that  are  similar  to  the  case  of  the  Yang-Mills-Higgs  system. 
Finally  we  have  obtained  a  representation  of  the  disorder  operators  of  the  theory  in  terms 
of  the  Sine-Gordon  field  which  leads  to  a  dual  representation  of  the  gauge  theory. 
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1.  The  discrete  symmetries  C,  P  and  T 

Continuous  symmetries,  dependent  on  parameters  which  can  be  varied  continuously,  have 
their  own  significance  in  physics  because  they  lead  to  conservation  laws.  Discrete 
symmetries,  on  the  other  hand,  depend  on  a  discrete  set  of  parameters,  and  do  not  lead  to 
conservation  laws.  They  are  nevertheless  important  in  the  study  of  the  laws  of  physics. 
The  simplest  of  discrete  symmetries  one  can  imagine  are  the  space  and  time  inversion 
symmetries,  generally  called  parity  (P)  and  time  reversal  (T).  In  the  context  of  the  special 
theory  of  relativity,  these  symmetries  get  linked  with  one  more  discrete  symmetry,  viz., 
particle-antiparticle  interchange,  usually  called  charge  conjugation  (C).  C  has  basically 
nothing  to  do  with  space-time  and  is  a  kind  of  'internal'  symmetry.  C,  P  and  T  thus  play 
an  important  role  in  particle  interactions  at  high  energies,  which  are  generally  described 
using  relativistic  quantum  field  theory. 

Of  the  symmetries,  C,  P  and  T,  not  all  have  the  same  significance  for  all  fundamental 
interactions.  Even  though  at  one  time  C,  P  and  T  were  all  believed  to  be  good 
symmetries,  it  has  been  known  now  for  a  long  time  that  C  and  P  are  violated  by  weak 
interactions.  Not  only  that,  even  the  lower  symmetry  CP  corresponding  to  a  combination 
of  C  and  P,  has  been  found  to  be  definitely  violated  in  the  £-meson  system,  but  nowhere 
else.  According  to  current  ideas  of  cosmology,  the  universe  started  off  with  equal 
amounts  of  matter  and  anti-matter,  and  to  understand  the  predominance  of  matter  over 
anti-matter  at  the  present  time,  a  violation  of  CP  at  a  fundamental  level  in  the  early 
universe  is  essential.  However,  C,P  and  T  are  all  good  symmetries  of  strong, 
electromagnetic  and  gravitational  interactions  as  we  know  them  today. 

The  combination  of  all  three,  viz.,  CPT,  has  a  special  significance.  This  combined 
symmetry  is  guaranteed  to  hold  for  all  local  interactions  which  also  possess  relativistic 
invariance  by  the  so-called  CPT  theorem.  This  has  a  number  of  consequences  for 
properties  of  antiparticles.  For  example,  it  implies  the  equality  of  masses  and  lifetimes  of 
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particles  and  antiparticles,  and  requires  their  charges  to  be  equal  and  opposite  in  sign.  In 
addition,  the  CPT  theorem  implies  that  CP  invariance  and  T  invariance  are  equivalent,  as 
also  CP  violation  and  T  violation.  Because  of  this  interconnection,  very  often  no 
distinction  is  made  between  CP  and  T.  While  CP  makes  sense  only  at  high  energies 
where  antiparticles  can  be  produced,  it  can  be  tested  even  at  lower  energies  through  tests 
of  T  invariance. 

2.  Discrete  symmetries  in  classical  and  quantum  mechanics 

In  classical  mechanics,  the  definitions  of  physical  quantities  like  energy,  momentum, 
angular  momentum,  etc.,  decide  their  transformation  properties  under  the  space-time 
symmetries  P  and  T.  Thus  momenta  change  sign  under  P  and  T,  energy  is  invariant  under 
P  and  T,  angular  momentum  changes  sign  under  T,  but  not  under  P.  Depending  on  the 
nature  of  the  forces,  one  can  then  determine  whether  or  not  the  system  is  invariant  under 
PandT. 

For  example,  if  the  dynamics  is  determined  by  laws  of  electrodynamics,  both  the 
particle  equations  of  motion  as  well  as  Maxwell's  field  equations  are  invariant  under  P 
and  r,  provided  the  fields  are  assigned  appropriate  transformation  properties. 

Normally,  C  does  not  enter  the  classical  domain.  However,  one  could  define  it  as  an 
operation  which  changes  the  charge  of  a  particle,  leaving  other  attributes  the  same.  In  that 
case  classical  electrodynamics  is  invariant  under  C,  provided  the  fields  change  sign 
under  C. 

In  quantum  mechanics,  symmetries  are  implemented  by  means  of  unitary  (or  anti- 
unitary)  operators  which  commute  with  the  Hamiltonian  H,  according  to  Wigner's 
theorem.  P  is  represented  by  a  unitary  operator  which  satisfies  Up  =  1,  and  therefore  has 
eigenvalues  ±1.  Thus  in  a  theory  with  parity  invariance  the  eigenstates  of  H  can  be 
chosen  to  be  a  state  with  a  definite  parity,  called  even  or  odd  according  as  the  eigenvalue 
ofPis+1  or-1. 

The  operator  for  T  has  to  be  anti-unitary  rather  than  unitary  as  can  be  seen  from  the 
requirement  that  the  time-evolution  equation  be  form-invariant  under  T.  The  evolution 
equation 


(1) 
when  acted  on  by  the  time-reversal  operator  UT  gives 

r\ 

•  (2) 


where 

Z/HVW)  =  M-0),  (3) 

provided  UT  satisfies 

[UT,H}=Q  (4) 

and 

UTi  =  -iUT.  (5) 
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Thus  UT  has  to  be  antilinear.  This  fact  has  many  important  consequences,  as  we  shall  see 
later. 

While  C  has  no  place  in  non-relativistic  quantum  mechanics,  it  arises  naturally  in 
relativistic  quantum  mechanics,  particularly,  in  the  Dirac  hole  theory  for  antiparticles.  In 
Dirac's  interpretation,  antiparticles  are  hole  states  in  a  sea  of  completely  filled  negative- 
energy  states.  This  description  does  afford  an  operation  of  charge  conjugation: 


,  0  =  C5(x,  0,     (5  =  ^7°),  (6) 

where  C  is  a  matrix,  and  T/>(X,  t)  is  a  column  vector  solving  the  Dirac  equation.  However, 
the  real  solution  of  the  problem  of  negative-energy  states  involves  the  use  of  second 
quantization,  and  lies  in  the  realm  of  quantum  field  theory. 

In  the  quantum  field-theoretic  description  of  the  discrete  symmetries  C,  P  and  T,  all 
fields  undergo  a  unitary  transformation. 

^(x,  ?)  -*  £/c  V(x,  t}Uc  =  rjcC^1  (x,  t) 

V;(x,  t)  -+  E/p  ^(x,  t}UP  =  »fr/V(-x,  0  (7) 

V>(x,f)  ->  t/f  ^(x,0tfc  =  7?r2>(x,  -0- 


Here  C,P,T  on  the  right-hand  side  are  matrices,  and  r?c,7]/>,?7r  are  phase  factors, 
reflecting  the  inherent  phase-arbitrariness  in  the  definition  of  states  in  quantum 
mechanics.  These  phases  may  be  chosen  arbitrarily.  The  above  illustration  is  for  a 
spin-1/2  Dirac  field,  but  other  fields  would  have  similar  transformation  properties. 
Invariance  of  a  theory  under  the  discrete  symmetries  means  invariance  of  the  action 

^(x,0,  (8) 

where  £(x,  t)  is  the  Lagrangian  density. 

The  phase  factors  appearing  in  the  transformations  can  be  determined  from 
experiment,  at  least  relative  to  one  another,  provided  one  assumes  the  corresponding 
invariance  to  hold.  These  phase  factors  are  given  the  name  'intrinsic'  C,  P  or  T,  as  the 
case  may  be. 

In  simple  theories,  invariance  under  CP  is  simple  to  verify.  However,  in  complicated 
interacting  theories  with  several  terms,  the  phases  rjp,r)c  have  to  be  chosen  carefully  to 
ensure  invariance  of  the  action.  Only  in  the  case  when  no  consistent  choice  of  phases 
exists  for  which  the  action  is  invariant  can  one  say  that  theory  violates  CP. 

As  for  the  combined  transformation  CPT,  it  is  found  that  there  is  always  a  consistent 
choice  of  phases  for  CPT  invariance  so  long  as  the  theory  is  local  and  Lorentz  invariant. 
This  is  guaranteed  by  the  CPT  theorem  due  to  Pauli,  Lu'ders  and  Schwinger  [1]. 

3.  CP  violation  in  nature 

To  look  at  a  bit  of  history,  it  was  believed  for  a  long  time  that  nature  respects  all  the 
discrete  invariances  C,  P  and  T.  So  much  so,  that  paradoxical  situations  arose  because  of 
this  prejudice.  An  example  is  the  famous  r-6  puzzle,  which  came  about  in  the  early 
1950s,  when  the  strange  mesons  r  and  6  were  found  to  have  identical  properties  except 
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for  the  fact  that  they  decayed  into  two  different  final  states: 


T  — *  7T+7T    7T0 


7T+7T    . 


(9) 


This  meant  that  the  intrinsic  parity  assignments  of  r  and  9  had  to  be  opposite,  for  the 
pions  were  known  to  have  parity  —  1,  and  the  decays  were  expected  to  proceed  with  zero 
orbital  angular  momentum.  The  other  explanation,  which  was  considered  heretical  was 
that  r  and  0  were  the  same  particle  K,  but  parity  was  violated  in  these  weak  decays,  and 
therefore  no  definite  intrinsic  parity  could  be  assigned  to  K.  This  suggestion  of  parity 
violation  in  weak  interaction  proposed  by  Lee  and  Yang  [2]  led  to  the  experiment  of  Wu 
et  al  [3]  which  confirmed  parity  violation  in  the  radioactive  /3  decay  of  60Co. 

The  experiment  consisted  in  looking  at  the  disiribution  of  decay  electrons  from  a 
polarized  60Co-source.  A  forward-backward  asymmetry  relative  to  the  spin  direction  of 
60Co  nuclei  was  an  indication  of  parity  violation,  since  the  observable  s#  •  pe  changes 
sign  under  P(s#~»-  s/y,  pe—  >  —  pj,  and  should  have  zero  average  value  if  P  is  conserved. 

Further  evidence  for  P  violation  came  from  the  experiment  of  Culligan  et  al  [4]  who 
showed  the  e+(e~]  had  helicity  +£(—5)  in  the  decays 

Ai±->e±  +  z/  +  P.  (10) 

Since  the  initial  state  was  unpolarized,  this  was  evidence  for  P  violation,  since  helicity 
changes  sign  under  parity. 

Eventually,  the  V  —  A  theory  of  weak  interactions  was  formulated  by  Marshak  and 
Sudarshan  [5],  and  by  Feynman  and  Gell-Mann  [6],  which  incorporated  the  maximal 
parity  violation  observed  experimentally.  This  made  use  of  the  current  x  current  form  of 
the  interaction: 


where  the  sum  is  over  generations  of  quarks  and  leptons.  (In  writing  this  equation,  mixing 
between  generations  has  been  neglected  for  simplicity).  This  form  of  the  interaction  also 
violated  C,  but  in  such  a  way  that  CP  was  left  invariant. 

For  the  experiments,  this  implied  that  if  the  60Co  experiment  could  be  repeated  with 
anti-60Co,  the  forward-backward  asymmetry  would  have  been  exactly  opposite  in  sign  to 
that  observed  in  60Co,  so  that 

<SAr-pe)  +  (sff.pg}  =  0  (12) 

as  required  by  CP  invariance.  Similarly,  since  the  helicities  of  e±  in  p*  decay  are  equal 
and  opposite,  CP  is  not  violated. 

The  first  evidence  for  CP  violation  was  found  in  1964  by  Christenson  et  al  [7].  They 
found  that  a  definite  state  (the  long-lived  neutral  K  meson)  can  decay  into  two  different 
CP  eigenstates:  the  predominantly  CP  =  -I  3ir  state,  and  a  very  small  (0.2%)  admixture 
of  the  pure  CP  =  +1  2vr  state.  Since  the  intrinsic  CP  assignments  of  the  pions  were  fixed 
from  strong  interaction  production  processes,  this  meant  that  the  weak-interaction  decay 
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process  does  not  conserve  CP  (direct  CP  violation)  or  that  KL  is  not  an  eigenstate  of  CP 
(indirect  CP  violation),  or  both.  In  fact,  KL,  which  is  an  eigenstate  of  the  Hamiltonian,  is  a 
linear  combination  of  the  states  K°  and  K  produced  by  strong  interaction: 

\KL)=a\Kl)+b\K2}\  (13) 

where  K\  and  KI  are  CP  eigenstates.  Hence  even  in  the  latter  case,  the  Hamiltonian  is  not 
invariant  under  CP. 

Direct  CP  violation  is  accompanied  by  a  change  in  strangeness  by  1  unit  (AS1  =  1), 
whereas  CP  violation  in  K°-K  mixing  corresponds  to  AS  =  2.  Thus,  it  is  possible  that 
only  indirect  CP  violation  exists.  Alternatively,  if  only  a  AS  =  1  CP- violating  term 
appears  in  the  Hamiltonian,  a  AS  =  2  CP  violation  can  be  induced  in  second  order  of 
perturbation  theory.  Theories  permitting  only  AS  =  2  CP  violation  are  called  superweak 
theories.  Experiments  can  in  principle  check  for  direct  CP  violation. 

Present  experiments  have  only  seen  definite  evidence  for  indirect  CP  violation  [8]: 


r(*L-».,  .,  '  =  (9>14±o.34).io-4.  (16) 


T(KL  ->  all) 
Usually  what  is  presented  is  [8] 


oo  = 


A(KL-+lTfi)    =          9  ±  OQ23)  xlo_3 


A(KS  -»  27T°) 

A(KL  ->  7T+7T-) 


A(KS  -»  7T+7T-) 


=  (2.269  ±  0.023)  x  10~3.  (17) 


For  direct  CP  violation  to  be  present,  [7700!  ^  to+-|  for  which  there  is  no  evidence. 

In  addition  to  this  CP-violating  charge  asymmetry  has  been  observed  in  semileptonic 
K  decay.  The  K-meson  system  is  the  only  place  where  CP  violation  has  been  observed 
experimentally.  However,  CP  violation  has  been  looked  for  in  other  experiments  as  well, 
which  have  only  provided  upper  limits.  Other  possible  experiments  in  which  CP  violation 
has  been  tested  are  as  follows. 

3.1  Electric  dipole  moments 

One  of  the  important  consequences  of  CP  (or  rather  T)  invariance  is  the  vanishing  of 
electric  dipole  moments  of  particles.  For  an  elementary  particle,  the  only  vector  to  which 
a  dipole  moment,  which  is  itself  a  vector,  can  be  proportional  to  is  its  spin.  Thus  d  =  as. 
This  interaction  energy  of  the  electric  dipole  moment  with  an  electric  field  is 

-d-E  =  -as-E.  (18) 
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Since  s  changes  sign  under  T,  while  E  does  not,  this  interaction  violates  T.  In  the 
relativistic  form, 

/_ 

which  can  be  shown  to  violate  CP,  P  and  T.  A  generalization  can  be  made  to  a  'weak' 
dipole  interaction 

r 

£\V-7tl\  /'OM'N 

-  d  7?)  (20) 

which  also  violates  CP,  in  addition  to  P  and  T. 

Electric  dipole  moments  of  various  particles  have  been  looked  for  without  success, 
giving  only  upper  bounds  [8].  Weak  dipole  moments  of  leptons  have  also  been  tested  for 
in  experiments  at  the  Z  resonance  at  LEP  and  upper  bounds  have  been  obtained  [9], 

3.2  Detailed  balance  in  nuclear  reactions 

T  invariance  predicts  equal  amplitudes  for  forward  and  backward  reactions.  This  has  been 
tested  in  several  reactions,  as  for  example, 

wMg  -\-a+±  27A1  +p.  (21 ) 

So  far  no  violation  has  been  observed,  and  the  experiments  give  upper  bounds  on 
effective  T-violating  parameters. 

3.3  Spin  and  momentum  correlations 

Triple-products  of  spin  and  momenta,  pt  x  p2  •  p3  or  si  x  s2  •  p3  etc.  are  odd  under  T. 
Hence  naively,  their  observation  would  signal  violation  of  T.  However,  this  is  true  only  if 
final-state  interactions  are  sufficiently  weak  and  can  be  neglected.  This  is  because  a  T 
operation  interchanges  initial  and  final  states,  in  addition  to  changing  the  sign  of 
momenta  and  angular  momenta.  Forward  and  backward  amplitudes  are  equal  in 
magnitude  only  if  final-state  interactions  (giving  rise  to  so-called  'strong  phases')  can  be 
neglected.  This  is  the  case,  for  example,  with  the  decay  n  -» pe'v,  where  triple  products 
have  been  looked  for  unsuccessfully. 

Alternatively,  in  cases  when  the  incoming  state  is  a  CP  eigenstate,  the  observation  of  a 
momentum  or  spin  correlation  which  is  CP  odd,  rather  than  T  odd,  would  unambigously 
signal  CP  violation. 

4.  Theoretical  understanding  of  CP  violation 

Most  current  experimental  results  are  explained  quite  remarkably  well  by  the  so-called 
standard  model,  developed  by  Glashow,  Salam  and  Weinberg.  This  theory  is  based  on 
local  gauge  invariance  under  the  group  SU(2)L  x  U(l)  x  SU(3)C.  Under  this  symmetry 
the  spin- 1/2  quarks  and  leptons  are  arranged  in  left-handed  doublets  of  weak  isospin 
group  SU(1}L  and  right-handed  singlets.  The  quarks  are  triplets  under  SU(3) 


C 
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representing  'colour'  transformations.  At  present  there  are  three  known  generations  of 
quarks  and  leptons,  which  amounts  to  a  replication  of  the  left-handed  doublets  thrice. 
Thus,  there  are  three  'up'  -type  quarks  corresponding  to  a  value  +|  for  the  third 
component  of  weak  isospin  (called  u,  c  and  t  quarks),  and  three  'down'  -type  quarks 
corresponding  to  —  \  for  the  third  component  of  weak  isospin  (called  d,  s  and  b  quarks). 
The  other  basic  ingredients  are  the  12  spin-1  gauge  bosons  7,  W±  (with  a  mass  of 
80.2  GeV),  Z°  (with  a  mass  of  91.1  GeV),  and  Ga  (a  =  1  ,  2,  .  .  .  ,  8),  and  a  spin-0  massive 
Higgs  boson  which  is  not  yet  seen.  The  photon  and  the  gluons  are  massless.  The 
constituents  of  the  standard  model  are  displayed  below: 

_.      ,      fuia\  (uia)R 
Quarks:  )   /  ,   x    , 

\diaj  L(dia)R 


Leptons: 

\ei 

Gauge  bosons:  7,  1^(80.2  GeV),  Z°(91.1  GeV),Gfl, 

Higgs  boson:  H°(>  58  GeV).  (22) 

Both  the  generation  index  i  and  the  colour  index  a  run  from  1  to  3,  and  the  colour  index  a 
for  gluons  runs  from  1  to  8.  Quarks,  leptons  and  the  massive  gauge  bosons  and  Higgs 
boson  get  their  masses  by  the  mechanism  of  spontaneous  symmetry  breaking.  This  also 
produces  a  mixing  among  different  generations.  As  a  result,  the  charged-current  weak 
interactions,  which  are  mediated  by  W^,  are  described  by  a  complex,  unitary,  3x3 
matrix,  called  the  Cabibbo-Kobayashi-Maskawa  (CKM)  matrix.  This  matrix  is  totally 
arbitrary  in  the  theory,  and  is  only  determined  from  experiment.  It  can  be  described  by  4 
parameters,  3  of  which  are  like  Euler  angles  (#1,  #2?  #3)  describing  rotations  among  the  3 
generations,  while  the  fourth  one  is  a  phase  (£)  making  some  of  the  matrix  elements 
complex.  This  complex  phase  is  the  cause  of  CP  violation  in  the  couplings  of  quarks  to 
W±.  The  smallest  number  of  generations  for  which  the  phase  can  exist  is  three.  (There 
would  be  no  CP  violation  in  a  two-generation  standard  model). 

The  mixing  gives  rise  to  charged-current  interactions  of  the  quarks  represented  by  the 
interaction  Lagrangian 

£c>c-  =  2~7I  "'Q7/i(1  ~  ^w^djaVij  +  h-c-'  (23) 

where  ij  represent  the  flavour  indices,  and  V#  is  the  yth  element  of  the  CKM  matrix. 
How  does  this  show  up  in  the  K-meson  system?  Indirect  CP  violation  arises  because  of 
the  phase  in  the  amplitude  for  KQ  <->  K  transition.  The  quark  structure  of  K°  in  ds  and 
that  of  K  is  ds.  The  amplitude  for  mixing  of  KQ  with  K  arises  in  the  standard  model 
from  a  fourth-order  box  diagram  with  exchange  of  a  W+  W~  pair.  The  intermediate  quark 
states  involved  are  combinations  of  all  the  u  quarks  (up,  charm  and  top),  taken  two  at  a 
time.  The  resulting  amplitude  is  a  sum  of  terms,  the  ij  term  being  proportional  to 
VidV^VjSVjd.  This  complex  quantity  leads  to  a  phase  in  the  KQ-K  mixing  matrix,  leading 
to  indirect  CP  violation.  For,  then,  one  finds  on  diagonalizing  the  matrix,  that  KL  is  not 
a  CP  eigenstate,  but  a  linear  combination  of  K\  and  K^.  Thus  KL  contains  an  admixture 
of  the  CP  even  state  K\  ,  permitting  it  to  decay  into  2ir  even  if  CP  is  conserved  in  the 
decay. 
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The  magnitude  of  CP  violation  is  determined  by  the  quantity 

J  =  sin2  9 1  sin  62  sin  83  cos  9\  cos  02  cos  #3  sin  5  <  3.5  x  10~5  sin  5,  (24) 

where  #i,#2>#3  are  constrained  by  other  experiments. 

Direct  CP  violation  also  arises  in  the  standard  model  through  the  so-called  penguin 
diagrams,  which  are  second-order  in  the  weak  interaction  coupling.  The  amplitudes  for 
K®  and  K  decaying  into  2?r  are  relatively  complex.  Hence  even  if  there  is  no  CP 
violation  in  the  mixing,  so  that  KL  —  (\KQ)  -  |K0))/V2,  KL  could  still  decay  into  2?r, 
because  the  matrix  elements  for  KQ  — »  2?r  and  A"0  — »  2-n  are  different. 

Thus,  the  standard  model  can  explain  both  direct  and  indirect  CP  violation.  However, 
precise  comparison  with  experiment  is  made  difficult  because  the  bound-state  problem: 
The  quark  wave  functions  in  the  K,K  are  not  known  well  enough. 

The  standard  model  predicts,  similarly,  CP  violation  in  the  B-meson  system,  i.e. 
mesons  involving  the  b  quark.  This  is  expected  to  be  somewhat  larger,  because 
the  combination  of  mixing  angles  appearing  in  the  B  system  are  less  constrained.  This 
is  seen  from  the  so-called  unitarity  triangle  of  the  CKM  matrix.  Unitarity  gives  the 
relations 


idVl!  =  0     (strange  K  mesons)  , 

i=u,c,t 


2J  VidVl!  = 

=u,c,t 

2J  V^ib  ~  0     (strange  Bs  mesons), 

i=u,c,t 

5^  VidV*b  =  0     (nonstrange  Bd  mesons).  (25) 

i=u,c,t 

Each  relation  represents  a  triangle  in  the  complex  plane,  since  the  sum  of  3  complex 
numbers  vanish.  The  angles  of  the  triangles  are  a  measure  of  CP  violation,  the 
magnitudes  of  individual  terms  representing  decay  probabilities. 

In  the  first  two  cases,  one  of  the  sides  is  very  small  compared  to  the  other  two,  hence 
the  triangles  collapse  to  straight  lines.  In  the  third  case  all  sides  are  comparable,  though 
not  large.  Thus,  CP  violation  is  sizeable.  However,  Bd  decay  probabilities  are  low,  and 
hence  larger  samples  are  needed.  A  substantial  number  of  these  will  be  produced  at  B 
factories,  and  it  is  hoped  that  CP  violation  would  be  observable. 

The  standard  model  predicts  effects  in  all  other  systems  which  are  too  small  to  be 
detected  in  conceivable  experiments.  For  example,  quark  dipole  moments  vanish  at  the 
two-loop  level  [10],  and  lepton  dipole  moments  vanish  at  the  three-loop  level  [11].  The 
estimates  for  dipole  moments  are: 


(26) 

Thus  any  other  effects  seen  experimentally  will  be  because  of  physics  beyond  the 
standard  model. 

If  SM  agrees  well  with  experiments,  is  there  need  to  go  beyond  SM?  Quite  apart  from 
the  usual  reason  given,  that  there  are  too  many  parameters  in  SM,  there  seem  to  be  other 
reasons  why  SM  is  not  adequate  for  CP  violation.  These  are,  the  resolution  of  the  strong 
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CP  problem,  and  the  understanding  of  the  baryon-antibaryon  asymmetry  of  the  universe, 
or  the  so  called  problem  of  electroweak  baryogenesis. 

5.  The  strong  CP  problem 

The  vacuum  of  the  strong  interaction  sector  of  the  standard  model,  governed  by  the 
dynamics  of  the  SU(3)C  group,  has  a  complicated  structure:  There  are  topologically 
distinct  field  configurations  possible,  all  of  which  are  degenerate.  These  distinct  vacua  \n} 
are  characterized  by  a  'winding  number'  n,  which  takes  all  integral  values.  These  vacua 
are  not  invariant  under  certain  SU(3)  gauge  transformations  which  change  n.  The  correct 
gauge-invariant  vacuum  can  only  be  a  linear  superposition  of  these  vacua: 

(27) 

Each  value  of  9  labels  a  different  theory.  For  a  given  value  of  0,  if  one  calculates  Green's 
functions,  one  finds  that  one  has  to  sum  over  paths  which  connect  the  vacuum  \n}  to 
\n  +  i>},  for  different  values  of  v.  This  sum  amounts  to  adding  a  term 

*uf'r'  (28) 


to  the  action.  This  term  is  odd  under  CP  and  P,  and  leads  to  'strong'  CP  violation.  It  can 
therefore  contribute  to  the  neutron  dipole  moment,  and  can  therefore  be  constrained  by 
the  strong  experimental  limit  on  the  dipole  moment.  This  requires  9  to  be  smaller  than 
about  10~9.  One  can  ask  how  such  a  small  parameter  arises.  There  is  no  answer,  and  this 
is  one  problem.  But  this  is  not  all. 

Suppose  one  assumes  that  for  some  reasons  6  is  small,  there  is  still  a  problem  -  there  is 
another  contribution  which  changes  6.  The  axial  vector  U(l)A  current 

Nf 

JA  =  JjTfW  (29) 

1=1 

has  an  anomalous  divergence 


As  a  result  one  can  show  that  under  a  chiral  rotation  of  quarks  through  an  angle  a,  the 
value  of  Q  changes  by  2Nfa. 

Now,  in  defining  the  physical  quark  states  in  the  theory,  one  has  to  make  a  change  of 
basis  which  amounts  to  a  chiral  £7(1)  rotation  through  an  angle  a  =  arg  det  M,  where  M 
is  the  quark  mass  matrix,  arising  from  spontaneous  breaking  of  the  electroweak  gauge 
symmetry.  Thus  the  observable  value  of  6  is  9  =  9  +  27V/  (arg  detM).  This  makes  the 
problem  worse,  as  now  0  has  to  be  <  10~9.  Hence  9  has  to  be  tuned  to  lie  close  to 
-2W/(arg  det  M)  to  within  1  part  in  109! 

Most  solutions  proposed  to  the  strong  CP  problem  are  beyond  SM.  The  most  popular 
one  requires  the  introduction  of  spontaneously  broken  global  £7(1  )PQ  symmetry,  as 
proposed  by  Peccei  and  Quinn  in  1977  [12].  These  theories  have  a  light  spin-0  particle 
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known  as  the  axion,  which  has  not  been  seen.  There  are  theories  which  make  the  axion 
'invisible'  in  laboratory  experiments  [13],  but  such  theories  are  replete  with  cosmological 
and  astrophysical  implications  which  will  really  test  the  theory  [14].  In  particular,  the 
axion  is  a  candidate  for  dark  matter. 

6.  Electroweak  baryogenesis 

It  was  pointed  out  by  Sakharov  in  1967  [15]  that  if  the  present  baryon  asymmetry  of  the 
universe  were  to  be  understood  in  terms  of  fundamental  processes  occurring  in  the  early 
universe  which  started  with  zero  net  baryon  number,  then  three  requirements  had  to  be 
met.  Firstly,  there  had  to  be  baryon  number  (E)  violating  processes.  Secondly,  these 
processes  had  to  violate  C  and  CP.  Thirdly,  the  processes  had  to  be  out  of  equilibrium  at 
some  epoch.  C  violation  is  needed  to  produce  a  difference  in  baryon  and  anti-baryon 
production,  whereas  CP  (or  T)  violation  ensures  that  the  forward  and  backward  processes 
proceeded  at  different  rates.  If  the  B  production  processes  were  to  be  in  equilibrium,  any 
excess  produced  would  eventually  be  washed  out  by  the  reverse  process.  Inequilibrium 
during  the  Hubble  expansion  guarantees  that  this  probability  of  the  reverse  process  is 
smaller. 

Grand  unified  theories  which  unify  electroweak  and  strong  interactions  at  a  high 
unification  energy  scale  satisfy  all  these  criteria  at  temperatures  around  1015  GeV,  and  can 
in  principle  generate  baryon  excess  [16].  However,  it  was  realized  that  during  the 
electroweak  phase  transition  at  T  «  102  GeV,  non-perturbative  anomalous  fi-violating 
processes  can  wash  out  whatever  excess  was  produced.  These  processes  can  also 
regenerate  a  baryon  asymmetry  [17].  However,  indications  are  that  the  SM  CP  violation 
cannot  give  a  sufficient  baryon  number  [18].  This  seems  to  call  for  a  new  mechanism  of 
CP  violation. 

Alternative  scenarios  for  baryogenesis,  as  for  example,  through  lepton-number 
generation  at  an  intermediate  scale,  have  been  proposed  [19].  These  nevertheless  involve 
new  sources  of  leptonic  CP  violation. 

7.  CP  violation  in  extensions  of  SM 

In  general,  extra  particles  can  give  rise  to  more  complex  couplings  and  sources  of  CP 
violation.  This  is  true  in  models  with  extra  scalars,  extra  fermions,  or  both.  An  example  of 
such  a  model  is  the  minimal  supersymmetric  standard  model. 

An  interesting  possibility  is  spontaneous  CP  violation.  In  this  case  CP  is  imposed 
on  the  Lagrangian,  and  CP  violation  arises  because  a  scalar  field  has  a  complex 
vacuum  expectation  value  on  minimization  of  the  potential.  This  requires  a  minimum  of 
two  doublets.  However,  to  prevent  unwanted  Yukawa  couplings  a  certain  discrete 
symmetry  is  imposed.  Then  spontaneous  symmetry  breaking  needs  three  doublets  at  the 
least. 

Spontaneous  CP  violation  is  generally  associated  with  the  domain  wall  problem  in 
cosmology.  As  the  universe  cools  below  the  temperature  corresponding  to  the  scale  of  CP 
breaking,  domains  of  different  CP  phases  form.  The  surface  energy  density  in  the  walls 
separating  the  domains  is  sizeable.  Also,  because  domain  walls  are  two-dimensional,  the 
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rate  of  total  energy  decrease  is  only  like  the  temperature  T.  Eventually  the  energy  in  the 
domain  walls  far  exceeds  the  closure  density  (po  ~  10""46  GeV4)  of  the  universe: 

Avail  ~<4>)3:r«i<r7Gev4.  (31) 

A  solution  is  that  the  CP-breaking  transition  occurs  before  an  inflationary  period.  In  that 
case,  domain  walls  are  irrelevant  since  we  live  in  one  domain  which  has  got  enormously 
stretched  during  inflation. 

Another  possibility  often  pursued  is  that  CP  is  violated  by  'soft'  terms  of  mass 
dimension  less  than  4  in  the  real  scalar  field  part  of  the  Lagrangian.  In  that  case  the  effect 
in  other  sectors  of  the  theory  are  small  and  calculable. 

8.  A  model-independent  approach 

Without  reference  to  specific  models,  it  is  possible  to  study  CP-violating  experimental 
effects  in  terms  of  an  effective  Lagrangian  [20].  In  this  relatively  model-independent 
approach,  one  writes  down  all  possible  CP-violating  couplings  relevant  to  the  experiment 
and  consistent  with  Lorentz  invariance.  In  case  of  fermion  pair  production  in  e+e~  for 
example,  these  effective  couplings  will  have  electric  and  weak  dipole  moment  terms.  One 
could  then  parametrize  possible  experimental  effects  in  terms  of  coefficients  of  these 
effective  CP-violating  couplings.  Furthermore,  the  parameters  could  themselves  be 
determined  from  various  candidate  theories.  This  would  also  enable  confrontation  of 
these  theories  with  experiment. 

Using  an  effective  Lagrangian,  one  can  make  predictions  for  various  experimental 
signatures  of  CP  violation.  Two  special  types  of  effects  are  event  asymmetries  and  CP- 
odd  correlations.  An  asymmetry  of  the  type 


_ 

P(A->B}+  P(A<  -+  Bc]  '  (     } 

where  P  denotes  a  transition  probability,  and  A°  and  Bc  denote  respectively  states  CP 
conjugate  to  A  and  5,  would  be  a  measure  of  CP  violation.  A  has  the  advantage  of  being 
dimensionless  and  with  absolute  value  less  than  or  equal  to  1.  A  CP-odd  correlation  is  the 
expectation  value  of  an  observable  which  is  odd  under  the  CP  transformation.  While  CP- 
odd  correlations  may  not  be  as  convenient  as  asymmetries  described  above,  they  may  be 
easier  to  determine  experimentally. 

9.  Conclusions 

CP  as  an  approximate  symmetry  of  fundamental  interactions  is  violated  in  weak 
interactions.  The  standard  model  can  explain  the  observed  CP  violation  in  K  mesons  and 
make  predictions  for  observable  CP  violation  in  the  5-meson  system.  Any  other  CP 
violation  would  lie  in  the  domain  of  extensions  of  the  standard  model.  The  current 
theoretical  ideas  on  the  solution  of  the  strong  CP  problem  and  baryogenesis  seem  to  need 
some  extension  of  the  standard  model.  Quite  apart  from  this,  it  would  be  pragmatic  to 
keep  an  open  mind  and  use  model-independent  approaches  to  derive  constraints  on 
possible  CP-violating  couplings  from  experiment. 
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Abstract.  Starting  with  the  very  definition  of  chaos,  we  demonstrate  that  the  study  of  chaos  is  not 
an  abstract  one  but  can  lead  to  some  useful  practical  applications.  With  the  advent  of  some  powerful 
mathematical  techniques  and  with  the  availability  of  fast  computers,  it  is  now  possible  to  study  the 
fascinating  phenomena  of  chaos  -  the  subject  which  is  truly  interdisciplinary.  The  essential  role 
played  by  fractals,  strange  attractors,  Poincare  maps,  etc.,  in  the  study  of  chaotic  dynamics,  is 
briefly  discussed.  Phenomena  of  self-organization,  coherence  in  chaos  and  control  of  chaos  in 
plasmas  is  highlighted. 

Keywords.    Chaos;  turbulence,  Alfven  waves;  plasma. 
PACS  No.    52.35 

1.  Introduction 

The  topic  of  my  lecture,  namely  Chaos,  is  truly  interdisciplinary.  It  occurs  in  a  variety  of 
physical  systems  e.g.,  astrophysics,  optics,  condensed  matter  physics,  plasmas,  iluids  etc. 
and  also  in  biological  systems,  chemical  systems,  atmospheric  sciences,  biophysics, 
ecology,  neural  networks  etc.  The  mathematical  techniques  to  study  chaotic  phenomena 
in  any  of  these  systems  are  the  techniques  of  nonlinear  dynamics.  However,  I  will  confine 
myself  to  plasma  systems.  We  plan  to  develop  the  subject  by  trying  to  answer  the 
following  questions:  How  exactly  do  we  define  a  chaotic  system?  How  and  why  do  we 
study  chaos?  Are  there  any  practical  applications  of  chaotic  phenomena?  Chaotic 
dynamics  vis-a-vis  turbulence? 

There  is  no  unique  definition  of  chaos.  The  simplest  way  it  can  be  defined  is  as 
follows:  If  we  map  the  trajectory  of  a  particle  in  a  given  field  and  if  the  trajectory  is  not 
smooth  but  scattered,  then  the  system  can  be  chaotic.  The  scattered  mapping,  in  fact,  is  a 
necessary  condition  for  the  system  to  be  chaotic.  Another  necessary  condition  for  a 
chaotic  system  is  its  extreme  sensitivity  to  the  initial  conditions;  in  other  words  the  two 
neighboring  trajectories,  with  very  slightly  different  initial  conditions,  .should  diverge 
exponentially.  For  example  if  |Xa(0)  -  Xb(Q)\  =  e,  then  \Xa(t]  -  Xb(t}\  —  eexp  (a  t]  with 
a  >  0,  is  a  must  for  a  chaotic  system  (a  and  b  are  two  neighboring  trajectories).  The  latter 
can  be  more  rigorously  defined  by  means  of  Liapunov  exponent  which  is  defined  as 


where  D  is  the  physical  distance  between  two  neighboring  trajectories  in  phase  space.  It 
turns  out  that  L  >  0,  is  necessary  as  well  as  sufficient  condition  for  the  system  to  be 
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chaotic.  Moreover  £~l  gives  the  characteristic  time  for  the  onset  of  chaos.  Since  £  >  0 
means  an  inability  to  specify  the  microscopic  state  of  the  system  as  it  evolves,  one 
immediately  starts  asking  the  following  question:  Is  Liapunov  exponent  related  to  the 
entropy  in  any  way?  The  answer  is  yes.  In  fact  the  KS  entropy  =  £  all  positive  £; 
Kolmogorov-Sinai  (KS)  entropy  is  a  measure  of  loss  of  information  of  a  dynamical 
system.  A  word  of  caution  may  be  in  order  here.  Chaos  should  not  be  equated  simply  with 
the  disorder.  It  is  more  appropriate  to  consider  chaos  as  a  kind  of  order  without  any 
periodicity.  In  place  of  periodicity,  chaotic  system  is  characterized  by  scale-invariance 
property  according  to  which  the  structure  of  the  system  does  not  change  with  the  changes 
in  scaling. 

Historically  Jules-Henry  Poincare  was  the  first  person  to  recognize  the  chaotic 
behaviour  of  a  dynamical  system.  He  encountered  this  unexpected  behaviour  in  his 
studies  of  three-body  problems  in  planetary  systems.  The  puzzling  behaviour 
encountered  by  Poincare  was  simply  because  he  was  dealing  with  nonintegrable  systems. 
We  will  elaborate  on  the  nonintegrable  systems,  which  lead  to  chaos,  in  the  next  section. 

1.1  Nonintegrable  systems 

A  system  with  N  degrees  of  freedom,  if  it  has  N  independent  integrals  of  motion,  is 
an  integrable  system.  This  is  only  a  necessary  condition  for  integrability.  The  necessary 
and  sufficient  condition  for  integrability  is  satisfied  only  if  N  independent  constants 


Q4 


Figure  1.    Energy  diagram  (a)  and  the  corresponding  phase  space  orbits  (b)  for  an 
oscillator  in  a  potential  U  —  —F  cos  <j>. 
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of  motion  C\,  €2,  Ca, . . . ,  C#  are  in  involution  i.e.,  {C/,  Cj}  =  0,  where  {  }  represents 
the  Poisson  bracket.  As  a  simple  example,  consider  an  oscillator  moving  in  a  potential 
U  —  — Fcos  (j>  (cf.  figure  1).  The  Hamiltonian  for  this  oscillator,  namely 

H  =  p2/2m  +  U  =  E, 

has  the  total  energy  E  which  is  conserved;  this  satisfies  the  necessary  and  sufficient 
condition  for  integrability.  For  E  <  F,  the  orbits  are  closed  and  for  E  >  F,  orbits  are  open 
but  smooth.  E  =  Es  =  F,  corresponds  to  the  separatrix  for  which  the  period  of  oscillation 
is  infinity.  The  two  points,  </>  —  ±TT,  where  the  two  branches  of  the  separatrix  cross,  are 
the  hyperbolic  points  and  the  phase  trajectories  near  these  points  diverge  from  them.  Even 
very  small  perturbation  in  the  neighborhood  of  the  separatrix  could  lead  an  integrable 
system  to  nonintegrability.  An  integrable  system  can  never  lead  to  chaos  whereas  a 
nonintegrable  system  would. 


1.2  Surface  of  section 

Nonlinear  dynamical  systems  are  governed  by  nonlinear  differential  equations  which 
most  often  can  not  be  solved  analytically.  For  such  complex  dynamical  systems  Poincare 
suggested  geometrical  method  called  surface  of  section.  Let  the  phase  space  trajectories, 
of  a  particle  or  an  oscillator  in  a  given  field,  intersect  the  surface  S  at  points 

Ai,A2,A3,A4, If  the  points  A2,A3,A4,...  fall  on  AI,  then  the  system  for  sure  is 

periodic.  In  case  they  do  not  fall  onAi  but  the  curve  joining  A  i,A2,  AI  etc.  is  smooth,  then 
the  system  is  nonchaotic.  On  the  other  hand  if  the  set  of  points  AI  ,  A2,  AI  etc.  is  random, 
the  system  is  chaotic.  We  will  use  this  technique  for  studying  the  chaotic  phenomena  in 
Hamiltonian  as  well  as  dissipative  systems. 


1.3  Fractals  and  strange  attractors 

In  Hamilitonian  systems,  the  phase  space  volume  is  conserved  but  in  dissipative 
systems,  the  phase  space  shrinks  continuously  with  increasing  time;  this  leads  to 
phase  space  of  lower  dimensionality  and  to  an  attractor.  In  case  of  regular  motions 
the  attractors  are  simple  attractors  e.g.  a  fixed  point  (sink)  or  a  singly  periodic  orbit 
(limit  cycle).  For  two-dimensional  flows,  sink  and  the  limit  cycle  are  the  only 
two  possibilities.  However  for  three  dimensional  flows,  one  can  also  have  doubly 
periodic  orbits  or  attractors  with  complicated  structures.  Unlike  the  simple  attractors  like  a 
point,  a  line  etc.  which  have  integral  dimensions,  attractors  with  complicated  structures 
can  have  fractal  dimensions;  such  attractors  are  known  as  strange  attractors.  Another 
characteristic,  of  strange  attractors,  is  the  scale  invariance  property  i.e.,  on  finer  and 
finer  scales  the  structure  repeats  itself.  The  attractor  dimenson  is  defined  as 


o  —         .    /*  /  \  i 

e->oln(l/e) 

where  n  is  the  minimum  number  of  //-dimensional  cubes  of  side  e  needed  to  cover  the 
basin  of  the  attractor. 
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2.  Nonlinear  pendulum 

As  an  illustrative  example,  let  us  consider  the  simplest  possible  nonlinear  dynamical 
system  namely  a  nonlinear  pendulum,  which  is  governed  by  the  nonlinear  equation 

—  ^  +  wjsin<£  =  0,  C1) 

with  0  as  the  amplitude  of  the  pendulum  and  oj0  its  angular  frequency.  For  small  0,  eq.  (2) 
reduces  to  the  equation  of  a  simple  pendulum  whose  solution  is  given  by 


>o    -I- 
Equation  (2)  is  nonlinear  but  it  can  be  solved  exactly  to  give 

0  =  2£Cn(r;/C),  (3) 

where  Cn  is  the  Jacobian  elliptic  cosine  function  and  /C2  =  (1  +H)/2  with  #  as  the 
Hamiltonian  corresponding  to  eq.  (2)  for  u;0  =  1,  i.e. 


cos0;«5U.  (4) 

The  frequency  of  nonlinear  oscillations  is  given  by 

(*r/2)[l/FOr/2;£)],  (5) 

where  F  is  an  elliptic  integral  of  first  kind.  We  may  mention  that  the  phase  space  diagram 
(0,  <£)  is  identical  to  the  one  in  figure  1  with  H  —  1  corresponding  to  the  separatrix  and 
H  <  l(H  >  1)  leading  to  the  trapped  (untrapped)  orbits. 
Let  us  now  consider  a  dampled  nonlinear  pendulum  which  is  govened  by 

d2<£  •       ^  ^<t>  /£N 

_!  +  sin0  =  _C^,  (6) 

where  C  is  the  damping  co-efficient.  This  damping  could  be  due  to  air  resistance 
provided  by  some  sort  of  a  vane  attached  to  the  swinging  pendulum.  The  phase  space 
diagram  in  this  case  shows  a  simple  point  attractor  at  (0,0).  If  we  drive  this  damped 
pendulum,  say  by  a  torque  (dsin</>),  then  this  driven  pendulum  is  described  by  the 
equation 


where  fi  is  the  frequency  of  the  driver.  Numerical  solution  of  eq.  (7)  shows  the  following 
interesting  features  [1]: 

1.  After  the  transit  behaviour,  the  pendulum  oscillates  with  a  period  which  is  double  the 
period  of  the  driver. 

2.  If  we  change  the  value  of  d  slowly,  for  C  =  0.1,  we  observe  that  &td=  1.35,  there  is  a 
sudden  jump  in  the  pendulum  frequency  and  momentarily  it  becomes  singly  periodic. 

3.  Further  increase  in  d(d  >  1.35)  leads  to  a  sequence  of  period  doubling  bifurcations 
and  eventually  to  chaos. 
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It  is  rather  intriguing  to  find  that  a  simple  nonlinear  dynamical  system  like  a  pendulum, 
when  driven  by  an  external  torque,  can  become  chaotic.  Following  the  techniques  used 
for  the  nonlinear  pendulum,  we  can  study  the  chaotic  phenomena  in  all  the  other  systems. 
We  will  further  illustrate  this  by  taking  an  example  from  plasmas.  In  this  case  we  will  also 
briefly  discuss  some  applications  of  chaotic  fields  and  say  something  about  controlling 
the  chaos. 

3.  Chaos  in  plasmas 

The  study  of  phenomena  of  chaos,  in  plasmas,  is  being  pursued  essentially  to  understand 
the  phenomena  of  plasma  turbulence  which  is  very  often  observed  in  laboratory,  space  as 
well  as  in  astrophysical  plasmas.  A  chaotic  system  is  essentially  a  turbulent  system.  As  in 
the  case  of  nonlinear  pendulum,  we  have  used  the  techniques  of  nonlinear  dynamics  to 
study  the  chaotic  processes  in  plasmas.  As  an  illustrative  example,  we  will  discuss  chaotic 
Alfven  waves.  Large  amplitude  Alfven  waves  have  been  observed  [2]  in  solar  wind, 
planetary  bow  shocks,  interplanetary  shocks,  environment  of  comets  etc.  Even  the 
Alfvenic  turbulence  has  been  observed  in  the  solar  wind  [3]  as  well  as  in  the  vicinity  of 
comets  [4]. 

A  nonlinear  wave,  in  general,  is  equivalent  to  a  nonlinear  dynamical  system  which 
exhibits  the  phenomena  of  chaos.  Here  we  will  discuss  how  and  under  what  conditions, 
the  nonlinear  Alfven  waves  can  become  chaotic;  these  chaotic  fields  in  turn  can  lead  to 
anomalous  effects  like  plasma  heating,  particle  acceleration  and  diffusion.  These 
anomalous  effects  are  essential  to  properly  interpret  some  of  the  intriguing  observations, 
e.g.,  solar  coronal  heating,  energetic  heavy  ions  in  the  vicinity  of  comets  Halley  and 
Giacobini-Zinner  observed  by  recent  cometary  space  missions  [5, 6]. 

3.1  Hamiltonion  systems 

Let  us  consider  a  plasma  which  is  embedded  in  a  magnetic  field  BO  in  the  x-y  plane.  The 
electromagnetic  waves  propagating  along  x-direction  in  this  plasma  are  governed  by  the 
two-fluid  equations  [7, 8].  By  means  of  singular  perturbation  method,  we  can  show  that 
these  fluid  equations  along  with  the  generalized  Ohm's  law,  lead  to  the  following 
evolution  equation  for  the  nonlinear  Alfven  waves  [7,8]: 

o,  (8) 


where  b>i  —  (by,bz),  fj,  =  Vry\/(2^/),  VA  —  B^/A-rcp  =  Alfven  speed,  fJ,-  =  eB0/ra,'C  =  ion 
cyclotron  frequency,  a.  =  1/4(1  —  /3]  with  (3  as  the  plasma  (3  i.e.,  the  ratio  of  the  kinetic 
pressure  to  the  magnetic  pressure.  Equation  (8)  governs  the  elliptically  polarized  Alfven 
waves;  for  circularly  polarized  waves  this  reduces  to 

(M*±P)±,         =  0,  (9) 


where  b±  =  by±  ibz;  b+  for  left  hand  polarized  mode  and  &_  for  right  hand  mode. 
Throughout  this  paper  we  have  used  the  normalized  units  [7].  We  may  note  that  eq.  (8)  is 
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a  coupled  nonlinear  equation  whereas  eq.  (9)  shows  that  left-hand  and  right-hand  modes 
get  decoupled.  Equation  (9)  is  the  derivative  nonlinear  Schrb'dinger  (DNLS)  equation, 
which  can  be  solved  exactly;  its  solution  is  given  by  [9], 


, 

1    +1          V2cosh[2(V-Vs)(x-Vst)]±l 

where  V  is  the  phase  velocity  of  the  linear  Alfven  wave  (=  VA  in  unnormalized  units)  and 
Vs  is  the  speed  of  solitary  Alfven  wave.  Equation  (10)  is  the  solitary  wave  solution  for 
left-hand  polarized  Alfven  wave.  Since  the  left-hand  side  of  (10)  is  positive  definite,  the 
solution  with  (+)  sign  will  correspond  to 

(1-/3}(V-VS}>0 
and  the  one  with  (—  )  sign  to 


We  may  point  out  that  the  plasma  (3  plays  a  very  crucial  role.  For  (3  <  1,  super-  Alfvenic 
soli  tons  have  larger  amplitude  compared  to  the  amplitude  of  the  sub-  Alfvenic  solitons, 
but  for  j3  >  1,  the  behaviour  is  reversed.  It  is  interesting  to  note  that  for  laboratory 
plasmas,  (3  <  1  but  for  space  plasmas,  /3  >  1  for  many  systems. 

So  far,  we  have  considered  only  uniform  plasmas.  However,  very  often,  we  encounter 
nonuniform  plasmas.  Repeating  the  procedure  outlined  above,  we  have  derived  the 
evolution  equation  for  plasmas  with  weak  but  arbitrary  dnhomogeneity.  The  equation  in 
this  case  is  modified  DNLS,  which  by  means  of  a  series  of  complicated  transformations 
can  be  reduced  to  DNLS  [10,  1  1];  once  again  we  get  solitary  waves,  which  no  more  move 
with  constant  speed.  These  solitary  waves  get  accelerated  or  decelerated  depending  on 
whether  the  wave  propagation  is  along  the  increasing  density  gradients  or  decreasing 
density  gradients.  The  evolution  equation  as  well  as  its  solutions  are  complicated,  so  they 
are  not  presented  here  (cf.  ref.  [10]  and  [11]). 

Unlike  (9),  eq.  (8)  cannot  be  solved  analytically.  For  any  further  analysis  of  eq.  (8)  and 
for  investigating  the  possibility  of  chaotic  behaviour  of  the  system  governed  by  this 
equation,  it  is  useful  to  use  the  Hamiltonian  formulation. 

In  a  stationary  frame  of  reference,  namely, 


eq.  (8)  can  be  rewritten  as 


where 


with  bo  and  A  as  constants  [7, 12, 13].  It  is  instructive  to  note  that  eq.  (11)  is  equivalent  to 
a  classical  equation  of  motion  of  a  particle,  with  zero  mass,  which  is  moving  under  the 
influence  of  the  coriolis  force  and  a  pseudo  potential  #.  The  equipotential  contours  of  #, 
thus  represent  the  trajectories  of  this  pseudo  particle  with  zero  mass.  In  terms  of  the 
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Figure  2.  Equipotential  contours  of  the  pseudo  potential  #.  Also  shown  are  3 
different  solutions  namely  dark,  bright  and  mixed  solitons.  Mixed  solitons  correspond 
to  #  <  0. 


Hamiltonian  (//)  which  in  this  case  is  nothing  but  \&,  eq.  (1  1)  can  be  represented  by  a  set 
of  following  two  equations: 


db 


dH 


(12a) 
(12b) 


We  immediately  recognize  these  equations  as  Hamilton's  equations  with  by  and  bz  as 
canonical  co-ordinates.  The  potential  ^  being  a  quartic  has  four  solutions,  namely,  the 
minimum  at  (A_&o),  the  maximum  at  (A+/?o)  and  the  saddle  point  at  bo.  For  0  <  A  <  1/2, 
A±  are  given  by  [12], 

For  this  range  of  A,  the  equipotential  contours  of  $  and  the  three  solutions  corresponding 
to  dark,  bright  and  mixed  solitons  are  shown  in  figure  2.  For  /3  <  1,  dark  (bright)  solitons 
have  right  (left)  hand  polarization.  These  solitons  do  not  interact  with  each  other  and 
hence  there  is  absolutely  no  possibility  of  having  a  chaos. 


3.2  Driven  hamiltonian  systems 

From  figure  2,  it  is  very  apparent  that  the  solitary  (localized  stationary  nonlinear)  Alfven 
waves,  left  to  themselves,  will  propagate  as  such  for  ever  but  this  is  somewhat  an  ideal 
situation.  We  would  like  to  find  out  what  happens  to  these  solitary  waves  when  there  is 
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some  local  disturbance  e.g.,  if  there  is  a  possibility  of  having  another  plasma  wave 
generation  or  there  is  some  solar  activity  (say  a  solar  flare)  which  could  propagate  and 
interact  with  the  Alfven  waves.  To  explore  this,  we  will  first  consider  the  external  driver 
as  a  plane  wave.  In  order  to  make  the  problem  tractable  i.e.,  to  be  able  to  reduce  the 
coupled  partial  differential  equations  (given  by  eq.  (8)),  modified  by  the  driver,  to  a  set  of 
ordinary  differential  equations  like  eq.  (12),  we  have  to  further  restrict  ourselves  to  the 
driver  which  is  stationary  in  the  frame  of  reference  of  the  stationary  Alfven  waves.  This  is 
indeed  a  very  big  restriction;  in  the  latter  part  of  this  paper  we  will  remove  this  restriction. 
Equation  (12),  in  die  presence  of  such  a  driver,  is  replaced  by  [7,  8], 

dH      A  f-,  A  \ 

(14a) 


dbz         dH      .    .    „  /t/n\ 

-77=-^-  +  Asm0,  (14b) 

d£          oby 

|  =  n.  (HO 

In  eqs  (14),  A  is  the  amplitude  of  the  driver  and  fl  is  its  frequency.  We  will  now  show 
that  for  A  ^  0,  the  dark,  bright  and  the  mixed  solitons  start  interacting  among  themselves 
and  when  the  driver  is  sufficiently  strong  i.e.,  A  is  sufficiently  large,  this  interaction  can 
lead  to  chaos.  The  reason  for  the  appearance  of  chaos  is  rather  transparent.  In  the  absence 
of  the  driver,  our  system  has  two  degrees  of  freedom  (cf.  eqs  (12))  but  in  the  presence  of 
the  driver,  it  has  three  degrees  of  freedom  (cf.  eqs  (14))  and  from  our  knowledge  of 
nonlinear  dynamics,  we  know  that  the  minimum  number  of  degrees  of  freedom  required, 
for  a  system  to  be  chaotic,  is  three  and  hence  the  possibility  of  chaos  with  the  driver.  For 
the  left-hand  polarized  driver  i.e.,  fi  =  —2,  our  numerical  results  are  summarized  by 
Poincare  maps  shown  in  figure  3.  For  A  —  0,  the  entire  set  of  Poincare  points,  originating 
from  a  given  initial  point,  remains  on  the  potential  contour  containing  that  initial  point. 
For  A  =  0.002  i.e.,  for  a  weak  driver,  one  of  the  sets  of  Poincare  points,  near  the  bright 
soliton  separatrix,  starts  to  scatter  in  a  limited  region  of  phase  space.  This  leads  to  the 
onset  of  chaos  for  this  set  of  Poincare  points.  We  notice  the  formation  of  3  islands  near 
the  local  minimum  of  the  potential  \1>.  The  number  3  is  not  a  magic  number;  this  is  simply 
because  we  have  taken  w/ft  ~  2/3  (u  being  the  frequency  of  Alfven  waves).  For 
somewhat  stronger  driver  e.g.,  for  A  =  0.2,  the  system  is  almost  chaotic  except  for  the 
region  inside  the  dark  soliton  (cf.  figure  2).  This  region  is  unaffected  because  of  the 
difference  in  polarity  of  the  driver  (ft  <  0)  and  the  Alfven  waves  (u  >  0).  There  is  little 
interaction  of  the  driver  and  the  Alfven  waves  because  of  opposite  polarities.  We  repeated 
these  calculations  with  the  right  hand  polarized  driver  (£}  =  2);  these  results  are  shown  in 
figure  4.  Comparison  of  Poincare  maps  for  A  =  0.2  for  Q  <  0  and  ft  >  0  testifies  our 
above  drawn  conclusion.  No  matter  how  strong  is  the  driver,  the  region  inside  the  dark 
soliton  remains  coherent  for  Q  <  0.  It  is  this  what  we  call  'coherence  in  chaos'. 


3.3  Dissipative  systems 

Our  entire  discussion,  so  far,  has  been  about  the  chaotic  phenomena  in  nondissipative 
plasmas.  Now  we  will  very  briefly  present  our  efforts  in  this  direction  in  connection  with 
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Figure  3.    Poincare  maps  for  the  left  hand  polarized  driver  (Q,  —  —2)  for  various 
amplitudes  of  the  driver. 


the  dissipative  systems.  You  notice  that  we  had  started  with  the  simplest  possible  system 
and  have  been  introducing  the  complexities  into  our  system  one  by  one.  This  step  by  step 
approach  is  simply  to  get  a  good  physical  insight  into  the  complex  phenomena  of  chaos. 
For  a  dissipative  two-species  plasma,  the  nonlinear  evolution  equation  for  stationary 
Alfven  waves  is  given  by  [7, 13] 


db± 


(15) 


where  v  >  0  for  dissipation  and  in  the  last  term  on  right  side  of  eq.  (15),  we  have  cos(Q£) 
for  by  and  sin(ft£)  for  bz  component  of  the  vector  equation.  Following  the  procedure 
outlined  in  the  preceding  sections,  we  have  done  the  detailed  analysis  of  eq.  (15)  and  have 
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Figure  4.    Comparison  of  Poincare  maps  for  the  left  and  the  right  hand  drivers.  The 
left  hand  column  is  the  repetition  of  figure  3. 

come  up  with  some  very  interesting  results.  Summary  of  these  results  is  presented  in 
figures  5  and  6.  Figure  5  shows  the  orbits  as  well  as  the  Poincare  points  (shown  by  dots) 
in  the  by  -  bz  phase  space.  The  number  of  dots  represents  the  periodicity.  For  A  =  0,  we 
found  two  attractors:  one  at  the  minimum  of  the  potential  and  the  other  one  at  the 
saddle  point.  Figures  5  and  6  show  the  evolution  of  these  attractors  as  A  increases. 
The  most  interesting  observation  that  we  make  is  the  complicated  structure  of  the 
attractor  for  A  =  0.16  (shown  in  I).  In  this  box,  we  have  not  drawn  the  orbits  but  only 
the  Poincare  points  are  shown.  This  attractor  is  a  strange  attractor;  this  we  have  confirmed 
by  checking  its  self-similar  property  and  by  determining  its  fractal  dimension  which 
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Figure  5.  Shows  attractors  for  the  driven  dissipative  system  in  by  —  bz  phase  space. 
The  labels  are  the  same  as  in  figure  6.  The  dots  on  the  trajectories  are  the  Poincare 
points.  In  (I),  trajectories  are  omitted  and  only  the  Poincare  points  are  plotted.  The 
complicated  structure  of  the  attractor  in  this  case  represents  a  strange  attractor  for 
A  =  0.16. 


is  found  to  be  1.57.  For  further  discussion  of  figure  5,  refer  to  Hada  et  al  [13].  Another 
very  interesting  observation  we  make  from  figure  6  is  that  the  chaos  arises  through  two 
very  distinct  channels.  At  the  saddle  point,  there1*  are  three  sporadic  attractors  at 
A  ~  0.035,  A  ~  0.042  and  A  ~  0.102.  The  chaos  in  this  channel  arises  through  a 
sequence  of  period  doubling  bifurcations.  However,  at  the  minimum  of  the  potential,  in 
the  region  of  strange  attractor,  there  is  a  sudden  transition  to  chaos.  For  more  details,  see 
Hada  et  al  [13]. 

4.  Control  of  chaos 

So  far  our  discussion  has  been  confined  to  plasmas  with  only  two  species  e.g.,  hydrogen 
plasma.  Very  often,  we  encounter  multispecies  plasmas  with  electrons,  protons  and  heavy 
ions;  the  heavy  ions,  in  laboratory  plasmas,  may  be  as  impurities  and  in  some  natural 
plasmas  as  a  genuine  constituent,  e.g.,  solar  wind  is  composed  of  electrons,  protons  and 
a-particles  (helium). 

To  study  the  chaotic  processes  in  such  multispecies  plasmas,  starting  from  the 
corresponding  multifluid  equations  we  derived  the  evolution  equation  [9]  which  is  given 
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Bifurcation  Diagram 
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Figure  6.  Shows  the  evolution  of  various  attractors  as  the  amplitude  of  the  driver 
increases.  The  numbers  on  the  top  side  correspond  to  the  amplitudes.  The  top  channel 
shows  the  normal  as  well  as  the  reverse  bifurcations.  The  bottom  channel  gives  sudden 
transition  to  chaos  in  the  neighbourhood  of  the  strange  attractor  at  A  =0.16. 


by  eq.  (8)  but  with  a  and  fi  defined  by 


For  solar  wind  parameters  with  5%  helium  in  abundance,  we  repeated  our  calculations; 
Poincare  maps,  for  the  two-species  and  the  three-species  plasmas,  are  shown  in  figures  7 
and  8  respectively  [14].  For  both  the  figures,  the  driver  is  the  left  hand  driver.  Since  all  the 
parameters  for  both  the  figures  are  the  same,  figure  8  shows  the  effect  of  a  particles. 
From  comparison  of  these  two  figures,  it  is  evident  that  the  chaos  is  reduced  due  to  the 
presence  of  helium-in  other  words,  the  threshold  for  chaos  goes  up  because  of  heavy 
ions.  Physically  this  could  be  interpreted  as  the  inertial  stabilization  due  to  heavy  ions. 

5.  Anomalous  heating  and  particle  acceleration 

Chaotic  systems  can  be  very  efficient  sources  of  particle  acceleration  and  plasma  heating 
[15, 16, 11].  Lakhina  and  Buti  have  shown  that  the  pick-up  cometary  ions  [15]  as  well  as 
the  hot  electrons  injected  from  the  solar  coronal  loops  [17]  can  lead  to  unstable  lower- 
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Figure  7.    Poincare  maps  for  driven  Hamiltonian  system  for  solar  wind  at  1  AU  with 
only  two  species  (electrons  and  protons).  Driver  in  this  case  is  left  hand  polarized. 

hybrid  waves.  The  saturated  electric  fields  associated  with  these  lower-hybrid  waves,  in 
both  the  cases,  exceed  the  threshold  for  the  generation  of  chaotic  fields.  They  also  showed 
that  these  chaotic  fields  preferentially  accelerate  the  heavier  ions.  The  maximum  energy 
gained  by  the  particles,  from  the  chaotic  fields,  is  proportional  to  the  5 /3rd  power  of  the 
mass  of  the  particle.  A  part  of  the  maximum  energy  gained  is  utilized  in  anomously 
heating  the  plasmas.  We  are  now  investigating  the  contributions  of  chaotic  Alfven  waves, 
discussed  in  this  paper,  towards  the  anomalous  heating  of  solar  corona  and  anomalous 
acceleration  of  cometary  ions.  These  will  be  reported  in  a  forthcoming  paper. 
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Figure  8.  Same  as  figure  7  but  for  solar  wind  with  three  species  i.e.,  electrons, 
protons  and  a  particles;  Na/Np  =  0.05.  This  figure  is  also  valid  for  cometary  plasma 
with  water  group  ions  as  the  third  species  and  with  Nt/Np  =  0.01  and  mi/mp  =  16.8  (i 
represents  heavy  ions  and  p  represents  protons). 

6.  Conclusions 

The  techniques,  used  in  this  paper  for  the  study  of  chaotic  Alfven  waves,  can  be  used  for 
the  study  of  chaotic  phenomena  in  any  other  system.  Here  we  have  discussed  only  the 
stationary  waves  with  a  very  special  kind  of  driver.  However,  this  restriction  on  the  driver 
can  be  relaxed;  we  can  consider  any  other  driver  e.g.,  a  beam  representing  solar  wind  or  a 
pulse  representing  solar  burst  or  a  wave  packet  or  any  other  type  but  then  we  cannot 
reduce  our  partial  differential  equation  (cf.  eq.  (8))  to  ordinary  differential  equations  and 
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we  have  to  solve  partial  differential  equations.  We  now  have  a  code  for  solving  PDEs;  this 
solution  gives  us  the  time  series  (time  evolution)  for  by  and  bz.  From  the  time  series,  like 
in  the  case  of  observed  time  series,  we  have  calculated  the  energy  spectrum,  correlation 
$  dimension  and  Lyapunov  exponents  which  characterize  the  phenomena  of  chaos  [18]. 

The  latter  calculations  for  a  variety  of  drivers  are  under  progress.  The  different  spectra 
obtained  for  different  drivers  will  be  compared  with  the  observed  spectrum  to  finally 
conclude  about  the  source  of  observed  Alfvenic  turbulence.  As  mentioned  earlier,  here  we 
have  considered  Alfven  waves  but  the  procedures  outlined  here  are  applicable  to  any 
other  mode. 
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Abstract.  A  review  of  the  generic  features  as  well  as  the  exact  analytical  solutions  of  coupled 
scalar  field  equations  governing  nonlinear  wave  modulations  in  plasmas  is  presented.  Coupled  sets 
of  equations  like  the  Zakharov  system,  the  Schrodinger-Boussinesq  system  and  the  Schrodinger- 
KDV  system  are  considered.  For  stationary  solutions,  the  latter  two  systems  yield  a  generic  system 
of  a  pair  of  coupled,  ordinary  differential  equations  with  many  free  parameters.  Different  classes  of 
exact  analytical  solutions  of  the  generic  system  which  are  valid  in  different  regions  of  the  parameter 
space  are  obtained.  The  generic  system  is  shown  to  generalize  the  Henon-Heiles  equations  in  the 
field  of  nonlinear  dynamics  to  include  a  case  when  the  kinetic  energy  in  the  corresponding 
Hamiltonian  is  not  positive  definite.  The  relevance  of  the  generic  system  to  other  equations  like  the 
self-dual  Yang-Mills  equations,  the  complex  KDV  equation  and  the  complexified  classical 
dynamical  equations  is  also  pointed  out. 

Keywords.  Nonlinear  waves;  modulational  instability;  solitons;  NLS  equation;  KDV  equation; 
Henon-Heiles  Hamiltonian;  integrability;  complexification. 
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1.  Introduction 

Coupled  second-order  ordinary  differential  equations  for  a  pair  of  real  scalar  fields  occur 
in  many  branches  of  physics.  For  example,  in  particle  physics,  the  relativistic  quantum 
field  theories  in  1  +  1  dimensions  for  finite-energy  localized  fields  lead  to  a  set  of 
nonlinear  equations  for  a  pair  of  scalar  fields  [1].  On  the  other  hand,  in  plasma  physics, 
the  nonlinear  development  of  the  instability  associated  with  the  envelope  modulation  of 
an  high-frequency  wave  packet  coupled  to  an  appropriate  low  frequency  wave  field  is 
governed  [2]  by  a  pair  of  coupled  equations  like  Zakharov  equations,  or  the  Schrodinger- 
Korteweg-de  Vries  (KDV)  (or,  -Boussinesq)  system.  For  stationary  solutions,  the  latter 
two  systems  lead  to  a  generic  system  of  a  pair  of  coupled  ordinary  differential  equations. 
Depending  on  the  problem  at  hand,  the  generic  system  has  varying  number  of  free 
parameters  which  can  take  values  over  a  wide  range.  An  outstanding  mathematical 
problem  associated  with  such  nonlinear  coupled  equations  is  to  obtain  their  exact 
analytical  solutions  valid  over  as  much  of  the  parameter  space  as  possible. 

The  generic  equations  are  of  interest  in  other  contexts  also.  Recently,  it  was  pointed  out 
[3]  that  the  stationary  set  derived  from  the  Schrodinger-KDV  (or,  -Boussinesq)  system  is 
not  only  very  similar  to  but  also  generalizes  the  well-known  Henon-Heiles  system  [4] 


*  An  extended  version  of  this  article  appeared  in  Pramana  -  J.  Phys.,  Vol.  46,  No.  3,  161-202  (1996) 
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which  has  been  extensively  studied  over  the  last  decade  in  the  field  of  nonlinea 
dynamics.  On  the  other  hand,  there  is  the  interesting  possibility  that  the  self-dual  Yang- 
Mills  field  equations  [5]  could  be  related  to  the  stationary  equations  derived  from  th 
Schrodinger-KDV  (or,  -Boussinesq)  system.  Furthermore,  when  the  dependent  variabl 
of  an  uncoupled  KDV  equation  is  made  complex  [6,  7],  the  resulting  set  of  real  equation 
are  structurally  very  similar  to  those  contained  in  the  generic  system.  The  latter  reflecl 
also  certain  interesting  properties  of  the  coupled  equations  obtained  by  the  'comple? 
ification'  of  the  dynamical  equation  for  a  classical  particle  with  one-degree  of  freedom  i 
a  general  conservative  potential  field  [6]. 

In  this  review,  I  will  briefly  discuss  some  of  the  above  features.  In  the  process,  I  wi 
describe  a  method  of  solution  that  can  be  used  for  obtaining  analytical  solutions  < 
coupled  scalar  field  equations.  In  particular,  I  will  use  this  method  to  obtain  differei 
classes  of  exact  analytical  solutions  of  the  generic  equations  obtained  from  tr 
Schrodinger-KDV  (or,  -Boussinesq)  system.  Wherever  possible,  the  examples  are  chose 
from  the  field  of  plasma  physics  where  such  equations  are  commonly  encounterei 
Unless  otherwise  stated,  all  the  variables  are  assumed  to  be  suitably  normalized  so  th; 
the  equations  are  dimensionless  throughout. 

2.  Modulational  instability 

Consider  the  propagation  along  ^-direction  of  a  plane  wave  of  frequency  CJQ  ai 
wavenumber  k$  represented  by 

8  =  E(x,  t)  &xp[i(k0x  -  UQt}},  ( 

where  the  complex  amplitude  E(x,  t)  is  a  slowly  varying  function  of  the  space  and  tl 
time  variables.  In  order  to  derive  a  governing  equation  for  the  wave  propagation,  we  st£ 
with  the  nonlinear  dispersion  relation,  namely,  u;  =  cj(fc,  |E|2)  and  Taylor  expand 
around  (wo,/:o)  to  obtain 


where  the  partial  derivatives  have  to  be  evaluated  at  k  =  kQ  and  \E\  =  0.  Replacing  t 
frequency  shift  (w  -  UQ]  by  id/dt  and  the  wavenumber  shift  (k  -  kQ]  by  -id/dx,  * 
obtain  the  following  evolution  equation  for  the  slowly  varying  complex  amplitude  E(x 


where  asterisk  denotes  complex  conjugate,  Vg  =  du/dk  denotes  the  group  veloci 
P  =  (62uj/dk2}/2  represents  the  group  dispersion,  and  <2  =  -du/d(\E\2)  is  the  nonlim 
coefficient.  In  view  of  its  structural  similarity,  eq.  (3)  is  called  the  'nonlinear  Schrodinj 
equation',  and  is  known  to  govern  the  evolution  of  different  types  of  high-frequer 
waves  in  plasmas.  Examples  are  the  Langmuir  waves,  the  upper-hybrid  waves  and 
electromagnetic  waves. 

Equation  (3)  can  be  analysed  to  determine  the  stability  properties  of  an  high-frequei 
carrier  wave  when  its  amplitude  is  modulated  with  a  lower  frequency.  Depending  on 
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relative  sign  between  the  dispersive  and  the  nonlinear  terms,  the  modulation  can  become 
unstable.  Linear  stability  analysis  shows  [2]  that  for  PQ  >  0  the  waves  are 
modulationally  unstable.  Physically,  the  instability  arises  due  to  the  self-trapping  of  the 
wave  field  in  the  'potential',  which  is  determined  by  the  wave  itself  [cf.  the  last  term  on 
the  left-hand  side  of  eq.  (3)]. 

We  shall  now  look  for  solutions  of  eq.  (3)  which  are  stationary  in  a  frame  moving  with 
a  constant  speed.  For  this,  we  note  that  the  second  term  in  eq.  (3)  can  be  eliminated  by 
going  into  a  Galilean  frame  defined  by  £  =  x  —  Vgt  and  r  =  t: 

=  0.  (4) 

We  now  look  for  stationary  solutions  in  the  (£,  r)  coordinates  by  defining  the  variable, 
77  =  £  —  Mr  =  x  —  (Vg  +M}t  where  M  is  the  normalized  speed,  called  the  'Mach 
number',  of  the  stationary  frame.  In  order  to  allow  for  any  possible  shift  in  the  frequency 
as  well  as  in  the  wave  number  of  the  carrier  wave,  we  represent  the  amplitude  field  as 

E  =  £fl(T7)exp[i{X(C)  +  r(r)}],  (5) 

where  Ea(rj)  is  the  real,  stationary  amplitude  of  the  modulated  wave.  Substituting  the 
solution  (5)  into  eq.  (4),  we  obtain  from  the  imaginary  part,  X(£)  =  M(/2P  whereas  the 
real  part  yields  the  following  equation  for  the  amplitude  Ea: 

(6) 


where  A  =  2(dr/dr)  +  (M2/2f)  is  the  nonlinear  shift  parameter.  For  localized  boundary 
conditions,  eq.  (6)  can  be  easily  integrated  to  obtain  the  so-called  'envelope  soliton', 
solution,  namely, 


-        (C-Mr).  (7) 


Clearly,  the  total  high-frequency  field  £(x,  t)  has  a  structure  wherein  the  amplitude  of  the 
carrier  wave  field  is  modulated,  leading  to  a  bell-shaped  profile  and  the  structure  itself 
propagates  with  a  constant  velocity  with  respect  to  the  laboratory  frame. 

Before  considering  further  generalizations  of  the  above  equation,  let  us  briefly 
summarize  the  physical  mechanism  that  leads  to  such  solutions.  In  plasma  physics,  the 
variable  E  can  be  taken  to  represent  the  electric  field  of  a  suitable  high-frequency  field.  It 
can  be  easily  shown  that  when  the  amplitude  of  such  a  wave  field  is  slowly  modulated 
spatially,  the  motion  of  a  particle  of  charge  q  and  mass  m  can  be  decomposed  into 
two  parts:  the  first  part  contains  the  linear  motion  that  oscillates  with  the  same  frequency 
as  the  wave  field,  and  is  charge  and  mass  dependent.  The  second  part  is  the  nonlinear 
motion  arising  because  of  the  time-averaged  force,  and  is  independent  of  the  sign  of  the 
charge.  Such  a  nonlinear  force  is  called  the  'ponderomotive  force'  and  is,  in  general, 
given  by  [8] 
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Because  of  the  inverse  dependence  on  the  mass,  the  ponderomotive  force  acts  strongly  c 
the  electrons  pushing  them  away  from  the  regions  where  the  field  is  stronger.  Howeve 
the  resulting  ambipolar  field  causes  the  ions  to  follow  the  electrons,  thereby  creating 
density  well  which  further  traps  the  high-frequency  field.  This  process  is  continued  till 
dynamic  balance  between  the  nonlinear  and  the  dispersive  effects  is  achieved.  Tl: 
envelope  soliton  solution  is  simply  a  representation  of  such  a  state. 

3.  Coupled  equations 

.  The  ponderomotive  force  due  to  a  high-frequency  field  in  a  plasma  drives  low-frequenc 
oscillation  which  may  be  a  normal  mode  of  the  system.  For  example,  the  amplituc 
modulated  Langmuir  oscillations  are  coupled  to  the  wave-excited,  low-frequenc 
acoustic  fluctuations  called  the  'ion-acoustic  waves'.  The  nonlinear  Schrodinger  equatic 
derived  above  considers,  however,  only  the  static  response  of  the  latter  waves.  Such  £ 
approximation  can  be  justified  when  the  envelope  packet  is  nearly  static.  However,  whe 
the  envelope  moves  with  finite,  non-zero  speed,  dynamic  response  of  the  low-frequenc 
wave  should  be  taken  into  account. 

3.1  Zakharov  system 

For  the  Langmuir-ion-acoustic  waves,  Zakharov  [9]  suggested  the  following  pair 
coupled  equations: 

.  dE     382E      1        . 


where  e  is  a  known  small,  real  parameter,  and  8n  is  the  perturbed  ion  number  densii 
Under  the  approximation  used  to  derive  the  above  equations,  Sn  is  equal  to  the  electri 
number  density  perturbation,  namely,  6ne.  Equation  (8)  is  a  Schrodinger-like  equatii 
with  8ne  as  the  potential,  which  in  turn  is  governed  (since  6ne  =  6ri)  by  the  linear  wa 
equation  (9)  driven  by  a  source  term  involving  the  'wave  function'.  The  coupled  set 
equations  (8)  and  (9)  is  called  the  'Zakharov  system',  and  has  been  very  extensive 
studied  in  the  literature.  It  may  be  noted  that  the  nonlinear  Schrodinger  equation  can 
recovered  from  the  Zakharov  system  if,  under  the  assumption  of  static  response,  o 
neglects  the  time  derivative  term  in  the  driven  wave  equation  (9).  However,  for  dynarr 
response,  we  obtain,  using  the  stationary  variable  £  =  x  -  Aft, 


where  0  is  the  self-consistent  ambi-polar  potential.  Thus,  the  solutions  of  the  nonlint 
Schrodinger  equation  are  valid  when  the  Mach  number  M  tends  to  zero. 

Equations  (8)  and  (9)  (together  with  the  quasi-neutrality  condition,  8ne  =  Sri)  can 
integrated  for  stationary  solutions  to  yield 
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£a(0  =  ±[8A(1  -M2)]1/2sech(^)5  (11) 

0(0  =  -2AM2sech2(^),  (12) 

where  ft  —  A/3,  and  the  nonlinear  shift  parameter  given  by  A  =  2A  +  (e2M2/3)  «  2A 
is  required  to  be  positive  so  that  the  solutions  (11)  and  (12)  satisfy  the  localized  boundary 
conditions.  Equation  (11)  then  requires  M2  <  1  for  real  Ea\  that  is,  the  high-frequency 
envelope  wave  packet  'loaded'  with  the  low-frequency  density  fluctuations  can  only 
travel  at  sub-sonic  (M  <  1)  speeds.  Both  the  solutions  are  symmetric  with  respect  to 
£  =  0.  Note  that  the  solutions  (11)  and  (12)  imply  the  following  relation: 


Clearly,  for  a  given  envelope  field  amplitude  Ea,  the  variable  0  becomes  large  when 
M2  —  *  1,  in  which  case  the  driven  linear  wave  equation  (9)  needs  to  be  replaced  by  a 
suitable  nonlinear  equation.  This  is  discussed  in  the  next  section. 

3.2  Schrodinger-Boussinesq  system 

The  nonlinear  Schrodinger  equation  as  well  as  the  Zakharov  equations  take  into  account 
only  the  linear  response  in  the  low-frequency  dynamics.  However,  as  pointed  out  above, 
for  the  so-called  'near-sonic'  (M  ~  1)  propagation,  the  amplitude  of  the  low-frequency 
perturbation  can  be  quite  large  requiring  a  nonlinear  dynamical  equation  in  place  of 
eq.  (9).  For  the  coupled  Langmuir  and  ion-acoustic  waves,  Makhankov  [10]  suggested  the 
following  coupled  Schrodinger-Boussinesq  equations  as  the  appropriate  set: 


The  latter  equation  is  called  the  (driven)  'Boussinesq  equation',  and  generalizes  the  linear 
wave  equation  (9)  to  include  the  dispersive  effects  (third  term  on  the  left-hand  side)  as 
well  as  the  nonlinear  effects  (the  fourth  term). 
For  stationary  solutions  of  the  form 


where  £  =  x  —  Mt,  eqs  (14)  and  (15)  yield 

3— £  =  AEa  +  0£a,  (16) 

d£ 

d£2  4 

Equations  (16)  and  (17)  have  two  free  parameters  A  and  M  defined  above.  They  describe 
the  stationary,  bi-directional  propagation  of  coupled  Langmuir  and  ion-acoustic  waves  in 
unmagnetized  plasmas. 


For  uni-directional  propagation,  Nishikawa  et  al  [11]  suggested  a  simpler  set  whic 
contains  a  driven  KDV  equation  instead  of  the  driven  Boussinesq  equation  (15).  Note  thz 
the  Boussinesq  equation  has  fourth-order  space  and  second-order  time  derivative 
whereas  the  KDV  has  third-order  space  and  first-order  time  derivative  terms.  The  latte 
equation  can  be  systematically  and  rigorously  derived  by  using  the  reductive  perturbatio 
analysis  [12]  on  the  basic  set  of  plasma  equations  describing  the  low-frequency  wav< 
However,  it  can  also  be  directly  obtained  from  the  driven  Boussinesq  equation  (15)  unde 
uni-directional,  near-sonic  approximation  which  allows  us  to  use  d/dt  w  —d/dx  fc 
propagation  along  the  positive  ;c-direction.  Equation  (15)  then  reduces  to  the  equation, 


which  is  the  driven  KDV  equation.  This  equation  is  coupled,  as  in  the  case  of  tih 
Boussinesq  equation,  to  the  Schrodinger-like  equation  (14).  For  stationary  solutions,  th 
Schrodinger-KDV  set  yields  the  equations 

3~  =  AEfl  +  0Efl,  (15 


which  is  very  similar  to  the  set  of  equations  (16)  and  (17).  Note  that  eq.  (20)  can  t 
directly  obtained,  as  expected,  from  eq.  (17)  by  using  1  -  M2  «  2(1  —  M)  which  is  vali 

for  M  -*  1. 


3.4  Exact  analytical  solutions 

The  coupled  equations  (19)  and  (20)  can  be  solved  for  exact  analytical  solutioi 
satisfying  localized  boundary  conditions.  The  equations  have  two  free  parameters,  and 
is  deskable  to  obtain  solutions  valid  in  the  entire  allowed  regions  of  the  parameter  spac 
However,  it  has  been  possible  so  far  only  to  obtain  exact  solutions  valid  on  a  straight  lii 
defined  by  the  equation,  M  =  1  -  20A/3  hi  the  two-dimensional  space  spanned  by  tl 
parameters  M  and  A.  The  solutions  are  given  [11]  explicitly  by 


(2 
(2 

where  tf-  =  2A/3,  and  A  «  2A  has  been  used.  Similar  solutions  also  exist  [10]  for  ti 
coupled  equations  (16)  and  (17). 

It  is  interesting  to  compare  the  exact  solution  of  the  Zakharov  set  with  that  of  tl 
Schrodinger-KDV  (or,  -Boussinesq)  set  obtained  above.  The  former  has  two  fr 
parameters  whereas  the  latter  has  only  one  free  parameter.  In  the  Zakharov  case,  t 
solutions  for  both  the  field  variables  are  symmetric  with  respect  to  £  =  0.  On  the  oth 
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hand,  for  the  Schrodinger-KDV  (or,  -Boussinesq)  set,  the  E-field  solution  is  anti- 
symmetric with  respect  to  £  =  0  whereas  the  ^-field  is  symmetric  as  earlier.  Clearly,  in 
both  cases,  the  solutions  for  E^(£)  have  symmetric  structures  but  with  different  shapes: 
For  the  Zakharov  set,  E*(£)  is  bell-shaped  with  only  a  single-hump  whereas  for  the 
Schrodinger-KDV  (or,  -Boussinesq)  set,  it  has  a  double-hump  structure  with  the  local 
minimum  at  the  centre  (£  =  0)  touching  zero.  Both  the  solutions  are  localized,  that  is,  the 
fields  as  well  as  their  derivatives  tend  to  zero  as  |£|  —  »  0.  In  contrast  to  eq.  (13),  the 
solutions  (21)  and  (22)  yield  the  relation, 


.  (23) 

Thus,  the  relative  scaling  of  Ea  and  (j)  are  different  for  the  two  cases. 

3.5  Exact  nonlinear  equations 

The  equations  describing  the  low-frequency  dynamics  in  the  above  models  have  been 
derived  perturbatively  using  certain  approximations.  For  the  Zakharov  set,  it  is  a  linear 
wave  equation  which  is  derived  under  the  assumption  of  quasi-neutrality.  On  the  other 
hand,  both  the  Boussinesq  as  well  as  the  KDV  equations  take  into  account  the  effects  due 
to  charge  separation  effects  only  perturbatively.  Both  are  derived  under  the  assumption  of 
weak  nonlinearity  and,  hence,  are  valid  only  for  small  amplitudes.  For  large  amplitude 
waves,  one  needs  to  take  into  account  full  nonlinearity  as  well  as  charge  separation 
effects  by  using  the  Poisson  equation.  By  starting  with  the  relevant  fluid  equations  for  the 
low-frequency  dynamics  (namely,  the  continuity  and  the  momentum  equations  for  the 
ions,  and  the  Boltzmann  distribution  for  the  electrons,  together  with  the  full  Poisson 
equation),  we  derived  [13,  14]  the  following  set  of  exact  stationary  nonlinear  equations 
for  the  coupled  Langmuir  and  ion-acoustic  waves: 

(24) 


(25) 

While  the  first  equation  is  essentially  the  stationary  form  of  the  Poisson  equation,  the 
second  equation  arises  from  the  Schrodinger-like  equation  (8).  These  equations 
incorporate  exactly  all  the  nonlinearities  in  the  low-frequency  dynamics. 

It  is  easy  to  verify  that  eq.  (24)  contains,  as  limiting  cases,  the  low-frequency  equations 
used  in  the  earlier  models.  For  \<j)\,  E*  <C  1,  we  expand  the  right-hand  side  of  eq.  (24)  and 
keep  only  the  most  dominant  nonlinear  terms  to  obtain, 

•  (26) 


The  Zakharov  case  is  obtained  by  neglecting  (because  of  the  quasi-neutrality  assumption) 
the  left-hand  side  of  eq.  (26)  and  dropping  the  nonlinear  term  in  </>.  This  yields 
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which  is  just  eq.  (13).  On  the  other  hand,  the  Boussinesq  limit  corresponds  to  taking  the 
near-sonic  limit  M2  — >  1  in  eq.  (26)  which  becomes 


which  is  same  as  eq.  (17).  The  KDV  limit  is  trivially  obtained  from  eq.  (28),  as  earlier,  by 
writing  1  —  M2  «  2(1  -  M)  which  is  valid  for  M  —  >  1. 

3.5.1  A  method  of  solution.  The  coupled  equations  (24)  and  (25)  are  highly  nonlinear 
and,  as  such,  their  exact  analytical  solutions  have  not  been  obtained  so  far.  However,  it  is 
possible  to  find  approximate  analytical  solutions  by  following  a  novel  method  [13,  14],  To 
this  end,  we  first  note  that  eqs  (24)  and  (25)  can  be  derived  from  a  Lagrangian 


where  the  'potential'  V(Ea,  0)  is  given  by 

V(Eat  0)  =  -  \M(M2  -  2<J>}1/2  +  ~  (1  -  A)E2  +  exp  (V  ~  f  )  ]  •  (30) 

Note  that  the  'kinetic  energy'  in  eq.  (29)  is  not  positive  definite,  but  can  change  sign  as  £ 
varies.  The  corresponding  Hamiltonian  is  given  by 


Since  the  Lagrangian  L  is  independent  of  £  explicitly,  the  Hamiltonian  (H)  is  an  'integral 
of  motion',  and  has  a  value  equal  to  —  (1  +  M2}  for  the  localized  solutions. 

Using  the  Hamiltonian  function  H,  it  is  possible  to  eliminate  the  independent  variable  £ 
in  the  two  equations  (24)  and  (25)  to  yield  the  following  equation  for  ip  =  E^/4  in  terms 
of  (f>  alone: 


-  tf)  -  (1  +  M2)] 
9[M(M2  -  24>)~2  -  exp(0  -  ^)]      f)  -6[M(M2  - 


+  2(1  -  Aty  +  (1  -  V)  exp(<£  -  tf)  -  (1  +  M2)] 

d<?v 


-  A)  -  exp(0  -  ^)]  =  0.  (32) 

Equation  (32)  does  not  explicitly  contain  the  independent  variable  £,  and  may  be 
considered  as  the  'trajectory  equation'  in  the  (i/>,  </>)  phase  plane  for  the  motion  of  a 
classical  particle  in  a  two-dimensional  potential  defined  by  V(T/>,  <£).  Any  exact  solution  of 
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the  t  trajectory  equation  (32)  together  with  the  Hamiltonian  (31)  yields,  in  principle,  a 
solution  of  the  coupled  equations  (24)  and  (25).  However,  in  the  absence  of  any  known 
exact  solution  of  eq.  (32),  we  look  for  solutions  of  the  form 


„</>",  (33) 

«=o 

where  the  coefficients  an  which  are  functions  of  the  free  parameters  have  to  be 
determined  suitably.  In  writing  eq.  (33),  we  are  guided  by  the  relations  (13)  and  (23) 
which  are  obtained  from  the  exact  analytical  solutions  of  the  approximate  equations.  For 
convenience,  we  introduce  the  variable,  0  =  <p/M2  so  that  eq.  (33)  becomes 


M",  (34) 

n=0 

where  bn  =  M2nan. 

Using  eq.  (34)  in  eq.  (32),  and  by  equating  the  coefficients  of  like  powers  of  9  to  zero, 
we  are  able  to  determine  uniquely  the  coefficients  in  terms  of  first  order  algebraic 
equations  for  every  n.  For  localized  solutions  the  first  coefficient  b$  is  zero  whereas  the 
next  four  coefficients  are  explicitly  given  in  ref.  [14]. 

To  obtain  explicit  solutions  which  are  of  interest  for  the  present  discussion,  we 
consider  a  two-term  approximation  to  the  expansion  in  eq.  (34)  and  write 

i/J  =  bl9  +  b202.  (35) 

Using  this  expression  in  eq.  (24)  and  expanding  the  right-hand  side,  we  obtain,  after 
retaining  terms  up  to  03,  the  following  equation  for 


2  (36) 

where  the  coefficients  0:1,0:2  and  0:3  are  known  functions  of  b\  and  &2  [13,  14].  The 
localized  solution  of  eq.  (36)  is  given  by 


where  (j2  =  A/3,  and  /3\  and  fa  are  known  functions  of  a\,  0:2  and  0:3.  The  solution  for 
Ea(£)  is  obtained  by  simply  substituting  the  solution  (37)  into  eq.  (35),  that  is 

£*(£)  =  4M(£)  +  M2(£)]-  (38) 

This  completes  the  approximate  solution  of  the  coupled  eqs  (24)  and  (25). 

Equations  (37)  and  (38)  can  be  analysed  [14]  for  the  existence  of  localized  solutions  in 
the  (M,  A)  parameter  space.  For  a  given  A  <  1,  the  solutions  E2(£)  and  (/>(£)  have, 
respectively,  single-hump  and  single-dip  structures  for  sufficiently  small  Mach  numbers 
(M<C  1).  This  corresponds  to  the  case  of  the  solutions  obtained  from  the  Zakharov 
equations.  When  the  Mach  number  is  increased,  the  solution  for  £2(£)  flattens  at  the  top 
till  a  critical  Mach  number  Mcrit  is  reached.  For  further  increase  in  the  Mach  number, 
E2(£)  develops  a  local  dip  around  the  center  £  =  0.  The  depth  of  the  dip  increases  with 
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increase  in  the  Mach  number,  and  £2(£  =  0)  becomes  zero  when  M  is  equal  to  a  cut-off 
Mach  number  Mcut.  Beyond  this  value  of  the  Mach  number,  £2(£)  becomes  negative 
around  £  =  0  which  violates  the  boundary  conditions,  and  hence  the  solutions  are  not 
valid  for  M  >  Mcu£.  The  solutions  on  the  line  M  =  Mcut  correspond  to  the  solutions 
obtained  from  the  Schrodinger-Boussinesq  (or,  -KDV)  equations.  In  fact,  for  M  -  Mcut 
and  for  sufficiently  small  values  of  A,  the  explicit  solutions  (37)  and  (38)  can  be  shown  to 
exactly  reduce  to  the  solutions  (21)  and  (22)  [anti-symmetric  £(£)  and  symmetric  #(£)] 
obtained  from  the  Schrodinger-Boussinesq  (or,  -KDV)  case.  For  all  values  of  M,  the 
solution  for  $(£)  has  always  a  single-dip,  symmetric  structure  whose  amplitude  increases 
with  the  increase  in  the  Mach  number  reaching  the  maximum  value  at  M  =  Mcut. 

Thus,  the  approximate  solutions  (37)  and  (38)  of  the  exact  governing  equations  (24) 
and  (25)  exactly  reduce,  for  near-sonic  propagations,  to  the  exact  solutions  (21)  and  (22) 
of  the  approximate  governing  equations  (19)  and  (20).  It  should  be  noted  that  there  is  no 
reason  why  such  a  complete  equivalence  between  the  two  should  exist  at  all  since  the 
approximations  involved  in  the  solutions  as  well  as  the  equations  are  entirely  of  different 
nature.  On  the  other  hand,  the  very  existence  of  such  an  exact  reduction  lends  support  to 
the  suitability  of  the  above  method  of  solution  used  in  solving  coupled  equations. 

The  coupled  Schrodinger-Boussinesq  (or,  -KDV)  system  of  equations  occurs  in  many 
different  problems  in  plasma  physics  where  a  high-frequency  wave  is  coupled  to  a 
suitable  low-frequency  wave  via  the  ponderomotive  force.  It  has  been  shown  that  the 
coupled  electromagnetic  and  ion-acoustic  waves  [15,  16]  as  well  as  the  upper-hybrid 
and  the  magnetoacoustic  waves  [17]  are  indeed  governed  by  a  Schrodinger-Boussinesq 
(or,  -KDV)  system  but  with  different  sets  of  free  parameters.  In  fact,  the  latter  system 
with  arbitrary  free  parameters  for  each  of  the  terms  in  the  two  equations  constitutes  a 
general  set  which  for  stationary  solutions  yields  a  generic  system  of  two  coupled  ordinary 
differential  equations  admitting  different  classes  of  exact  analytical  solutions.  This  is 
discussed  in  the  next  section. 

4.  Generic  system  of  equations 

Consider  a  Schrodinger-like  equation  with  arbitrary  free  parameters  in  the  form 


.fdE         8E\      ^ 

'U+  'fej^a?3-*'  (39) 

which  is  coupled  to  the  Boussinesq  equation 

a2      0  # 


(40) 
or,  to  the  KDV  equation 

d 


where  A,-  and  &  i  =  1  ,  2,  3,  4  are  arbitrary  free  parameters  which  can  take  different  values 
dependmg  on  the  problem  at  hand.  In  a  stationary  frame  <  =  ,  -  *,.  " 
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(42) 


(43) 


where  X,f3,b\,b2,di,d2  and  d^  are  the  free  parameters  defined  in  terms  of  A,-  and  &, 
i=l,2,3,4. 

Equations  (42)  and  (43)  constitute  a  generic  set  of  equations  having  seven  free 
parameters.  However,  by  a  proper  rescaling  of  the  variables,  it  is  possible  to  reduce  the 
number  of  free  parameters.  This  will  be  considered  in  a  later  section  [cf.  eqs  (65)  and 
(66)].  It  is  of  interest  to  find  exact  analytical  solutions  of  the  generic  equations  valid  in  as 
much  of  the  region  in  the  parameter  space  as  possible.  This  is  done  by  following  the 
method  of  solution  described  in  §  3.5.1.  As  earlier,  we  try  a  series  solution  of  the  form 
given  by  eq.  (33)  which,  in  general,  does  not  truncate.  However,  by  properly  choosing 
certain  curves  or  surfaces  in  the  parameter  space,  it  is  possible  to  make  the  coefficients  bn 
become  zero  for  n  greater  than  a  certain  value,  say,  m.  The  resulting  polynomial 
relationship  between  E  and  0  thus  becomes  an  exact  solution  of  the  corresponding 
'trajectory  equation'.  This  relation  together  with  the  corresponding  Hamiltonian  function 
for  the  generic  system  yield  different  classes  of  the  exact  analytical  solutions  of  the 
eqs  (42)  and  (43).  Omitting  the  details  which  can  be  found  in  ref.  [18],  we  summarize 
below  the  various  classes  of  explicit  solutions. 

4. 1  Exact  analytical  solutions 

The  following  classes  of  exact  analytical  solutions  of  the  generic  system  of  equations  (42) 
and  (43)  have  been  obtained  [18]  so  far: 

(A)  For  pdib2  -  2bi(3(3d2  -  \b2]  =  0: 

1/2 

(44) 


(45) 

(46) 
(47) 

(48) 
119 


(B)  For  3Xb2  -  (3d2  =  0: 


1/2 


(C)  For  pd\  +  IXbi  =  0  and  d2  =  0:  [In  this  case,  eq.  (43)  is  linear  in 

)     s 
J 


=  ± 
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1/2 


(49) 

(D)  For  A  =  0:  [In  this  case,  eq.  (43)  is  singular  and  yields  just  an  algebraic  relation 
between  E  and  0.] 
For  this  value  of  A,  there  are  two  cases: 


(i)  For  b2d\  —  6b\d2  =  0, 

A, 

(50) 


1/2 


1/2 


1/2 


(ii)  For  5b2di  —  6b\d2  =  0, 

(52) 


(E)  Periodic  solutions:  In  addition  to  the  above  solutions,  a  new  class  of  periodic 
solutions  were  recently  reported  in  ref.  [3].  These  were  found  by  trying  a  solution  of  the 
form  0  =  Q  +  C}E  for  the  'complementary  trajectory  equation'  for  (j)  in  terms  of  E.  Two 
sets  of  parameter  values  were  found  to  be  admissible: 

(i)  For  C0  =  0,  one  requires,  Xbi  -  {3d\  =  0; 

(ii)  For  d\  +  d2Co  =  0  one  requires  A&i  +  C0(A62  -  {3ck)  =  0. 

In  both  cases,  C\  is  given  by 

C?=CT 

The  corresponding  explicit  solutions  are  given  by 

^  Jk),  (55) 

-  (56) 


where 

M2  =  ~~Tjr  (^3  —  ^2),    fc2  =  — (57) 

and  h\ ,  h2  and  7i3  are  the  three  real  roots  of  the  cubic  equation 

h3     3(1?!  +  b2CQ]   2        3C 

O  X%     /*^  O  L      A**  I  *^  O  / 

Zt>2^1  /£?2v-l 

In  eq.  (55),  ^n  and  en  are  the  Jacobian  elliptic  functions,  and,  in  eq.  (58),  C  is  a  constant 
of  integration.  The  solutions  are,  in  general,  periodic  but  for  C  =  0  are  localized  and 
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given  by 

(59) 


=  Co  +  C,£(f);     M2  =  .  (60) 

Note  that  the  solution  for  0(£)  is  truly  localized  only  when  Co  =  0. 


5.  Relation  to  other  systems 

The  generic  equations  (42)  and  (43)  have  relevance  to  some  other  equations  that  are 
commonly  used  in  other  branches  of  physics.  We  consider  below  some  particular 
examples. 

5.1  Henon-Heiles  system 

The  Henon-Heiles  system  has  been  extensively  studied  in  the  field  of  nonlinear  dynamics 
since  it  was  first  proposed  by  Henon  and  Heiles  [4].  The  generalized  form  of  these 
equations  with  arbitrary  coefficients  can  be  obtained  from  the  Hamiltonian  [19] 

H  =  \&  +Py}  +  K^  +*/)  +  (D^y  -  iCv3),  (61) 

where  A,  B,  C  and  D  are  arbitrary  real  parameters,  x  and  y  are  the  spatial  coordinates,  and 
px  and  py  are  the  corresponding  conjugate  momenta.  Clearly,  H  is  simply  the  Hamiltonian 
for  a  two-dimensional  harmonic  oscillator  with  certain  specific  nonlinear  terms  given  by 
the  last  two  terms  in  eq.  (61).  The  standard  form  first  investigated  by  Henon  and  Heiles 
[4]  corresponds  to  the  case  when  A=B  =  C  =  D=  1.  The  fundamental  question  of 
general  interest  in  such  Hamiltonian  systems  is  to  identify  the  parameters  for  which  the 
system  is  'completely  integrable'.  Since  the  system  is  of  two-degrees  of  freedom  and  the 
Hamiltonian  is  an  'integral  of  motion',  the  problem  is  equivalent  to  finding  another 
integral  of  motion  that  is  in  involution  with  the  Hamiltonian. 

By  proper  normalization  of  the  variables,  the  Hamiltonian  (61)  can  be  re-  written  in  the 
canonical  form,  namely 

H  =  \(PI  +Py)  +  k(~P^  ~  diy2)  +  (^  +  ^v3),  (62) 

where  p\  takes  values  +1  or  —1,  and  d\  and  di  are  the  two  free  parameters.  The 
corresponding  equations  of  motion  are  given  by 

d2* 

-^  =  pix-2xy,  (63) 

^  =  dly-d2y2-x2.  (64) 

These  equations  are  known  to  be  integrable  [20]  for  the  following  three  sets  of  parameter 
values: 
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Note  that  in  all  the  cases  d2  is  always  positive  which  indicates  that  for  the  known 
integrable  cases,  the  nonlinear  terms  in  the  equations  of  motion,  namely,  eqs  (63)  and  (64) 
have  the  same  sign. 

Consider  now  the  generic  equations  (42)  and  (43)  whose  variables  can  be  suitably 
normalized  to  yield  the  canonical  set 

(65) 
(66) 
where  p2  can  take  values  +1  or  -1.  The  Hamiltonian  for  the  eqs  (65)  and  (66)  is  given  by 


\  (-P1P2E2  - 


(67) 


Comparing  the  two  Hamiltonians  given  by  eqs  (62)  and  (67)  [or,  the  equations  of 
motion,  (63),  (64)  and  (65),  (66)]  we  note  that  they  are  structurally  very  similar.  In 
fact,  for  the  case  when  p2  =  +1,  they  are  exactly  same  if  we  identify  the  set  (E,  0)  with 
(x,y).  However,  as  pointed  out  earlier,  for  all  modulational  problems,  one  finds  p2  =  —  1 
and  hence  the  kinetic  energy  in  (67)  is  not  positive  definite.  Thus,  the  stationary  equations 
governing  the  nonlinear  development  of  the  modulational  instability  of  an  high-frequency 
wave  coupled  to  a  suitable  low-frequency  wave  in  plasmas  are  complementary  to  the 
Henon-Heiles  equations,  but  seem  to  have  fundamentally  different  qualitative  features. 
For  example,  in  the  case  of  the  usual  Henon-Heiles  system  (with  positive  definite  kinetic 
energy),  any  minimum  in  the  potential  guarantees  local  oscillatory  motion  of  the 
particle.  This  need  not  be  true  of  the  generic  equations  since  the  'kinetic  energy',  term 
can  change  its  sign  during  the  motion  of  the  'particle'.  The  exact  solutions  obtained  in 
§4.1  do  not,  however,  guarantee  the  'complete  integrability'  of  the  equations  since  they 
satisfy  specialized  boundary  conditions.  On  the  other  hand,  even  such  specialized 
solutions  valid  in  the  entire  allowed  regions  of  the  parameter  space  have  also  not  been 
obtained  so  far. 

The  integrable  parameter  regimes  for  the  generic  Hamiltonian  (H)  given  by  eq.  (67)  for 
P2  =  +1  or  -1  has  recently  been  discussed  elsewhere  [21].  In  particular,  the  generic 
Hamiltonian  is  integrable  for  three  sets  of  parameter  values  and  it  is  possible  to  explicitly 
obtain,  in  each  case,  the  corresponding  second  integral  of  motion.  Results  show  that  the 
integrable  parameter  regimes  in  the  two  cases  corresponding  to  p2  —  +1  and  —1  are 
complementary  to  each  other.  Furthermore,  there  exists  a  direct  one-to-one  correspon- 
dence between  the  known  integrable  cases  of  H  and  the  stationary  Hamiltonian  flows 
associated  with  the  only  integrable  nonlinear  evolution  equations  (of  polynomial  and 
autonomous  type)  with  a  scale-weight  of  seven.  The  latter  result  strongly  suggests  that 
there  are  possibly  no  other  integrable  cases  of  H  for  both  p2  =  +1  as  well  as  p2  =  -1.  An 
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extended  discussion  on  some  of  these  questions  together  with  the  relevant  details  on  the 
known  results  can  be  found  in  ref.  [21]. 

5.2  Self-dual  Yang-Mills  system 

In  the  last  couple  of  years,  there  has  been  much  interest  in  the  classical  Yang-Mills  field 
equations,  particularly  in  their  reduction  to  simpler  nonlinear  equations  [5]  by  using 
certain  symmetry  properties.  The  classical  Yang-Mills  equations  are  written  in  the  form 

D^Gfa,  =  duG^  +  [Ap,  G^}  =  0,  (68) 

where 

G^  =  dpAv  -  dvA^  +  [A^Av],  (69) 

where  [AM,  Av]  is  a  suitable  Lie  bracket  defined  over  the  Yang-Mills  field  variables  (AM), 
and  the  subscripts  for  d  denote  the  partial  derivatives.  The  Yang-Mills  fields  are  said  to 
be  self-dual  if  the  condition 

Gfj.i,  =  2^/^fpcrGpff  =  -rCjfa/j  (  7  0) 

is  satisfied  where  e^pcr  is  the  usual  anti-symmetric  tensor.  Solutions  satisfying  the  above 
condition  satisfy  also  the  Yang-Mills  field  equations.  Using  the  gauge  degree  of  freedom 
implied  by  the  self-dual  condition,  it  has  been  recently  shown  [5]  that  the  Yang-Mills 
field  equations  can  be  reduced  either  to  the  nonlinear  Schfbdinger  or  to  the  KDV 
equation.  Since  nonlinear  Schfbdinger  equation  can  generally  be  thought  of  as  a  special 
case  (namely,  the  static  limit)  of  the  Zakharov  or  the  Schfbdinger-Boussinesq  (or,  -KDV) 
system,  one  would  expect  to  reduce  the  self-dual  Yang-Mills  system  to  the  Schrbdinger- 
Boussinesq  (or,  -KDV)  system.  Since  the  latter  system  is  known  to  yield,  for  stationary 
solutions,  the  generalized  Henon-Heiles  system,  this  would  establish  a  cascading 
connection  from  the  Yang-Mills  to  the  Henon-Heiles  system  via  the  Schfbdinger- 
Boussinesq  (or,  -KDV)  system.  It  would  also  provide  a  good  model  to  study  the 
'nonlinear  dynamical'  behaviour  of  classical  Yang-Mills  fields.  While  such  a  possibility 
is  quite  exciting,  even  a  formulation  of  the  problem  is  yet  to  be  carried  out. 

5.3  Complex  KDV  equation 

The  peculiar  nature  of  the  Hamiltonian  (67)  for  the  generic  system  of  equations  (65)  and 
(66)  admitting  the  case  when  the  'kinetic  energy'  term  is  indefinite  is  exhibited  also  by 
the  usual  KDV  equation  when  the  dependent  variable  is  made  complex  [6,  1].  Consider 
the  KDV  equation 

du          du 


where  a  and  J3  are  the  free  parameters,  and  all  the  variables  are  real  quantities.  For  the 
stationary  solutions  depending  on  a  single  variable  £  =  x  —  Mt  with  one  free  parameter 
Af,  eq.  (71)  yields 

(3^  =  Mu-^u2.  (72) 
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The  Hamiltonian  for  the  above  equation  is 


where  the  potential  V(u]  is  given  by 

V(M)  =  _IMw2  +  Ia«3.  (74) 

We  now  'complexify'  the  KDV  equation  by  making  the  dependent  variable  u  complex 
and  write,  u  =  MI  +  iu2.  Equation  (72)  then  yields  the  set  of  equations 


'  (75) 

(76) 
Accordingly,  the  potential  becomes,  V(u)  ->  V(ui  ,  u2)  =  VI(MI,  u2)  +  iV2(ui  ,  w2)  where 


(77) 


I      f    3       o    2      \  {'~IQ\ 

and  the  Hamiltonian  H  ->  HI  +  iH2  where 

fc),  (79) 


i  /•  j      \  -i.       /rj\2 


2' 


(80) 


By  identifying  MI  with  ^  and  «2  with  E,  we  note  that  the  eqs  (75)  and  (76)  are  structurally 
very  similar  to  the  generic  equations  (42)  and  (43). 
Equations  (75)  and  (76)  can  also  be  written  in  the  form 

'          =*i.   &  =  A  (8D 


which  involve  only  the  potential  Vi(wi,w2)  given  by  eq.  (77).  Note  that  unlike  the 
equations  of  motion  for  a  classical  particle  with  two  degrees  of  freedom,  the  second 
equation  has  a  positive  sign  for  the  derivative  on  the  right-hand  side.  This  is  a  reflection 
of  the  fact  that  the  kinetic  energy  is  indefinite. 
Using  the  Cauchy-Riemann  conditions,  namely 

dVl_dV2       dV,_     dV2 

"o  -   ~Q  '  ~Q  -  ~Q  1 

OU\         OU2          OU2  OU\ 

equations  (81)  can  also  be  written  in  terms  of  the  potential  V2(ui,  w2)  given  by  (78): 
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While  both  the  equations  have  now  negative  signs  for  the  derivatives  on  the  right-hand 
sides  (like  in  the  case  of  the  equations  of  motion  in  classical  dynamics),  the  equation  for 
MI  has  derivative  of  V2  with  respect  to  w2,  and  vice  versa  for  u2. 

5.4  'Complexified'  classical  dynamics 

The  above  features  of  the  'complexified'  KDV  equation  are  also  exhibited  by  equations 
obtained  from  classical  dynamical  systems  with  one-degree  of  freedom  by  making  the 
dependent  variable  complex  [6].  Consider  a  one-degree  of  freedom  conservative  system 
defined  by  the  Lagrangian 


(84) 
where  dot  denotes  the  time  derivative,  and  the  corresponding  Hamiltonian 

fffe,p)=i/>2  +  Vfo),  (85) 

where  the  conjugate  momentum  (p)  is  defined  by  p  —  q.  Clearly,  the  equation  of  motion  is 

S~£- 

Let  us  now  make  the  dependent  variable  complex,  and  write,  q  =  q\  +  iq2.  Accordingly, 
the  conjugate  momentum  becomes  complex,  that  is  p  —  >  p\  +  ip2.  Then,  (q\,pi)  and 
(#2,  £2)  constitute  canonically  conjugate  variables.  Under  complexification,  the  potential 
V(q)  becomes  complex,  that  is,  V(q]  —  >•  V(q\,q2]  =  Vi(<?i»#2)  +^2(41,  #2)  where  V\ 
and  V2  satisfy  the  Cauchy-Riemann  condition 


.   . 

dqi       dq2'      dq2          dqi'  l     j 

Similarly,  the  Lagrangian  and  the  Hamiltonian  yield,  respectively, 

L(q]  ->  Li  +  iL2  =  [\(q\  ~  q\]  -  Vi^i.^l+i'feift-  V2(«i,ft)],     (88) 
iH2=  [\(p\-pl}+  Vl(ql,q2)}+  i[pu>2  +  V2(qi1q2)].     (89) 


Note  that  the  kinetic  energy  term  in  L\  and  H\  is  not  positive  definite. 

The  Newton's  equations  of  motion  can  be  obtained  from  the  usual  Euler-Lagrange 
equation  using  the  Lagrangian  LI.  This  yields, 

d^i__avL     d^_    dv± 

df2  dqi1       dt       ^dq2'  {     } 

Note  that  here  only  the  potential  Vi  is  involved  and  the  second  equation  has  a  positive 
sign  before  the  derivative  on  the  right-hand  side.  On  the  other  hand,  one  can  use  the 
Lagrangian  £2  to  obtain  the  equations  in  terms  of  V2  only: 

(     J 


df2  dq2'       dt2  dqi' 
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Here,  both  the  equations  have  negative  signs  before  the  derivatives  on  the  right-hand 
sides.  However,  the  equation  for  q\  is  defined  in  terms  of  the  derivative  of  V2  with  respect 
to  qz,  and  vice  versa  for  q^-  Similar  features  were  also  noticed  in  the  previous  section  for 
the  complex  KDV  equation.  As  expected,  the  two  sets  of  eqs  (90)  and  (91)  are  identical  in 
view  of  the  Cauchy-Riemann  conditions  (87). 

The  above  peculiarities  are  also  reflected  in  the  Hamilton's  equations  of  motion.  Using 
HI  in  the  usual  Hamilton's  canonical  equations  of  motion,  we  obtain 


Note  that  if  we  eliminate  p\  from  the  first  set  and  p2  from  the  second  set  of  equations,  we 
recover  the  equations  of  motion  given  by  (90).  On  the  other  hand,  if  we  use,  instead,  the 
Hamiltonian  HI,  we  obtain  the  equations 

dV2 
$1=P2,     pi=-—  ,  (94) 

(95) 

Unlike  the  previous  case,  here  cross  mixing  of  the  equations  is  necessary  in  order  to 
eliminate  p\  and  p2  which  leads  to  the  equations  of  motion  given  by  (91). 

6.  Summary 

To  summarize,  we  have  discussed  the  properties  as  well  as  some  exact  analytical 
solutions  of  a  pair  of  coupled  nonlinear  ordinary  differential  equations  that  occur  in 
different  branches  of  physics.  In  particular,  in  the  field  of  plasma  physics,  such  equations 
govern  the  stationary  solutions  of  time-dependent  coupled  nonlinear  equations  [like  the 
Schfbdinger-Boussinesq  (or,  -KDV)  system]  that  describe  the  nonlinear  evolution  of  the 
amplitude  modulated  high-frequency  waves  coupled  to  suitable  low-frequency  waves. 
The  latter  system  with  arbitrary  free  parameters  leads  to  a  generic  system  of  coupled 
scalar  field  equations  whose  exact  analytical  solutions  valid  in  different  regions  of  the 
parameter  space  have  been  explicitly  obtained. 

The  generic  system  is  shown  to  contain  as  special  cases  equations  that  have  been 
studied  in  other  fields.  For  example,  the  case  when  the  kinetic  energy  in  the 
corresponding  Hamiltonian  is  positive  definite  is  shown  to  exactly  correspond  to  the 
well-known  'Henon-Heiles'  system  (in  the  field  nonlinear  dynamics)  in  a  generalized 
form.  On  the  other  hand,  the  equations  obtained  from  the  stationary  KDV  equation  by 
making  the  dependent  variable  complex  are  shown  to  be  structurally  similar  to  the  generic 
system.  We  have  also  suggested  the  possibility  of  relating  the  classical  Yang-Mills 
equations  to  the  Henon-Heiles  system  by  reducing  them  to  the  Schfbdinger-Boussinesq 
(or,  -KDV)  system  using  the  self-duality  condition.  The  Hamiltonian  of  the  generic 
system  for  the  nonlinear  wave  modulations  admits  kinetic  energy  term  which  is  not 
positive  definite.  It  is  shown  that  this  feature  is  exhibited  also  by  the  equations  obtained 

Pramana  -  J.  Phys.,  Vol.  49,  No.  1.  July  1997 


Nonlinear  wave  modulations 

from  the  classical  equation  of  motion  for  a  particle  with  one-degree  of  freedom  in  a 
conservative  potential  field  by  making  the  dependent  variable  complex. 
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Abstract.  The  description  of  gravitational  clustering  is  essentially  statistical  but  its  origin  is 
dynamical.  Hence  both  aspects  of  clustering:  dynamical  and  statistical,  must  be  understood  in  order 
to  arrive  at  a  proper  appreciation  of  the  subject  of  gravitational  instability  and  the  formation  and 
evolution  of  the  large  scale  structure  of  the  Universe.  Key  dynamical  aspects  of  gravitational 
clustering  such  as  the  Zeldovich  approximation  and  its  extension  -  the  adhesion  model  are 
reviewed.  Statistical  indicators  of  clustering  such  as  the  correlation  function  and  percolation  theory, 
as  applied  to  the  large  scale  structure  of  the  Universe  have  also  been  focussed  on. 
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1.  Introduction 

Observations  of  the  large  scale  structure  of  the  universe  can  be  conveniently  grouped 
under  three  main  categories:  (i)  those  that  deal  with  the  clustering  properties  of  galaxies 
(these  include  statistical  indicators  such  as:  correlation  functions,  counts  in  cells,  fractal 
analysis  etc.);  (ii)  the  peculiar  velocities  of  galaxies  after  the  smooth  Hubble  flow  has 
been  subtracted  out;  and  (iii)  the  anisotropy  of  the  cosmic  microwave  background 
radiation  (CMB).  (The  latter  provides  a  probe  of  the  amplitude  and  spectrum  of  density 
inhomogeneities  in  the  distant  past,  soon  after  the  cosmological  recombination  of 
hydrogen.) 

I  shall  briefly  dwell  on  each  of  these  observational  aspects  of  large  scale  structure 
before  proceeding  to  discuss  related  dynamical  and  statistical  aspects  of  the  formation 
and  evolution  of  large  scale  structure  in  the  universe. 

1 . 1  Clustering  of  galaxies  and  clusters 

The  fact  that  galaxies  are  not  randomly  distributed  on  the  celestial  sphere  can  be  easily 
discerned  from  projected  two-dimensional  catalogues.  (Over  2  million  galaxies  have  been 
mapped  in  2D  surveys,  although  the  redshifts  of  only  a  small  fraction  of  these  is 
accurately  known  at  present.)  The  clustering  of  galaxies  is  amply  borne  out  in  three 
dimensional  redshift  survey's  such  as  the  CfA  survey  and  the  southern  sky  redshift  survey 
(SSRS),  which,  taken  together  contain  over  15,000  galaxies.  As  figure  1  demonstrates, 
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Figure  1.  The  right  ascension  is  plotted  against  the  radial  velocity  field  for  galaxies 
in  the  SSRS2-CfA2  redshift  surveys.  The  combined  surveys  contain  over  15,000 
galaxies  of  which  a  fraction  are  shown  in  this  figure  [28].  The  northern  survey  shows 
the  coma  cluster  and  the  great  wall.  Several  wall-like  features  and  large  voids  are  also 
present  in  the  Southern  survey. 


galaxies  appear  to  lie  preferentially  along  sheets  and  filaments  which  are  separated  from 
each  other  by  vast  empty  regions  called  voids.  The  typical  length  scale  characterizing 
cellular  structure  in  the  universe  is  ~  30  —  50  hf1  Mpc.,  h  being  the  Hubble  parameter  in 
units  of  100  km/sec /Mpc. 
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The  simplest  indicator  of  clustering  is  the  two  point  correlation  function  £(r),  which 
when  applied  to  galaxies  estimates  the  probability  (in  excess  of  random),  of  finding  a 
galaxy  at  a  distance  r  from  a  given  galaxy.  (For  a  uniform  Poisson  process  £(/•)  =  0.)  On 
scales  r  <  lOh"1  Mpc  the  two  point  correlation  function  can  be  accurately  described  by  a 
power-law  [1] 


(1) 

It  is  useful  to  express  the  density  contrast  in  the  universe  as  a  Fourier  transform 

_  ** 

£(x,  r)  =  ^-  =  /  d3fce/k'x<5(k,  t) .  (2) 

P        J 

5(k,t)  =  \Sk(t)\exp(ifa)  (For  a  gaussian  random  field  (GRF)  the  amplitudes  6^  have 
a  Rayleigh  distribution  and  the  phases  fa  are  independent  and  uniformly  random  on  the 
interval  [0,2-7r].)  A  GRF  is  completely  specified  by  its  power  spectrum  P(k)  =  (|<5*|2)- 

The  correlation  function  is  an  important  measure  of  clustering  since  £(r)  and  P(k)  -  the 
power  spectrum  of  density  fluctuations,  form  a  Fourier  transform  pair 

(3) 


P(k]  =  -3      d3xexp(-ik  -  x)tf*).  (4) 

(27T)    7 

In  standard  models  of  structure  formation  based  on  gravitational  instability  the  power 
spectrum  P(k]  is  related  to  (i)  the  spectrum  of  primordial  fluctuations  generated  during 
inflation,  and  (ii)  the  nature  of  dark  matter  (whether  'hot'  or  'cold').  The  power  spectrum 
in  models  with  'hot  dark  matter'  shows  a  sharp  cutoff  on  scales  <  40  Mpc.,  (related  to  the 
free-streaming  distance  of  the  'hot'  light  dark  matter  particle)  so  that  super-cluster  size 
objects  are  the  first  to  form  in  such  scenarios.  Galaxies  form  later  due  to  the 
fragmentation  of  primordial  super-pancakes.  This  scenario  is  commonly  referred  to  as  the 
'top-down'  scenario  for  galaxy  formation,  and  was  first  proposed  by  Zeldovich  and  co- 
workers  in  Moscow  during  the  1970s  and  80s  in  connection  with  adiabatic  baryonic 
models  of  structure  formation. 

The  cold  dark  matter  model  (CDM)  on  the  other  hand,  has  power  on  all  scales  which 
is  mainly  related  to  the  fact  that  the  dark  matter  particle  in  this  case  is  assumed  to  be 
'cold'  -  having  negligible  free-streaming  distance.  As  a  result  the  first  objects  to  form  in 
this  scenario  have  a  low  mass,  and  larger  mass  objects  (galaxies  and  clusters)  form  due  to 
the  hierachical  merging  of  smaller  mass  objects,  leading  to  a  'bottom-up'  scenario  of 
structure  formation. 

It  is  also  interesting  that  clusters  of  galaxies  (which  typically  have  ^  100  members), 
have  a  correlation  function  which  is  similar  in  form  to  equation  (1),  but  with  a  much 
larger  correlation  length:  r0iC  ~  12  -  25  h"1  Mpc.  This  trend  is  followed  by  richer  (and 
rarer)  objects  which  seem  to  display  stronger  clustering  as  shown  in  figure  2  where  the 
amplitude  of  the  two-point  correlation  function  (scaled  to  IMpc)  between  objects 
belonging  to  a  given  richness  class  (galaxy  groups,  Abell  clusters,  X-ray  clusters,  super- 
clusters  etc.)  is  shown  as  a  function  of  their  mean  separation.  The  reason  for  the  increase 
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Figure  2.  The  two-point  correlation  function  amplitude  (scaled  to  1  Mpc)  between 
objects  belonging  to  a  given  richness  class  is  plotted  against  their  mean  separation  d,. 
Reproduced,  with  permission,  from  [29]. 


in  clustering  amplitude  with  richness  is  not  well  understood  at  present,  although  some 
arguments  based  on  the  statistics  of  Gaussian  random,  fields  have  been  presented  [2, 3]. 


1.2  Velocity  fields  of  galaxies 

The  existence  of  inhomogeneities  in  the  distribution  of  galaxies  results  in  a  peculiar 
component  to  their  motion  over  and  above  the  smooth  Hubble  flow:  v^c  =  V  —  Hr  (V  is 
the  total  galactic  velocity  and  HT  is  the  Hubble  flow).  Estimates  of  the  peculiar  velocity 
depend  upon  the  sample  depth,  most  surveys  indicate  vl^c  ~  350  km/sec,  on  scales 
~  50  Mpc.  Direct  evidence  for  the  motion  of  our  galaxy  arises  from  the  dipole  anisotropy 
of  the  cosmic  microwave  background  AT/71  ~  1.2  x  10~3,  which  is  usually  taken  to 
indicate  that  the  milky  way  is  moving  at  a  velocity  v^  ~  610  km/sec  relative  to  the 
MBR.  A  study  of  large  scale  motions  of  elliptical  galaxies  made  by  Lynden-Bell  el  al  [4] 
indicated  that  a  sample  of  galaxies  spanning  a  volume  ~  (50  h"1 )  cubic  megaparsec 
could  be  participating  in  a  bulk  flow  directed  towards  Centaurus.  The  large  amplitude  of 
the  flow  (~  570  ±  60km/s  in  the  vicinity  of  the  milky  way)  led  some  theorists  to  suggest 
that  a  large  density  fluctuation  termed  'the  great  attractor'  (GA)  lying  in  the  direction  of 
Centaurus  was  responsible  for  this  motion.  Attempts  to  'see'  the  great  attractor,  have  not 
yet  yielded  definite  results  mainly  because  the  GA  region  lies  in  a  zone  partly  obscured 
by  the  plane  of  the  milky  way.  More  recent  analysis  of  velocity  data  obtained  from  the 
IRAS  satellite  indicate  that  the  peculiar  velocity  of  the  milky  way  may  be  due  to  the 
combined  gravitational  pull  of  a  dozen  or  so  clusters  including  Virgo,  Hydra  and 
Centaurus.  If  this  is  indeed  the  case,  then  the  notion  of  a  GA  appears  unnecessary. 
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Since  bulk  flows  in  galaxies  are  directly  related  to  fluctuations  in  the  gravitational 
potential,  considerable  effort  in  the  past  few  years  has  been  paid  to  reconstruction  methods 
(such  as  the  'potent'  approach)  which  attempt  to  reconstruct  the  density  field  from  a 
knowledge  of  peculiar  velocities.  Such  an  approach  has  the  advantage  that  it  maps 
thedensity  field  due  to  all  matter  -  dark  and  visible,  and  is  not  biased  towards  luminous 
matter  as  are  galaxy  catalogues.  (A  detailed  discussion  of  reconstruction  methods  can  be 
found  in  [5].) 

1.3  Cosmic  microwave  background  anisotropy 

A  major  astrophysical  discovery  of  recent  years  has  been  the  detection  of  large  angle 
fluctuations  (  >  7°)  in  the  cosmic  microwave  background  (CMB)  made  by  the  COBE 
satellite  in  1992.  (These  fluctuations  are  thought  to  have  a  primordial  origin  unlike  the 
much  larger  dipole  fluctuation  discussed  earlier  whose  presence  is  attributed  to  the 
peculiar  motion  of  our  galaxy.)  CMB  fluctuations  are  related  to  fluctuations  in  matter  at 
the  time  of  the  cosmological  recombination  of  hydrogen  (which  also  marks  the 
decoupling  of  matter  and  radiation).  The  small  amplitude  of  these  fluctuations 
(A.T/T  ~  10~5)  indicates  that  the  universe  was  fairly  homogeneous  and  isotropic  on 
scales  larger  than  the  cosmological  particle  horizon,  at  the  time  of  recombination.  The 
spectrum  of  the  anisotropy  implies  a  primordial  power  spectrum  for  matter  P(k)  =  A/c", 
n  =  1.1  ±  0.32  [6],  which  is  in  good  agreement  with  predictions  made  by  the  inflationary 
scenario  over  a  decade  ago  [7].  The  COBE  results  lend  further  support  to  the  'standard 
model'  of  structure  formation  whereby  the  large  scale  structure  in  the  universe  forms  due 
to  the  gravitational  instability  of  density  fluctuations  which  grow  from  initially  small 
values  <5p/p|initjai  ~  Ar/r  ~  10~5  at  the  time  of  recombination,  to  Sp/p\fmal  »  1  today. 


2.  Nonlinear  approximations  to  gravitational  clustering 

Gravitational  instability  in  a  collisionless  self-gravitating  fluid  can  be  modelled  by  the 
coupled  Euler-Poisson  system  of  partial  differential  equations.  These  equations  are 
written  in  terms  of  x  =  r/a  (the  comoving  spatial  coordinate),  v  =  f  —  Hr  =  ax  (the 
peculiar  velocity  field),  </>(x,  t]  (the  peculiar  Newtonian  gravitational  potential)  and 
p(x,  t)  (the  matter  density).  Neglecting  pressure  terms  we  obtain  [8] 


The  Euler  equation 

0(gv)  , 
dt 


(5) 


The  term  in  the  right  hand  side  of  eq.  (5)  represents  the  gravitational  force  which  gives 
rise  to  acceleration  in  the  fluid  element. 

The  continuity  equation 

^  +  Iv,[(l+tf)v]=01  (6) 

where  6  —  P/PQ  —  1  is  the  density  contrast  (po  is  the  mean  background  density),  and 
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-  A))  = 

The  Euler-Poisson  system  forms  a  strongly  coupled  non-linear  system  of  differential 
equations  which  is  difficult  to  treat  analytically.  Several  approximation  schemes 
have  been  suggested  which  partially  remedy  this  problem,  we  describe  some  of  them 
below. 

2.1  Perturbation  theory 

During  the  early  stages  of  gravitational  clustering  the  density  contrast  is  small  8  <  1  and 
one  can  attempt  to  solve  eq.  (5)-(7)  perturbatively  by  writing  the  density  contrast  as 
a  series 


n=l 

.  (8) 


The  first  term  in  the  above  expansion  corresponds  to  the  linear  growth  law: 
6(1)  =  D+(r)A(1)(x).  In  a  spatially  flat  matter  dominated  universe  D+(t)  oc  a(t)  oc  f2/3 
where  a(t)  is  the  scale  factor  of  the  universe  [9].  (The  above  expression  tells  us  that  left  to 
themselves,  density  fluctuations  would  grow  by  a  factor  ~  103  between  the  epoch  of 
decoupling  and  the  present  epoch.)  Perturbation  theory  formally  breaks  down  when 
8  ~  1,  to  follow  gravitational  instability.  Further  one  has  to  use  more  sophisticated  non- 
linear approximations  such  as  the  Zel'dovich  approximation  described  below. 

2.2  The  Zel'dovich  approximation 

In  1970,  Zel'dovich  proposed  a  remarkably  simple  approximation  to  follow  the  motion  of 
fluid  elements  into  the  strongly  non-linear  regime.  Zel'dovich  suggested  that  instead  of 
perturbing  the  density  field  one  should  instead  perturb  particle  trajectories.  The  resulting 
Zel'dovich  approximation  (ZA)  has  the  simple  form  [10,  11]: 


r  =  ox(q,0  =  a(t)[<i  +  D+(t)u(q)],  (9) 

here  q  is  the  initial  (Lagrangian)  coordinate  of  a  particle,  and  x  is  its  final  (Eulerian) 
coordinate.  u(q)  is  the  initial  (comoving)  velocity  field  of  the  particle  at  q: 
u(q)  =  v/aD+  .  Since  any  initial  rotation  is  strongly  damped  during  expansion  we 
restrict  our  attention  to  potential  flows  so  that  u(q)  =  -V$o(q),  $o(q)  being  the  linear 
velocity  potential.  It  can  be  shown  that  $0  is  related  to  the  Newtonian  gravitational 
potential  ^  by  (f)  =  A-l^Q  where  A  =  2/(3#2a3);  A  is  a  constant  for  a  spatially  flat 
matter  dominated  universe. 

A  generic  feature  of  the  Zel'dovich  approximation  (for  random  initial  distributions  of 
$o)  is  the  intersection  of  particle  trajectories  (shell  crossing)  which  formally  leads  to 
singularities  in  the  density  field.  As  Zeldovich  pointed  out,  the  motion  described  by 
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100 


Figure  3.  Caustics  arising  in  a  two  dimensional  realisation  of  the  Zel'dovich 
approximation  are  shown  for  random  (Gaussian)  initial  conditions.  Reproduced,  with 
permission,  from  [8]. 


eq.  (9)  is  in  many  respects  very  similar  to  the  equation  describing  the  propagation  of  light 
rays  in  geometrical  optics  [1 1].  In  optics,  caustics  -  describing  alternating  bright  and  dark 
regions  in  the  intensity  of  light  -  form  from  generic  initial  conditions  (all  of  us  are 
accustomed  to  seeing  such  features  at  the  bottom  of  a  shallow  pool  of  water).  Similarly 
gravitational  instability  too  -  as  predicted  by  the  Zel'dovich  approximation  -  will  result 
in  the  formation  of  caustics  in  the  density  field,  as  shown  in  figure  3. 

The  prediction  of  planar  caustics  follows  immediately  from  eq.  (9)  if  we  note  that  the 
condition  for  mass  conservation 


dM  = 


=  p(x, 


(10) 


leads  to  the  following  expression  for  the  density  in  terms  of  the  Jacobian  of  the 
transformation  from  q  to  x: 

WL  =  J\- 

dVi        la 


dqidqi 


-D+(OA2(q)][l  - 


(11) 


where  dVe  =  d3x  and  dV/  =  d3q,  are  the  Eulerian  and  Lagrangian  volume  elements, 
respectively,   and  Ai,A2   and   A3   are  the  eigenvalues   of  the  deformation   tensor 
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The  resulting  expression  for  the  density  distribution  is 

.      (12) 

For  a  Gaussian  random  field  the  probability  for  the  largest  eigenvalue  to  be  positive  is 
92%.  A  volume  element  satisfying  this  criterion  will  collapse  along  at  least  one  direction, 
resulting  in  the  formation  of  two  dimensional  pancake-type  singularities  in  the  density 
field,  which  arise  when  1  —  D+(t}Xi  =  0;  (the  eigenvalues  are  assumed  to  be  ordered 
AI  >  A2  >  AS)  see  figure  3.  Thus  Zel'dovich  showed  that  the  first  singularities  in  the 
density  field  are  likely  to  be  planar,  a  development  which  led  to  the  'pancake'  model  of 
structure  formation  pioneered  by  Zel'dovich  and  his  collaborator's  in  Moscow  in  the 
1970's  and  1980's. 

An  interesting  feature  of  ZA  is  that  caustics  percolate,  even  though  they  occupy  a 
negligible  fraction  of  the  total  volume.  For  a  Gaussian  random  field  a  phase  has  to  occupy 
at  least  16%  of  the  total  volume  in  order  to  percolate.  The  reason  for  percolation  in  ZA  is 
simple,  regions  which  collapse  in  ZA  occupy  92%  of  the  Lagrangian  volume, 
guaranteeing  that  such  regions  will  percolate  in  Lagrangian  space.  Since  the  Zel'dovich 
mapping  (9)  preserves  topology,  regions  which  percolate  in  Lagrangian  space  continue  to 
do  so  after  they  are  mapped  into  Eulerian  space  (even  though  they  now  occupy  a  much 
smaller  volume).  One  sees  a  similar  property  in  the  large  scale  distribution  of  galaxies, 
which  also  percolates  at  a  small  value  of  the  Tilling  factor'.  Thus  the  Zel'dovich 
approximation  could  be  on  the  right  track  in  describing  the  gravitational  clustering 
process  that  led  to  the  formation  of  large  scale  structure  in  the  universe. 

2.3  The  adhesion  model 

Tests  of  the  Zel'dovich  approximation  against  the  results  of  TV-body  simulations  show  that 
the  approximation  works  exceedingly  well  until  the  formation  of  the  first  pancakes.  The 
Zel'dovich  approximation  attempts  to  describe  particle  motion  'inertially'  -  entirely 
through  the  initial  conditions.  There  is  therefore  no  inbuilt  feedback  mechanism  which 
can  modify  particle  trajectories  especially  when  they  pass  through  high  density  regions 
such  as  caustics.  This  drawback  in  ZA  results  in  its  breakdown  soon  after  the  formation  of 
caustics  which  are  shown  in  figure  3.  If  one  applies  ZA  naively  to  later  epochs  one  will 
find  that  the  thickness  of  pancakes  grows  rapidly  as  particles  sail  through  them  oblivious 
of  the  backreaction  of  strong  gravitational  fields  which  they  encounter  enroute.  Contrary 
to  this  one  finds  that  the  thickness  of  pancakes  soon  stabilises  in  N-body  simulations.  A 
successful  attempt  to  incorporate  the  'adhesive'  effects  of  gravity  on  small  scales  into  the 
Zel'dovich  approximation  has  resulted  in  the  adhesion  model  of  structure  formation 
(AM)  [11, 12].  AM  allows  the  study  of  large  scale  structure  to  be  carried  out  in  the 
strongly  nonlinear  regime  after  the  first  pancakes  have  formed,  it  reduces  to  ZA  at  early 
times.  In  AM  particles  are  made  to  stick  together  once  they  enter  pancakes,  so  that  the 
total  velocity  flow  is  conserved.  To  appreciate  the  formal  structure  of  AM  let  us  recast  the 
Euler  equation  in  terms  of  the  comoving  velocity  field  u  =  (v/ad)  =  dx/da  and  the 
comoving  velocity  potential  u  =  -V<£.  As  a  result  equation  (5)  reduces  to 

~+(uV,)u=-JL[AV^  +  u],  (13) 
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In  the  linear  regime  of  gravitational  instability  <E»  =  A&  leading  to 

f-i(V,$)2  =  0  (15) 

which  has  the  analytical  solution 

fi£.  (16) 


Differentiating  eq.  (16)  alternately  with  respect  to  x  and  q,  we  get  the  Zel'dovich 
approximation 

x  =  q  -  a(t)Vq$ 

u=-V,$(x,fl)  =  -V,S0(q).  (17) 

We  thus  see  that  the  Zel'dovich  approximation  was  inspired  by  the  linear  relationship 
$  =  A(j)  which  was  successfully  extended  into  the  non-linear  regime.  (As  a  consequence 
of  this  relationship  the  velocity  vector  remains  parallel  to  the  acceleration  vector  so  that 
particles  move  along  straight  line  trajectories  in  ZA.)  The  adhesion  approximation 
simplifies  equation  (14)  by  assuming  that  the  right  hand  side  in  that  equation  can  be 
replaced  by  a  mock  viscosity  term  intended  to  mimick  the  'adhesive'  effects  of  gravity  on 
small  scales.  The  resulting  Euler  equation  becomes  [12,  13] 

r\ 

^+(uV)u=:iA72u.  (18) 

oa 

This  equation  is  the  three  dimensional  generalization  of  Burgers'  equation  [14,  15].  If  the 
motion  happens  to  be  potential  u  =  —  ?$,  eq.  (18)  can  be  solved  analytically  by  means  of 
the  Hopf-Cole  substitution  $(x,  a)  =  —  2v  log  £/(x,  a]  which  leads  to  the  diffusion 
equation 

f-  =  »V2U  (19) 

oa 

which  can  be  solved  exactly.  We  therefore  get 

Jd3q((x  -  q)/g) 
- 


where 

.  (21) 


The  trajectory  of  a  particle  can  be  determined  from  the  integral  equation  [16,  17] 

x(q,fl)  -  q+  f  d0'u[x(qX),a'].  (22) 

Jo 
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Figure  4.  The  geometrical  construction  of  the  adhesion  model.  A  paraboloid 
descends  onto  the  linear  gravitational  potential  and  defines  sites  of  structure  formation 
in  two  dimensions.  The  paraboloid  is  tangent  to  the  potential  in  Lagrangian  space,  its 
apex  gives  the  location  of  two  dimensional  caustics  (filaments  and  clumps)  in 
Eulerian  space.  Reproduced,  with  permission,  from  [8]. 


For  cosmological  applications  it  is  necessary  to  be  able  to  solve  eqs  (20),  (22)  in  the 
limit  v  — >  0.  This  can  be  done  using  the  method  of  steepest  descents  which  indicates  that 
the  maximum  contribution  to  the  integral  in  eq.  (20)  will  come  from  those  points  where 
V9  S  —  0.  This  results  in  an  interesting  geometrical  interpretation  which  we  describe 
below  (see  [18,19]).  We  notice  that  the  condition  VqS  —  Q  defines  a  paraboloid 
P  =  (x  -  q)2/2a(?)  tangential  to  the  velocity  potential  $o  at  q.  The  large  scale  structure 
of  the  universe  is  obtained  by  descending  a  paraboloid  P  onto  the  (initial)  potential  3?o 
(P  and  $0  are  not  permitted  to  intersect).  The  apex  of  P  defines  the  final  location 
of  particles  which  are  initially  located  at  q  (the  point  of  contact  between  P  and  <I?o)- 
The  mapping  between  the  initial  position  q  of  a  particle  (also  called  its  Lagrangian 
coordinate),  and  its  final  location  x  (Eulerian  coordinate)  is  single  valued  at  early  times 
when  a(t)  (the  radius  of  curvature  of  P)  is  small.  It  is  multi- valued  at  late  times  when  a(t) 
is  large.  This  means  that  the  velocity  flow  is  single  stream  at  early  times  (i.e.  caustics 
have  not  yet  formed),  but  multistream  at  late  times  (after  the  formation  of  caustics).  It 
is  easy  to  see  that  for  small  a  the  geometrical  approach  reduces  to  the  Zel'dovich 
approximation.  However  the  full  power  of  the  adhesion  approach  is  felt  at  late  times 
when  the  Zel'dovich  approximation  is  no  longer  valid.  The  adhesion  model  at  such 
times  tesselates  the  universe  into  pancakes  (or  sheets),  filaments  and  clumps 
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complemented  by  large  empty  regions  -  voids  (see  figure  4).  Sheets  form  at  the 
apex  of  the  paraboloid  P  when  it  touches  $o  in  exacly  two  points;  filaments  form  when 
P  touches  $o  in  three  points  and  clumps  when  the  points  of  contact  are  exactly 
four.  (More  than  four  contact  points  are  not  generic  in  three  dimensions.)  According 
to  the  adhesion  model  gravitational  instability  proceeds  in  several  distinct  stages: 
during  the  first  particles  move  'inertially'  to  form  two-dimensional  'pancakes',  within 
pancakes  flows  become  multistream  and  matter  aggregates  in  regions  of  higher 
densities  -  filaments  (which  form  at  the  intersections  of  pancakes).  Finally  matter  flows 
along  filaments  to  collect  in  clumps  (the  intersections  of  filaments).  Thereafter 
neighboring  clumps  attract  and  merge  and  gravitational  clustering  proceeds  in  a 
hierarchical  manner. 

The  adhesion  model  permits  us  to  view  the  formation  of  large  scale  structure  in  the 
universe  in  a  geometrical  manner.  The  picture  of  clustering  at  different  epochs  is  obtained 
by  varying  the  radius  of  curvature  of  the  paraboloid  which  is  simply  the  scale  factor  of  the 
universe.  Although  AM  does  not  provide  details  of  fluid  motion  within  caustics  it  does 
give  a  fairly  accurate  description  of  structure  on  large  scales  as  verified  by  detailed  tests 
against  Af-body  simulations  [17,20]. 


3.  Percolation  and  the  shape  of  large  scale  structure 

Dynamical  methods  which  describe  how  structures  form  must  be  supplemented  by 
statistical  methods  describing  different  aspects  of  gravitational  clustering.  The  simplest 
statistic  to  be  applied  to  galaxy  catalogues  is  die  two  point  correlation  function  £  which 
has  been  described  earlier.  Since  £  is  the  Fourier  transform  of  the  power  spectrum 
P(k}  =  \8k\  it  ignores  information  contained  in  the  phases  of  Fourier  components  6k. 
This  is  a  major  limitation  since  it  is  well-known  that  beyond  the  linear  regime  of 
gravitational  instability  coupling  between  modes  becomes  important  leading  to  the  build 
up  of  phase  correlations.  (Initially  the  phases  of  the  Fourier  components  of  the  density 
field  are  uncorrelated  and  random.)  A  consequence  of  mode  coupling  is  the  departure  of 
the  galaxy  distribution  from  Gaussianity  and  the  increasing  coherence  length  of 
structures.  (In  the  universe  one  sees  'patterns'  in  the  distribution  of  galaxies  on  scales  of 
50-100  Mpc.  i.e.  on  scales  on  which  £(/?)  is  effectively  zero.)  Large  scale  structure  in  the 
universe  appears  to  be  concentrated  in  large  objects  (such  as  the  great  wall)  occupying  a 
relatively  small  volume  of  space  (i.e.  the  filling  factor  of  such  objects  is  very  small),  see 
figure  1.  These  'superclusters'  of  galaxies  are  separated  by  voids  -  vast  regions  of  space 
with  little  if  any  matter.  Zel'dovich  first  drew  attention  to  the  smallness  of  the  filling 
factor  of  the  galaxy  distribution  in  the  universe  and  suggested  using  percolation  theory  to 
understand  its  topological  properties  [33]. 

It  is  well  known  that  a  random  (Poisson)  distribution  of  points  percolates  at  a  filling 
factor  (FF)  of  ~  0.3 19.  In  other  words  the  fraction  of  volume  occupied  by  the  percolating 
phase  is  ~  32%.  On  the  other  hand  systems  evolving  under  gravitational  instability  show 
a  much  smaller  FF  at  percolation  ~  0.02-0.07%  [30].  This  is  also  what  one  finds  from 
galaxy  surveys  leading  one  to  believe  that  the  galaxy  distribution  is  strongly  non- 
Gaussian.  In  a  comprehensive  study  we  have  analysed  the  percolation  properties  of  N- 
body  simulations  intending  to  model  the  universe  at  different  stages  of  its  evolution. 
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Figure  5.  Percolation  in  n  =  0  model  at  different  epochs  measured  by  the  scale  of 
nonlinearity  fc^i  which  increases  from  top  to  bottom.  The  filling  factor  of  the  largest 
cluster  M{  (dotted  line),  the  filling  factor  of  all  but  the  largest  cluster  Mr  (dashed  line) 
and  the  total  filling  factor  M,  (solid  line)  are  plotted  against  the  density  contrast. 
Reproduced,  with  permission,  from  [21]. 


In  our  simulations  we  first  define  a  density  threshold,  then  identify  clusters  at  this 
threshold  using  a  nearest  neighbor  (friends-of-friends)  algorithm.  Having  done  this  we 
determine  the  mass  fraction  in  clusters.  The  models  considered  are  N-body  simulations 
with  power  spectrum  P(k)  =  (|<5fc|2)  oc  k",  for  k  <  k^,  and  P(k]  =  0  for  k  >  fcw, 
n=  —3,— 2, —1,0  and  +1,  where  k^  is  the  Nyquist  cutoff.  {}  denotes  the  average 
over  an  ensemble.  The  epochs  we  consider  are  characterized  by  the  scale  of  nonlinearity 
&^L  at  that  epoch  determined  by 


cr  = 


=  1) 


(23) 


D+(t)  being  the  linear  growing-mode  of  density  fluctuations. 

Our  results  are  shown  in  figure  5  for  the  spectrum  n  —  0,  corresponding  to  an  equal 
distribution  of  power  amongst  all  modes  in  the  initial  conditions  (white  noise)  (a  more 
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comprehensive  discussion  of  our  work  may  be  found  in  [21,22]).  We  have  plotted:  (1) 
MI  -  the  mass  contained  in  the  largest  cluster  divided  by  the  total  mass  in  clusters  (the 
largest  cluster  is  formally  'infinite'  after  percolation  sets  in),  A/,-  is  also  called  the 
mass  fraction  or  filling  factor  (FF)  of  the  largest  cluster;  (2)  Mr  -  the  mass  fraction 
in  the  rest  of  the  clusters  (other  than  the  largest);  (3)  M,  —  Mt  +  Mr  -  the  total  mass 
fraction  in  clusters  (i.e.  the  total  filling  factor).  M,-,Mr,Mf  are  plotted  as  functions  of 
the  density  threshold  for  different  expansion  epochs  in  figure  5.  We  find  that  Mj 
decreases  with  increasing  6,  for  6  >  8C  ~  0.5,  MI  is  very  small  and  clusters  do  not 
percolate.  On  the  other  hand  for  6  <  6C,  MI  increases  sharply  indicating  that  virtually 
all  the  mass  (above  the  threshold)  is  in  the  largest  (percolating)  cluster.  Thus  8  —  8C 
defines  the  percolation  threshold  which  appears  to  be  sensitive  both  to  the  spectral 
index  and  the  amount  of  evolution  the  system  has  undergone.  A  related  issue  of 
considerable  importance  concerns  the  topology  of  large  scale  structure,  i.e.  whether  the 
distribution  of  large  scale  structure  is  'meatball-like',  'sponge-like'  or  some  other.  High 
values  of  the  filling  factor  at  percolation  (relative  to  a  Gaussian  distribution)  determine  a 
'meatball-like'  topology,  whereas  low  values  indicate  a  'bubble-like'  or  a  'sponge-like' 
topology  [24]. 

We  should  note  that  Mr  ^>  M,  for  6  >  8C  indicating  that  most  of  the  mass  is  in 
small  unconnected  clusters  at  high  densities.  As  we  decrease  the  threshold  6  we  find 
that  Mr  peaks,  then  rapidly  decreases.  The  fall  in  Mr  is  compensated  by  the  increase 
in  Mi,  caused  by  the  fact  that  clusters,  as  they  grow  in  size,  tend  to  connect  with 
each  other  to  form  superclusters  which  eventually  percolate.  (The  error  bars  in 
figure  5  indicate  the  rms  dispersion  in  four  different  Af-body  realisations  of  the  same 
spectrum.) 

The  smallness  of  the  filling  factor  in  our  simulations  indicates  that  clustered  matter  is 
likely  to  be  distributed  in  either  sheets  or  filaments  (since  both  sheets  and  filaments 
occupy  less  space  than  spheres).  To  check  whether  this  is  true  we  employed  a  statistic 
sensitive  to  shape  originally  suggested  by  Babul  and  Starkman  [23].  This  'shape  statistic' 
is  constructed  by  determining  the  moment  of  inertia  (deformation)  tensor  of  matter 
distributed  within  a  radius  R  of  a  fiducial  point.  The  tensor  is  then  diagonalized  and  a 
triplet  of  shape  functions  Si  introduced  by  the  relations 


=  sin      (1-  /*)",  (24) 

(25) 
(26) 


where  p,  =  y^/Ai,  fj,  =  \AsAi  •  (The  three  eigenvalues  of  the  deformation  tensor  AI  , 
A£,  AS  are  arranged  in  decreasing  order,  so  that  AI  >  A2  >  AS.)  The  function  a((j,,  v)  is 
implicitly  defined  by  the  equation 

z/2 


The  parameters  />,  a  and  (3  are  chosen  to  normalize  Sn  (for  details  see  [23,  8,  21,  22]). 
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Figure  6.  Structure  functions  averaged  over  randomly  chosen  high  density  regions 
are  plotted  as  functions  of  the  window  radius  R  (measured  in  units  of  the  grid  size). 
Solid  lines  plot  the  average  linearity  S\,  dotted  lines  the  average  planarity  S2,  and 
dashed  lines  the  average  sphericity  £3.  Heavier  lines  correspond  to  later  epochs.  The  y- 
axis  extends  from  0  to  1.  Reproduced,  with  permission,  from  [22]. 


Defined  in  this  manner  Si  can  be  evaluated  for  a  distribution  of  points  (as  originally 
suggested  in  [23])  or  for  a  density  field  (which  is  the  approach  we  employ).  In  the 
latter  case  it  is  sufficient  to  evaluate  Si(R)  within  a  radius  R  of  fiducial  points  lying 
above  a  given  density  threshold  6(.  The  location  of  the  fiducial  points  is  chosen  randomly 
(the  sole  criterion  being  that  they  lie  in  regions  where  6  >  Si).  One  can  define  the  average 
shape  functions  S1,-  =  l/Ar£^,  5,-  defined  for  the  ensemble  as  a  whole,  and  study  its 
properties.  5,-  can  be  viewed  as  a  vector,  defined  in  the  first  octant:  5,-  =  (1, 0, 0)  describes 
a  one  dimensional  filament,  S,- =  (0,1,0)  -  a  two  dimensional  'panacake',  and 
Si  =  (0,0, 1)  -  a  three  dimensional  sphere.  In  figure  6  we  plot  S/  as  functions  of  both 
the  radius  R  and  the  time  (characterized  by  the  scale  of  non-linearity  k^).  We  find  that  as 
the  W-body  simulation  evolves  structures  within  it  proceed  to  become  more  and  more 
filamentary.  This  is  true  for  all  spectra  we  consider  and  appears  to  be  an  important 
generic  property  of  systems  evolving  under  gravitational  instability  [31,32]. 


4.  Conclusions 

Both  dynamical  and  statistical  aspects  are  crucial  to  a  deep  understanding  of  large  scale 
structure  in  the  universe.  Whereas  statistical  indicators  such  as  the  two  point  correlation 
function  are  useful  in  measuring  clustering,  they  must  be  complemented  by  topological 
descriptors  in  order  to  understand  the  global  properties  of  large  scale  structure  such  as 
its  connectedness  and  topology.  We  show  that  gravitationally  clustered  systems  in 
general  percolate  at  lower  filling  factor's  than  a  Gaussian  random  field,  this  property 
indicates  that  the  large  scale  structure  in  such  systems  is  closer  to  being  'sponge-like'  or 
'bubble-like'  than  'meatball-like'.  We  also  argue  that  whereas  the  first  gravitationally 
bound  objects  are  likely  to  be  pancakes,  gravitational  clustering  thereafter  leads  to  the 
increasing  filamentarity  of  structures.  Whether  the  degree  of  filamentarity  seen  in 
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simulations  matches  that  in  redshift  surveys  of  galaxies  (such  as  IRAS),  is  presently  being 
studied  [27]. 
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Abstract.  The  rotation  curves  of  galaxies  are  modelled  using  very  special  properties  of  an 
hydrodynamically  turbulent  fluid  possessing  helicity  fluctuations.  The  development  of  correlations 
among  these  fluctuations  leads  to  the  formation  of  organized  structures  characterized  by  a  new  flat 
branch  of  the  spatial  energy  spectrum  in  addition  to  the  well  known  Kolmogorov  spectrum.  It  is 
proposed  that  the  flat  nature  of  the  rotation  curves  of  galaxies  may  be  a  result  of  the  energy 
cascading  processes  occuring  in  turbulent  galactic  atmospheres.  Thus,  in  this  model,  there  is  no 
need  of  invoking  dark  matter  to  account  for  the  flat  rotation  curves  of  galaxies. 

Keywords.    Rotation  curves;  galaxies;  turbulence;  inverse  cascade. 
PACS  Nos    95.30;  98.30;  98.52 

1.  Introduction 

We  observe  coherent  structures  and  correlated  motions  delineating  well  defined 
patterns  on  all  spatial  and  temporal  scales.  Some  of  the  examples  are:  a  convection 
cell,  a  tornado,  a  cyclone,  convective  flows  on  stellar  surfaces,  the  Red  spot  on  Jupiter, 
spiral  patterns  in  galaxies,  clusters  of  galaxies  and  perhaps  -  ourselves.  The  belief  is 
that  at  the  roots  of  this  diversity  lie  the  unique  and  transcendental  properties  of  non- 
equilibrium  systems.  Such  systems  exhibit  organization  of  matter  and  motion  through  the 
formation  of  dissipative  structures.  A  stable  system  near  equilibrium,  when  disturbed 
bounces  back  to  the  initial  state.  But  a  system  driven  sufficiently  far  from  equilibrium 
may  become  unstable,  reach  a  bifurcation  point  after  which  it  attains  a  completely 
new  identity,  a  dissipative  structure,  named  so  because  it  needs  more  energy  to 
sustain  itself  than  the  initial  configuration.  Associated  with  these  bifurcations  is  the 
breaking  of  symmetry,  i.e.  one  starts  with  symmetric  equations  and  ends  up  with 
asymmetric  solutions,  one  of  which  the  system  chooses  to  obey.  Sea  shells  often  show 
a  preferential  chirality!  That  means,  we  need  representations  of  dynamics,  which  are 
not  invariant  with  respect  to  time  inversion.  Such  representations  have  been  found 
for  highly  unstable  systems  [1].  Thus,  structure  formation  takes  place  in  an  intrinsically 
random,  irreversible,  unsymmetric  non-equilibrium  systems.  The  essential  conditions 
for  the  formation  of  dissipative  structures,  thus,  are:  a  macroscopic  system  far  from 
equilibrium,  with  correlated  fluctuations  that  can  maintain  themselves  by  deriving 
from  their  environment.  Far  from  equilibrium  conditions  exist  everywhere  in  the 
universe,  the  big  bang  being  the  ultimate  example.  Many  structures  like  clusters  of 
galaxies  are  suggested  to  form  and  exist  in  non-equilibrium  circumstances  [2].  Attempts 
to  fathom  them  in  equilibrium  have  lead  us  to  darkness;  to  an  unending  search  and 
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an  unquenchable  need  for  dark  matter!  Here,  we  show  that  the  flat  rotation  curves 

of  galaxies  can  be  successfully  modeled  if  the  recently  discovered  properties  of  a 

turbulent  medium  are  included  in  addition  to  the  standard  gravitational  effects  [3]. 

Fluid  turbulence  is  a  complex  subject.  Even  a  genius  like  Heisenberg  seems  to  have 

said  that  he  hoped,  before  he  died,  someone  would  explain  quantum  mechanics  to  him, 

but  after  he  died,  he  hoped,  God,  would  explain  turbulence  to  him  [4].  Simply  put, 

turbulence  is  a  random  state  of  fluid  motions  on  many  different  spatial  and  temporal 

scales  exchanging  energy  among  themselves.  The  spatial  and  temporal  scales  are 

constrained  by  boundaries,  buoyancy  and  dissipation.  The  problem  of  turbulence  is 

addressed  in  two  ways:  (i)  the  Kolmogorov  approach  in  which  the  statistically  stationary 

states  are  studied  using  dimensional  arguments  and  (ii)  the  Navier-Stokes  way,  in  which, 

one  hopes  that  the  solutions  of  the  Navier-Stokes  equations  would  comply  with  the 

predictions  of  the  Kolmogorov  approach  [5,6].  Here,  we  describe  the  Kolmogorov 

approach. 


2.  The  Kolmogorov  approach 

It  is  well  known  that  the  energy  cascades  from  large  spatial  scales  to  small  spatial  scales 
in  a  homogeneous  and  isotropic  three  dimensional  fluid  turbulence  and  the  energy 
spectrum  is  given  as  E(K}aK~5/2.  But,  what  if  the  assumptions  of  homogeneity  and 
isotropy  are  dropped?  In  two-dimensional  turbulence,  the  energy 


pV'd3r  (1) 

and  the  enstrophy 

17=   /(Vx  V)2d3r  (2) 

l/ 

are  the  two  quadratic  inviscid  invariants  for  vanishing  normal  component  of  velocity  V 
i.e.  for  rigid  or  periodic  boundaries.  The  Kolmogorovic  arguments  give  energy  spectrum 
in  the  inertial  range,  corresponding  to  the  energy  invariant  as 

E(K)  oc  K~5/3  (3) 

and  corresponding  to  the  enstrophy  invariant  as 

E(K]  oc  /T3  (4) 

It  has  been  verified  by  several  means  that  the  energy  cascades  from  small  scales  to  large 
scales  according  to  the  spectrum  given  by  equation  (4)  and  from  large  scales  to  small 
scales  according  to  the  spectrum  given  by  equation  (3).  Thus  a  2-D  system  admits  an 
inverse  cascade  of  energy.  This  is  also  true  for  a  quasi  2-D  system  i.e.  the  one  with  the 
vertical  component  of  velocity  and  spatial  scale  much  smaller  than  their  horizontal 
components  [7,  8].  But  the  question  is:  is  inverse  cascade  of  energy  possible  in  a  3-D 
system?  Since,  the  real  world  is  3-dimensional!  The  recent  developments  in  3-D 
turbulence  point  to  the  existence  of  inverse  cascade  under  well  defined  conditions.  Using 
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p=p(p],     F  =  -V</?, 
it  can  be  shown  that  the  system  supports  another  invariant  called  helicity  H  defined  as 

H(t}=  /V-(Vx  V)d3r  (6) 

«/ 

under  vanishing  normal  component  of  the  vorticity  tD  =  V  x  V.  Turbulence  with  H  j^O 
lacks  reflectional  symmetry.  For  a  reflectionally  symmetric  system,  H  =  0,  but  it  may 
happen  that  the  higher  moments  of  helicity  distribution  are  non-zero  and  affect  the 
statistics  of  the  flow  [9].  The  moments  of  helicity  distribution  are  defined  as 

Hn  =   Km  ^ 

vL-»oo  KL 

where 

#'=    (  (V  •  V  x  V)d3r(-  (7) 

7V; 

and  V,-  is  a  small  volume  element  of  the  total  volume  VL.  For  a  random  distribution, 
HI  =  0  but  all  even  moments  are  finite  and  in  particular  H  i  -£  0  i.e.  the  fluctuations  about 
the  mean  have  constant  variance.  Thus,  a  new  invariant  /  is  defined  as 

/  =   f((Vl  •  V  x  Vi)(V2  •  V  x  V2))d3r  ~  A  f  E2(K)dK  (8) 

which  describes  helicity-helicity  correlations  and  can  be  expressed  in  terms  of  the  energy 
spectrum  E(K)  for  a  quasi-normal  distribution  of  helicities.  Here  E  =  /  E(K}dK  is  the 
total  energy  density. 
In  the  inertial  range  for  the  energy  invariant  we  have 


where  K  —  wavenumber,  VQ  =  me  initial  rms  velocity  on  small  scales,  r  =  the  duration 
for  which  this  energy  is  available,  VK  =  velocity  in  Fourier  space  and  e  —  average  energy 
transfer  rate  per  unit  mass  (ergs  g"1  s"1).  This,  combined  with  KE(K]  =  V\  yields  the 
well-known  Kolmogorov  spectrum 

E(K]  =  e2/3/r5/3.  (9) 

It  would  be  appropriate  to  comment  on  e  here.  Kolmogorov  (1941)  conjectured  that  in  a 
quasi-steady  state  there  should  be  a  stationary  flow  of  energy  in  the  K  space  from  the 
source  to  the  sink.  Thus  the  energy  transfer  rate  per  unit  mass  should  be  a  constant  and  be 
equal  to  the  dissipation  rate  at  the  sink.  Although  numerous  experiments  have  confirmed 
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that  e  is  a  strongly  fluctuating  quantity,  surprisingly  there  is  no  experimental  evidence 
indicating  a  deviation  from  the  Kolmogorov  spectrum  [10]. 

The  value  of  e  for  the  galaxy  has  been  estimated  to  be  of  the  order  of 
8  x  10~3ergsg~1  s"1  by  considering  the  various  sources  (such  as  supernovae,  stellar 
winds,  etc)  which  contribute  to  the  turbulence  energetics.  In  the  same  vein  r  is  calculated 
tobe3xl07yr[ll], 

From  equation  (5),  we  find  total  energy  E  =  /  E(K)dK  or 


The  corresponding  velocity  field  may  be  described  as 

(/z£)1/3(///z)1/3  (10) 


for  some  normalizing  length,  lz.  Similarly,  in  the  inertial  range  for  the  /-invariant,  we 
have 

(KVK}[KE2(K)}=e'=IQ/r,  (11) 

where  e'  =  the  average  mean  square  helicity  density  exchange  rate  between  the  scales. 
Combining  this  with 

KE(K]  =  V2K  (12) 

gives 

E(K)  =  (/o/r)2/5^1. 
Or  in  real  space, 

E(0  =  (/o/T)2/5ln(J//z)     for/>/z.  (13) 

Here,  the  normalizing  length  lz  can  be  used  to  make  the  transition  from  one  inertial  law 
(eq.  (10))  to  the  other  (eq.  (13)).  The  velocity  field  in  this  range  is  described  as 


(14) 
where 


which  follows  from  eqs  (11)  and  (12). 


3.  Modeling  of  rotation  curves 

The  issue  of  the  flat  rotation  curves  of  galaxies  and  the  need  for  dark  matter  is  described 
very  precisely  in  figure  1  [12].  The  flat  nature  of  the  orbital  motion  in  galaxies  is 
accounted  through  the  relationship  (mV2)/2  =  GMm/R  by  assuming  that  M  oc  R  and 
therefore  velocity  V  -  constant.  Since  the  mass  M  oc  R  has  no  luminosity  associated  with 
it,  it  is  known  as  dark  matter.  We  present  an  alternative  explanation  of  a  flat  rotation 
curve,  by  resorting  to  some  properties  of  turbulence  described  in  the  previous  section. 
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Figure  1.  The  case  for  dark  matter  in  spiral  galaxies.  Top:  The  orbital  velocities  of 
the  planets  (dots)  decrease  with  distance  from  the  Sun  exactly  as  predicted  by 
Newtonian  gravitation  (line),  assuming  a  system  dominated  by  one  solar  mass  at  its 
center.  Bottom:  The  cosmos  is  not  as  well  behaved  on  galactic  scales.  Here  a  graph  of 
orbital  velocity  versus  radius  has  been  computed  for  NGC  3198,  a  spiral  galaxy  in 
Ursa  Major,  assuming  that  the  distribution  of  light  serves  as  a  good  indicator  of 
the  distribution  of  mass.  The  failure  of  the  observed  velocities  (dots)  to  match  the 
predicted  ones  is  striking  and  points  to  an  unseen  component  of  dark  matter  in  the 
galaxy.  Courtesy  the  author. 

The  complete  energy  spectrum  in  a  helically  turbulent  medium  derived  in  Krishan  [8] 
and  Krishan  and  Sivaram  [13]  is  reproduced  here  in  figure  2.  We  have  modeled  the 
rotation  curves  of  21  galaxies  observed  by  Amram  et  al  [14],  using  the  Kolmogorov 
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Figure  2.    Turbulent  energy  spectrum.  /,,  normalizing  length;  7C,  break  due  to 
Coriolis  force  [15]. 


branch  [V(Z)  oc  J1/3]  and  the  flat  branch  [V(/)  oc 
which  is  of  the  type 


We  propose  a  law  of  velocities 


(15) 


in  the  inner,  i.e.,  /  <  lz,  and 


(16) 

in  the  outer  regions,  i.e.,  /  >  lz  of  a  galaxy,  where  A,  B,  C  and  D  are  the  coefficients  to  be 
determined  from  the  fits,  with  the  observed  velocity  fields. 

The  first  terms  on  the  right-hand  side  of  eqs  (15)  and  (16)  correspond  to  rigid  rotation 
and  gravity,  respectively;  therefore 

A  =  ui, 

the  angular  velocity  of  a  galaxy,  and 
C  = 


where  G  is  the  universal  gravitational  constant,  refers  to  the  mass  of  a  galaxy.  The  second 
terms  on  the  right-hand  side  of  eqs  (15)  and  (16)  are  due  to  the  turbulence  cascading  so 
that 


and 


By  a  judicious  choice  of  lz  we  can  estimate  V0)  r,  e,  a;,  and  mass  M  of  a  galaxy.  Some  of 
the  modeled  rotation  curves  are  shown  in  figure  3. 

Our  model  gives  typical  values  of  the  various  quantities  as 

Vo-lOOkms-1, 
r^!07yr, 
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Figure  3.    Rotation  curves  of  the  galaxies. 

e  «  10~2ergsg~1  s"1, 
wwHT'V1, 
Mass^l010MQ. 

One  must  note  that  we  did  not  have  to  choose  any  abnormal  values  of  lz  for  obtaining  the 
best  fits  and  it  lies  in  the  range  2-10  kpc.  This  tells  us  that  on  scales  smaller  than  /,,  the 
turbulence  is  isotropic  and  on  the  scales  equal  to  and  large  than  lz  the  turbulence  becomes 
more  and  more  anisotropic  facilitating  the  inverse  cascade  of  energy. 
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4.  Conclusions 

The  velocity-radius  relation  has  been  derived  using  Kolmogorov  arguments.  We  find  that 
the  matter  at  a  large  radius  exhibits  a  balance  of  hydrodynamic  forces,  i.e.,  dynamical 
pressure,  and  Reynolds  stress  produced  by  the  forced  small-scale  flow  without  the 
necessity  of  invoking  a  gravitational  force,  generated  out  of  a  mass  distribution  of  the 
type  M  oc  R.  In  other  words,  our  system  is  hydrodynamically  bound. 

We  also  find  that  e  and  r  values  for  each  of  the  galaxies  obtained  are  almost  of  the 
same  order  as  that  quoted  for  our  galaxy  [11].  Therefore,  it  appears  possible  to  model  the 
observed  rotation  curves  of  galaxies  by  suitably  combining  the  effects  of  rigid  rotation, 
gravity,  and  turbulence.  The  validity  of  the  'turbulence  model'  can  be  further 
substantiated  by  confronting  it  with  the  observations  of  the  velocity  fields  on  the  larger 
scales-like  clusters  and  superclusters.  It  is  intriguing  that  the  energy  spectrum  (figure  1)  at 
the  largest  scales  i.e.  E(L)  oc  L2  or  V(L)  oc  L  resembles  the  Hubble  flow.  Is  the  Hubble 
flow,  a  result  of  an  inverse  cascade  of  energy  in  a  helically  turbulent  universe? 
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Abstract  When  the  dynamics  of  a  system  partitions  the  phase  space  of  configurations  into  very 
many  disjoint  sectors,  we  are  faced  with  an  assignment  problem:  Given  a  configuration,  how  can  we 
tell  which  sector  it  belongs  to?  We  study  this  problem  in  connection  with  the  dynamics  of 
deposition  and  evaporation  of  k  particles  at  a  time,  from  a  lattice  substrate.  For  k  >  3,  the  system 
shows  complex  behaviour:  (a)  The  number  of  disjoint  sectors  in  phase  space  grows  exponentially 
with  the  size,  (b)  The  asymptotic  time  dependence  of  the  autocorrelation  function  shows  slow 
decays,  with  power  laws  which  depend  on  the  sector.  Both  (a)  and  (b)  are  explained  in  terms  of  a 
nonlocal  construct  known  as  the  irreducible  string  (IS),  formed  from  a  particle  configuration  by 
applying  a  deletion  algorithm.  The  IS  provides  a  label  for  sectors;  the  multiplicity  of  possible  IS's 
accounts  for  (a),  and  let  us  determine  sector  numbers  and  sizes.  The  elements  of  the  IS  are 
conserved;  thus  their  motion  is  responsible  for  the  slow  modes  of  the  system,  and  accounts  for  (b)  as 
well. 

Keywords.    Interacting  stochastic  systems;  broken  ergodicity;  conservation  laws. 
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1.  Many-state  systems 

It  is  well  known  that  the  number  of  microscopic  configurations  in  a  large  statistical 
system  grows  exponentially  with  the  volume.  In  a  lattice  system  with  N  sites,  the  number 
of  configurations  O  ~  exp(oJV). 

If  the  system  is  'simple',  it  exists  in  a  single  macroscopic  phase  or  state,  in  normal 
circumstances.  Only  at  exceptional  points  in  the  phase  diagram  which  require  fine  tuning 
of  external  parameters  like  the  temperature  and  pressure,  can  it  exist  in  one  or  two  or  a 
few  more  possible  phases.  The  dynamical  manifestation  of  this  is  that  starting  with  any  of 
the  fi  possible  configurations,  the  system  will  evolve  to  one  or  the  other  of  the  few  steady 
states,  each  corresponding  to  a  macroscopic  phase. 

By  contrast,  'complex'  systems  have  a  large  multitude  of  equivalent,  or  almost 
equivalent  phases.  The  number  of  macroscopic  states  grows  exponentially  ~  exp^N). 
Physical  examples  of  such  systems  are  glasses,  spin  glasses  and  rubber.  The  phase  space 
splits  up  into  an  exponentially  large  number  of  sectors,  each  of  which  consists  of 
configurations  which  can  be  reached  from  each  other  by  the  dynamics.  Inter-sector 
transitions  do  not  occur,  either  because  there  exist  strict  conservation  laws  which  forbid 
transitions,  or  because  there  are  barriers  between  sectors,  so  that  the  time  to  go  from  one 
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sector  to  another  becomes  infinite  in  the  thermodynamic  limit.  Thus  if  we  were  to 
watch  the  evolution  of  the  system  starting  from  a  configuration  Cimtiai,  we  would  find 
the  system  evolving  into  the  steady  state  of  the  relevant  sector.  However,  since  this 
steady  state  is  only  one  of  a  very  large  number  of  possibilities,  we  are  faced  with  an 
assignment  problem:  Without  explicitly  evolving  the  system  in  time,  how  can  one  tell 
which  of  the  many  steady  states  will  be  reached  from  a  given  Cinitiai?  How  is  one  to  label 
steady  states? 

In  this  paper,  we  discuss  a  model  of  /c-mers,  stochastically  depositing  on,  and 
evaporating  from,  a  one-dimensional  lattice  [1,2].  For  k  >  3,  this  system  has  an 
exponentially  large  number  of  sectors  and  steady  states,  and  is  complex  in  the  sense 
discussed  above.  We  will  show  that  for  this  system  it  is  possible  to  find  a  sector-labelling 
scheme  which  relies  on  a  novel  sort  of  construct  called  the  irreducible  string  [3].  This 
construction  helps  solve  the  assignment  problem  posed  above.  Moreover,  we  find  that 
there  is  a  nontrivial  sector-dependence  to  the  time-dependence  of  correlation  functions: 
asymptotic  decay  laws  show  strong  variations  from  one  sector  to  another  [4].  Once  again, 
the  irreducible  string  allows  us  to  understand  this  sector-wise  variation,  in  terms  of  the 
diffusive  movement  of  its  conserved  but  mobile  elements. 

2.  Model  of  fc-mer  deposition  and  evaporation 

Our  model  is  a  generalization  of  random  sequential  adsorption  (RSA),  a  process 
considered  by  Flory  [5].  In  RSA,  extended  objects  (made  of  k  particles  each)  drop 
randomly  onto  a  lattice  substrate,  provided  that  k  adjacent  sites  on  the  lattice  are  empty. 
Of  interest  is  the  filling  fraction  as  a  function  of  time,  and  spatial  correlation  functions 
[6].  Over  the  past  few  years  several  extensions  of  RSA  have  been  considered  [7], 
including  the  effect  of  inter-particle  interactions  and  monomer  detachment. 

We  generalized  the  process  by  considering  the  effect  of  evaporation,  in  which  k 
particles  at  a  time  may  detach  from  adjacent  sites  of  the  substrate,  and  leave  [1,2].  An 
important  aspect  of  the  process  is  that  it  could  be  any  k  adjacent  particles  which  leave  — 
not  necessarily  the  same  k  particles  that  fell  in  together.  This  property  of  reconstitution  of 
fc-mers  is  a  crucial  feature  of  the  dynamics.  Thus,  in  a  small  time  df,  k  adjacent  empty 
sites  become  occupied  simultaneously  with  probability  edt  (deposition  of  a  fc-mer),  while 
k  adjacent  occupied  sites  become  empty  with  probability  e'dt  (evaporation  of  a  &-mer). 
Let  us  associate  a  pseudospin  Si  =  ±1  with  site  i,  the  value  +1  corresponding  to  an 
occupied  site  and  —1  corresponding  to  an  empty  site.  Deposition  corresponds  to 
|  ill)  -»•  |  TIT),  while  evaporation  corresponds  to  the  reverse  transition. 

3.  Dimers 

The  case  k  —  2  corresponds  to  the  deposition  and  evaporation  of  dimers.  The  action  of  the 
stochastic  dynamics  may  be  represented  by  an  operator  which  acts  in  the  2^-dimensional 
space  of  configurations.  The  spin  notation  leads  to  an  unexpected  identification:  if  e  =  e', 
this  operator  can  be  mapped  to  the  Hamiitonian  of  the  spin- 1/2  Heisenberg  model,  by 
making  a  spin  rotation  of  one  sublattice.  (Here  we  have  assumed  that  the  lattice  is 
bipartite,  i.e.,  decomposable  into  two  interpenetrating  sublattices.)  Exploiting  the  fact  that 
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the  total  spin  operator  commutes  with  the  Heisenberg  Hamiltonian  as  a  consequence  of 
spin  rotational  invariance  (quite  a  non-obvious  symmetry  for  the  original  stochastic 
process),  it  is  possible  to  calculate  in  closed  form  the  steady  state  autocorrelation 
function  [1,2] 


-  (Si}. 

At  long  times,  Ci(t]  varies  as  t~d/2  where  d  is  the  dimension  of  the  system.  If  e  =£  e',  the 
corresponding  spin  operator  has  additional  terms  [2],  corresponding  to  a  staggered 
magnetic  field  and  Dzyaloshniskii-Moriya  cross-product  interactions  [8]  of  alternating 
sign.  In  this  case,  C,-(r)  cannot  be  evaluated  in  closed  form,  but  can  be  shown  to  decay  as 
t~dl2  at  large  times.  This  answer  is  suggestive  of  a  diffusion  process  at  work,  and  this  in 
turn  would  require  a  global  conservation  law,  for  all  e,  e'.  In  fact  it  is  not  hard  to  see  that 
this  is  the  conservation  of  MA  —  MB,  where  .4  and  B  label  sublattices,  and  MA(MB]  is  the 
total  z-component  of  magnetization  on  sublattice  A(B).  This  is  because  the  elementary 
processes  of  deposition  and  evaporation  of  two  adjacent  particles  evidently  increments  or 
decrements  the  occupation  of  both  sublattices  equally. 

4.  Trimers:  Phase-space  decomposition 

Now  consider  the  case  of  trimers,  k  =  3  on  a  one-dimensional  lattice  of  length  L.  (This 
case  is  typical  of  all  higher  k.)  A  major  difference  from  the  case  of  dimers  is  that  the 
trimer  deposition-evaporation  model  is  a  many-state  system,  with  the  number  of  sectors 
in  phase  space  growing  exponentially  with  the  size  of  the  system:  as  we  will  see  below, 
the  full  phase  space  of  2L  configurations  is  partitioned  into  ~  \JLL  sectors,  where 
fji  =  1.618...  is  the  golden  mean.  A  second  important  property  of  trimer  dynamics  is  that 
the  long-time  decay  of  the  steady  state  autocorrelation  function  C,-(f)  depends  on  the 
sector.  This  aspect  is  discussed  in  §5. 

4.1  The  irreducible  string 

Both  the  existence  of  this  large  infinity  of  dynamically  disconnected  sectors  and  also  the 
variety  of  asymptotic  decay  laws,  from  sector  to  sector,  can  be  understood  in  terms  of  a 
novel,  nonlocal  construct,  the  irreducible  string  (IS).  The  IS  is  defined  as  follows  [3]. 
Consider  a  spin  configuration  C  =  {S\,S2,--.,SL}  on  a  one-dimensional  lattice  with 
free  boundary  conditions.  Starting  (say)  from  the  left,  delete  triplets  of  successive 
parallel  spins,  reducing  the  size  of  the  spin-string  by  three  by  each  such  reduction. 
After  completing  a  pass  through  the  full  string,  re-start  from  the  left  and  repeat  the 
procedure,  again  and  again.  This  'deletion  do  loop'  comes  to  a  halt  only  when  further 
reduction  is  impossible.  The  resulting  irreducible  string  evidently  has  no  parallel  triplets 
of  spins. 

The  irreducible  string  is  a  constant  of  the  motion  and  uniquely  labels  each  sector  of 
phase  space.  The  elementary  step  of  deposition  or  evaporation  changes  three  successive  | 
spins  to  three  successive  J,  spins,  or  vice  versa;  evidently,  the  IS  is  invariant  under  this. 
Also,  it  is  possible  to  prove  that  if  two  configurations  have  the  same  IS,  they  are 
necessarily  reachable  from  each  other  by  deposition-evaporation  dynamics  [9]. 
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4.2  Sector  decomposition 

Given  this  labelling  scheme  for  sectors  in  phase  space,  it  is  possible  to  prove  the 
following  facts  about  the  number  of  sectors  and  their  sizes  [3, 9]: 

(i)  There  are  quite  a  few  completely  jammed  configurations  (1  x  1  sectors),  for  which 
the  length  of  the  IS  is  the  length  L  of  the  lattice.  The  number  of  such  sectors  is  2FL,  where 
FL  is  the  Lth  Fibbonacci  number,  which  approaches  //  as  L  — >  oo. 

(ii)  The  total  number  of  sectors  NL  obeys  the  recursion  relation  NL  =  Nz,-3  +  2FL,  as 
each  sector  is  either  completely  irreducible,  or  it  is  not.  Consequently,  A//,  «  (1  +  AO/A 

(iii)  The  size  D(L,  /)  of  a  sector  is  the  number  of  configurations  in  it.  Here  /  is  the  IS 
which  labels  it.  It  turns  out  that  D  depends  on  /  only  through  its  length  /(/).  An  explicit 
formula  can  be  obtained  for  the  generating  function  g(I)  =  ^^^0(1,1}.  It  is  then 
possible  to  find  the  asymptotic  growth  law  for  D(/,L)  for  given  /. 

(v)  The  set  of  all  fully  reducible  configurations  {C}^  constitute  the  sector  labelled  by 
the  null  irreducible  string:  I  =  <j>.  For  this  sector,  D^  ~  (27/4)L'3. 

(vi)  Consider  picking  a  configuration  Cran  totally  at  random  from  amongst  the  2L 
possible  configurations  —  an  important  case,  since  most  configurations  are  of  this 
type.  We  may  ask  for  the  likely  length  /ran  of  the  corresponding  IS.  We  find  that 
/ran  w  L(l  -  3Ar2/2). 

5.  Trimers:  Dynamics 

We  have  seen  that  the  DE  process  partitions  phase  space  into  an  exponentially  large 
number  of  sectors.  A  strong  variation  in  the  behaviour  of  Q(t},  from  one  sector  to 
another,  is  found  in  Monte  Carlo  studies  [4].  For  instance,  in  the  sector  with  IS  =  (TTlX  L 
[i.e.  the  string  TUTU  •••  formed  by  repeating  1]lfL  times]  with/  <  1/3,  we  find 
Ci(t]  ~  1/f1/2.  In  the  sector  with  IS  =  (U)/L  with  /  <  1/2,  we  find  Ct(t}  ~  exp(-^1/2). 
If  we  start  with  a  totally  random  initial  configuration,  we  find  that  C/(f)  ~  1/£1//4.  In  the 
sector  where  the  IS  is  a  periodic  string  (TUIUXL  with  /  <  l/6>  the  autocorrelation 
function  Ci(t)  depends  on  which  sublattice  site  i  lies  (in  a  3-sublattice  decomposition  of 
the  lattice).  C/(f)  ~  1/f1/2  for  i  on  two  sublattices,  while  Q(f)  ~  exp(-fo1/2)  for  /  on  the 
third  sublattice. 

An  explanation  of  dynamical  diversity  can  be  found  in  terms  of  the  IS:  besides  being  a 
label  on  sectors,  it  has  a  dynamical  meaning  as  discussed  below.  The  point  is  that 
elements  of  the  IS  are  themselves  a  subset  of  the  full  configuration  of  spins  —  namely, 
those  that  are  left  undeleted  at  the  end  of  repeated  application  of  the  triplet  reduction 
procedure  (the  'deletion  do  loop'  referred  to  above).  Under  time  evolution,  the  configura- 
tion evolves,  and  as  a  result,  the  IS  elements  move  on  the  lattice,  though  keeping  their 
relative  ordering  intact  (as  the  IS  is  a  constant  of  the  motion).  In  other  words,  the 
elements  of  the  IS  behave  like  a  set  of  hard-core  random  walkers  with  spin  (HCRWS), 
random-walking  through  the  background  of  reducible  spins.  The  diffusive  motion  of  the 
HCRWS  constitute  the  slow  modes  of  the  original  model.  We  thus  expect  the  HCRWS 
dynamics  to  account  for  the  long-time  properties  of  the  deposition-evaporation  system  [4]. 

If  we  ignore  the  reducible  background  fluctuations  (which  occur  rapidly,  and 
contribute  very  little  to  the  long-time  behaviour),  quite  a  lot  can  be  said  about  HCRWS 
dynamics,  as  a  good  deal  is  known  akeady  about  the  diffusion  of  particles  on  a  lattice, 
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with  mutual  hard-core  interactions  (the  exclusion  process)  [10].  The  arrangement  of  spins 
on  the  particles  in  no  way  affects  the  particle  dynamics,  but  is  of  course  crucial  in 
determining  the  spin  autocorrelation  function,  which  is  what  we  need.  The  latter  involves 
a  convolution  over  the  spin  pattern  (which  in  turn  identifies  a  particular  sector  of  the 
deposition-evaporation  model),  and  the  conditional  probability  in  the  exclusion  process 
that  particle  m  is  at  a  particular  site  at  t  —  0,  and  particle  m  +  Am  is  at  the  same  site  at 
time  t. 

The  HCRWS  model  explains  the  variety  of  long-time  behaviours  found  in  different 
sectors  in  which  the  density  of  walkers  l/L  is  finite,  as  detailed  in  the  first  paragraph  of 
this  section.  However,  in  the  null-IS  sector,  consisting  of  the  set  of  all  fully  reducible 
configurationsjC}^,  the  dynamics  is  different,  as  it  is  the  reducibility  fluctuations  which 
matter  (these  were  the  fast  modes  in  the  other  sectors,  and  could  be  ignored  there  as  a 
result).  Numerical  data  from  Monte  Carlo  simulations  [4],  and  exact  diagonalization  of 
the  transfer  matrix  for  finite  size  systems  [11]  suggests  that  in  this  case  fluctuations  are 
slowly  decaying  and  sub-diffusive  in  nature.  The  estimated  value  of  the  dynamical 
exponent  z  ~  2.5  is  quite  different  from  the  value  for  the  Kardar-Parisi-Zhang  type  of 
stochastic  growth  models  [12]  which  in  one  dimension  are  known  to  have  z  =  3/2. 

6.  Conclusion 

Models  of  fc-mer  deposition  and  evaporation  provide  examples  of  many-state  systems 
about  which  we  can  say  quite  a  lot.  Central  to  the  understanding  of  both  the  phase  space 
decomposition  into  exponentially  many  sectors,  and  also  the  diversity  of  asymptotic 
dynamical  behaviour,  is  the  irreducible  string.  The  IS  provides  a  compact  and  convenient 
means  of  labelling  disjoint  sectors,  and  thus  provides  a  solution  to  the  'assignment 
problem'  posed  in  the  Introduction.  Besides,  the  elements  of  the  IS  have  a  dynamical 
meaning:  their  diffusive  movement  through  the  lattice  (with  an  implied  hard  core 
constraint  between  different  elements)  constitute  the  slow  modes  of  the  system;  this 
allows  for  a  characterization  of  the  asymptotic  decay  laws  of  the  autocorrelation  function, 
and  an  understanding  of  their  sector-wise  variation. 

Although  we  have  not  discussed  it  in  this  paper,  the  IS  in  fact  encapsulates  an  infinite 
number  of  conservation  laws.  The  way  to  construct  conserved  quantities  (all  of  which  are 
mutually  commuting  functions  of  [a\ ,  a\  •  •  •  crzL}}  is  discussed  in  [3].  It  is  entirely 
possible  that  there  is  yet  another  family  of  conservation  laws,  which  involve  transverse 
components  of  the  spin,  af  and  a^.  If  they  do  exist,  these  transverse  conservation  laws 
would  provide  direct  connections  between  the  properties  of  different  sectors.  For  dimers, 
where  the  decomposition  of  phase  space  is  not  nearly  as  severe,  we  know  that  transverse 
conservation  laws  do  exist  —  they  correspond  to  the  conservation  of  total  spin  in  that 
case.  The  elucidation  of  analogous  conservation  laws  in  many-state  systems  remains  a 
challenging  open  problem. 
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Abstract.  In  this  review  we  discuss  cosmological  N-body  codes  with  a  special  emphasis  on 
particle  mesh  codes.  We  present  the  mathematical  model  for  each  component  of  W-body  codes.  We 
compare  alternative  methods  for  computing  each  quantity  by  calculating  errors  for  each  of  the 
components.  We  suggest  an  optimum  set  of  components  that  can  be  combined  to  reduce  the  overall 
errors  in  N-body  codes. 

Keywords.    Galaxy  formation;  cosmology;  numerical  simulations. 
PACS  Nos    02.00;  04.00;  04.25;  98.62;  98.80 

1.  Introduction 

Observations  suggest  that  the  present  universe  is  populated  by  very  large  structures  like 
galaxies,  clusters  of  galaxies  etc.  Current  models  for  formation  of  these  structures  are 
based  on  the  assumption  that  gravitational  amplification  of  small  perturbations  leads  to 
the  formation  of  these  large  scale  structures.  In  the  absence  of  analytical  methods  for 
computing  quantities  of  interest,  numerical  simulations  are  the  only  tools  available  for  the 
study  of  clustering  in  the  non-linear  regime.  The  last  two  decades  have  seen  a  rapid 
development  of  techniques  and  computing  power  for  cosmological  simulations  and  the 
results  of  these  simulations  have  provided  valuable  insight  into  the  study  of  structure 
formation.  In  this  paper  we  will  describe  some  aspects  of  the  cosmological  N-body 
simulation,  based  on  the  code  developed  and  used  by  the  authors.  We  will  stress  the  key 
physical  and  numerical  ideas  and  detail  some  useful  tests  of  the  N-body  code.  After  an 
initial  introduction  to  cosmological  N-body  codes,  the  discussion  of  JV-body  codes  will 
focus  on  particle  mesh  (PM)  codes.  (For  a  comprehensive  discussion  of  numerical 
simulations  using  particles,  see  [1]). 

An  Af-body  code  consists  of  two  basic  modules:  one  part  computes  the  force  field  for  a 
given  configuration  of  particles  and  the  other  moves  the  particles  in  this  force  field.  These 
two  are  called  at  each  step  to  ensure  that  the  force  field  and  the  particle  trajectories  evolve 
in  a  self  consistent  manner.  Apart  from  these  we  also  need  to  set  up  the  initial  conditions 
-^  and  write  the  output.  Thus  the  basic  plan  of  an  N-body  code  follows  the  flow  chart  shown 

in  figure  1. 

Structure  of  these  modules  depends  on  the  specific  application  at  hand.  Here  we  outline 
some  features  that  are  particular  to  cosmological  Af-body  codes.  To  make  quantitative 
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Initial  conditions  are  setup 
using  Power  Spectrum  for 
the  model  of  interest. 


N-Body 


Compute  force  for  given 
particle  positions 


Move  the  particles 
by  one  step 


yes 


Write  output  to 

a  file 

Figure  1.    Flow  chart  for  an  TV-body  code. 

statements  about  the  required  parameters  of  an  TV-body  simulation  we  shall  assume  that 
the  particles  populate  a  region  of  volume  V.  We  shall  also  assume  that  we  are  using  Np 
particles  to  describe  the  density  field.  The  following  physical  requirements  have  to  be 
taken  into  account  while  writing  cosmological  TV-body  codes. 

•  The  universe  is  filled  with  matter  over  scales  that  are  much  larger  than  the  scales  of 
interest  in  an  TV-body  simulation.  Density  averaged  over  larger  and  larger  scales  in  the 
universe  approaches  a  constant  value.  Thus  the  simulation  volume  V  cannot  be 
assumed  to  exist  in  isolation  and  we  must  fill  the  region  outside  this  volume  by  some 
method.  Periodic  boundary  conditions  are  the  only  viable  solution  to  this  problem.  In 
absence  of  periodic  boundary  conditions  most  of  the  matter  in  the  simulation  volume 
tend  to  collapse  towards  the  centre  of  the  box,  giving  rise  to  a  spurious,  large  rate  of 
growth  for  perturbations.  (A  compromise  solution,  called  quasiperiodic  boundary 
conditions,  has  been  tried  to  solve  this  problem  for  tree  codes.  In  this  scheme  periodic 
boundary  conditions  are  used  to  restructure  the  simulation  volume  to  bring  a  particle  at 
the  centre  of  the  box  while  computing  force  at  its  position.  This  is  done  for  each 
particle  so  that  there  is  no  strong  tendency  to  collapse  towards  the  centre  of  the  box  [2]). 
The  most  natural  geometry  for  a  volume  with  periodic  boundary  conditions  is  a  cube. 

•  We  would  like  the  evolution  of  perturbations  to  be  independent  of  the  specific 
boundary  conditions.  Thus  the  simulation  volume  should  not  be  dominated  by  any  one 
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its  own  periodic  copies  will  influence  its  later  evolution). 

We  require  the  average  density  in  the  box  to  equal  the  average  density  of  the  universe. 
Thus,  perturbations  averaged  at  the  scale  of  the  box  must  be  ignorable  at  all  times  for 
the  model  of  interest,  i.e.,  a(R  —  V1/3)  <  1.  [Here  a(R]  is  the  rms  dispersion  in  the 
mass  averaged  at  scale  /?.]  For  example,  in  case  of  the  standard  CDM  model  this  would 
require  the  box  to  be  at  least  lOOh"1  Mpc  [at  z  —  0]  in  extent. 

«  We  would  like  to  probe  scales  that  are  sufficiently  non-linear  in  order  to  justify  the 
use  of  N-body  simulations.  If  we  wish  to  compare  the  results  with  the  real  universe 
then  we  should  be  able  to  study  the  formation  of  structures  with  a  large  range  in 
scales.  In  other  words,  the  mass  of  individual  particles  in  an  ideal  simulation  must 
be  less  than  the  mass  of  the  smallest  structure  of  interest.  Therefore,  the  smallest 
number  of  particles  required  to  cover  the  relevant  range  of  scales  to  study  galaxy 
clustering  is 

M(100h-'Mpc).5xlO'*A/0,  7 

W-         Mgal»y         -     10"M0     ~5X'°-  (1) 

We  need  a  very  large  number  of  particles  to  represent  the  density  field  over  this  range 
of  scales.  Therefore,  most  numerical  techniques  used  in  cosmological  N-body  codes 
are  oriented  towards  reducing  the  number  of  operations  and  stored  quantities  per 
particle. 

»  We  approximate  the  collection  of  a  very  large  number  of  particles  in  the  universe  by 
one  particle  in  an  N-body  simulation.  Therefore  the  particles  in  an  N-body  simulation 
must  interact  in  a  purely  collisionless  manner. 

The  periodic  boundary  conditions  and  a  very  large  number  of  particles  are  the  key 
considerations  in  developing  the  detailed  algorithm  for  an  N-body  code.  Of  the  two  main 
components  in  an  N-body  code,  integration  of  the  equation  of  motion  is  an  algorithm  of 
order  0(NP).  The  calculation  of  force,  if  done  by  summing  the  force  over  all  pairs,  is  a 
process  of  order  O(N*).  Therefore,  the  calculation  of  force  is  likely  to  be  more  time 
consuming  than  evolving  the  trajectories  in  N-body  codes  with  a  large  number  of 
particles.  It  can  be  shown  that,  for  particle  numbers  greater  than  a  few  hundred,  direct 
computation  of  force  takes  an  excessively  long  time  even  on  the  fastest  computers.  (The 
very  high  speed  special  purpose  computers  are  an  exception  to  this  [3].)  Three  schemes 
have  been  evolved  to  address  this  problem  and  replace  direct  summation  over  pairs  by 
methods  that  are  less  time  consuming.  These  are 

o  Particle  mesh  (PM):  Poisson  equation  is  solved  in  the  Fourier  domain  and  the  potential 
force  is  computed  on  a  fixed  grid.  The  force  is  then  interpolated  to  particle  positions 
for  moving  the  particles.  Density  field,  the  source  for  gravitational  potential,  is  also 
computed  on  the  same  mesh/grid  from  particle  positions  by  using  a  suitable 
interpolating  function.  The  'smoothing'  of  particles  limits  the  resolution  of  such 
simulations  but  ensures  collisionless  evolution.  (See  [4]  and  [5]  for  an  excellent 
discussion  of  PM  codes). 

Particle-particle  particle  mesh  (P3M):  This  scheme  [6]  improves  the  resolution  of  PM 
method  by  adding  a  correction  to  the  mesh  force  for  pairs  of  particles  with  separation 
of  the  order  of,  and  smaller  than  the  grid  length.  The  number  of  operations  required  for 
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this  correction  is  proportional  to  Npn(R]  where  n(R)  is  the  average  number  of 
neighbouring  particles  within  a  distance  R.  This  can  be  written  as  Npn(l  +£(/?)), 
where  n  is  the  average  number  density  and  £  is  the  averaged  correlation  function.  It  is 
obvious  that  such  corrections  can  become  time  consuming  in  highly  clustered 
situations  [when  £(/?)  »  I}. 

t  Tree:  In  this  scheme,  information  about  the  density  field  is  set  up  in  the  form  of 
a  hierarchical  tree.  Each  level  of  the  tree  specifies  position  of  the  centre  of  mass 
and  the  total  mass  for  a  region  in  the  simulation  volume.  Force  from  particles  in 
distant  regions  in  the  simulation  box  is  approximated  by  the  force  from  the  centre 
of  mass  for  particles  in  that  region.  This  leads  to  a  reduction  in  the  number  of 
operations  required  for  calculating  force  [7, 2] .  To  estimate  the  number  of  operations 
required  for  setting  up  the  tree  structure  and  evaluate  the  force,  let  us  assume  that 
the  simulation  volume  is  a  cube  and  is  subdivided  into  eight  equal  parts  at  each 
level.  This  subdivision  of  cells  is  continued  till  we  have  at  most  one  particle  per  cell  at 
the  smallest  level.  Each  particle  is  parsed  at  most  once  at  each  level,  therefore  the 
upper  bound  on  the  total  number  of  operations  is  proportional  to  Np  In  (Lbox/Anin) 
where  /min  is  the  smallest  inter-particle  separation  for  the  given  distribution  of  particles. 
We  have 

7   .    ~  n-V3  _  jy-l/3  =  -l/3  _  Af-l/Sr,,     JJ-1/3  (2\ 

tmin  ~  "max    —  °max  n  ~  ^p       ^boxOmax   ,  \£) 

where  n  is  the  average  number  density,  6max  is  the  maximum  density  contrast  and  nmax 
is  the  highest  number  density  in  the  given  distribution  of  particles.  This  implies  that  the 
upper  bound  on  number  of  operations  is  proportional  to  O(NP  In  Np6max}.  Incorporating 
periodic  boundary  conditions  is  a  very  nontrivial  problem  in  the  context  of  tree  codes. 
(See  [8]  for  a  discussion  of  periodic  boundary  conditions  for  tree  codes.) 

Amongst  these  methods  the  PM  scheme  has  two  advantages  over  the  other  methods. 
Firstly  it  ensures  a  coliisionless  evolution  (see  [9];  [10]).  Secondly  it  has  the  simplest 
algorithm  and  it  is  also  the  fastest  of  the  three  methods  discussed  above.  In  the  remaining 
discussion  we  shall  focus  only  on  PM  codes.  However,  apart  from  computation  of  force, 
all  other  components  are  the  same  in  all  these  codes  (with  some  minor  variations)  and 
most  of  the  conclusions  about  relative  merits  of  the  available  alternatives  are  applicable 
for  all  three  types  of  codes. 


2.  Moving  the  particles 

In  this  section  we  will  first  present  the  system  of  equations  that  describe  the  evolution  of 
trajectories  of  particles.  This  will  be  followed  by  a  description  of  the  methods  used  for 
numerical  integration  of  equation  of  motion. 

2.1  Equation  of  motion 

It  can  be  shown  that  the  evolution  of  perturbations  in  a  non-relativistic  medium  in  an 
expanding  background  can  be  studied  in  the  Newtonian  limit  at  scales  that  are  much 
smaller  than  the  Hubble  radius  dH  =  cH^1.  The  equations  for  a  set  of  particles  interacting 
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only  through  the  gravitational  force  can  be  written  as 


6  =  -Hl^-.  (3) 

Here  the  last  equality  follows  from  the  Friedmann  equations  that  describe  evolution  of  the 
scale  factor  for  the  universe.  The  variables  used  here  are  the  comoving  co-ordinates  x, 
time  t,  scale  factor  a,  gravitational  potential  due  to  perturbations  </?,  density  Q  and  density 
contrast  6.  Cosmological  parameters  used  in  this  equation  are  the  Hubble's  constant  HQ 
and  the  density  parameter  contributed  by  non-relativistic  matter  ffo- 

TV-Body  simulations  integrate  this  equation  numerically  for  each  particle.  Numerical 
integration  can  be  simplified  by  modifying  the  equation  of  motion  so  that  the  velocity 
dependent  term  is  removed  from  the  equation  of  motion.  This  can  be  achieved  by  using  a 
different  time  parameter  9  [11].  This  is  defined  as 


(4) 


in  terms  of  which  we  have 
dzx         3  - 


V*  =  (5) 

In  this  form,  all  the  Cosmological  factors  can  be  clubbed  in  the  source  term  in  the 
equation  of  motion,  making  numerical  implementation  much  simpler. 

2.2  Numerical  integration 

In  any  TV-body  code,  a  great  deal  of  computer  time  is  devoted  to  integration  of 
the  equation  of  motion.  The  basic  idea  of  time  integration  is  simple:  the  equation  of 
motion  expresses  the  second  derivative  of  position  in  terms  of  position,  velocity  and 
time.  Time  integration  translates  this  into  the  subsequent  changes  in  position  and  velocity. 
In  the  following  discussion  we  will  develop  the  idea  of  numerical  integration  of 
trajectories. 

Writing  the  position  and  velocity  at  time  t  +  e  in  a  Taylor  series  about  the  position  and 
velocity  at  time  t,  we  have 

Xi(t  +  e)  =  *,(0  +  evt(t)  +  \e2ai(t)  +  •  •  •  , 

Vi(t  +  e)  =  vt(t)  +  eai(t)  +  ±e2ji(t)  +  •••.  (6) 

J 

Here  x  is  the  position,  v  is  the  velocity,  a  is  the  acceleration  and  j  is  the  rate  of  change  of 
acceleration,  and  the  subscript  is  used  to  identify  the  particle.  We  can  use  the  equation  of 
motion  to  express  acceleration  and  the  higher  derivatives  of  position  in  terms  of  positions 
and  velocities.  Therefore,  in  principle,  we  can  find  the  new  position  and  velocity  with 
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arbitrary  accuracy.  However,  such  a  scheme  is  not  very  practical  from  the  computational 
point  of  view  as  it  requires  an  infinite  series  to  be  summed.  A  more  practical  method 
consists  of  truncating  the  series  at  some  point  and  using  sufficiently  small  time  steps  to 
ensure  the  required  level  of  accuracy.  To  illustrate  this  point,  let  us  consider  terms  up  to 
first  order  in  the  above  series,  we  get 


Xi(t  +  e)=xi(t}  +  evi(t)+0(c).  (7) 

This  is  the  Euler's  method  of  solving  differential  equations  and  the  error  in  the  solution  is 
of  order  e2.  Thus  choosing  a  smaller  time  step  leads  to  smaller  error  in  each  step. 
However,  the  number  of  steps  required  to  integrate  over  a  given  interval  in  time  is 
inversely  proportional  to  the  time  step  so  that  the  overall  error  changes  only  linearly  with 
step  size. 
Let  us  consider  terms  up  to  e2  in  order  to  device  a  more  accurate  integrator. 

=  Xi(t]  +  evi(t]  +  \^ai(t)  +  O(e3), 

=  Vi(t)  +  eai(t)  +  ffi(t)  +  0(e3).  (8) 

This  equation  contains  the  rate  of  change  of  acceleration  and  therefore  is  not  very  useful 
in  this  form.  To  simplify  these  equations  without  losing  accuracy,  let  us  specify  j  as 


This  reduces  the  above  equations  to  the  following  form 
Xi(t  +  e)  =  Xi(t)  +  evi(t)  +  \e2ai(t)  +  O(e3), 

vt(t  +  e)  =  vi(t)  +  1  (fl,-(f)  +  ai(t  +  e))  +  0(e3).  (10) 

This  method  can  be  used  for  velocity  independent  forces  and  is  identical  to  the 
Leap-Frog  method.  The  standard  Leap-Frog  method  involves  updating  the  velocity 
and  position  at  an  offset  of  half  a  step.  To  see  the  equivalence  of  the  above  equations 
and  the  Leap-Frog  method  let  us  consider  the  expressions  for  velocity  at  t  +  e/2  and 
t  -  e/2. 

v((t  +  e/2)  =  vt(t)  +  e-ai(t}  +l<?Mt)  +  0(e3), 

Z  o 

vt(t-c/2)  =  vt(t)  -e-ai(t]  +  l-e2ji(t)  +  0(e3).  (11) 

L  o 

These  two  equations  can  be  combined  to  give 

vf(t  +  e/2)  =  Vi(t  -  e/2)  +  ea^t]  +  0(e3).  (12) 

We  can  also  use  the  expression  for  velocity  at  (t  -f  e)  to  write 

Xi(t  +  e)=  *,-(*)  +  evt(t  +  e/2)  -f  ()(<?}.  (13) 

166  Pramana  -  J.  Phys.,  Vol.  49,  No.  2,  August  1997 


Cosmological  N-body  simulations 

These  two  equations  can  now  be  combined  to  give  the  Leap-Frog  method 

xi(t  +  e)  =  xi(t}  +  eui(t  4-  e/2)  +  6>(e3), 
u,-(f  +  3e/2)  =  vi(t  4-  e/2)  +  ea;(?)  +  0(e3).  (14) 

This  is  called  the  Leap-Frog  method  as  it  updates  velocities  halfway  between  the  step 
that  is  used  to  update  the  position.  For  velocity  dependent  forces  these  methods  have  to  be 
modified  into  a  predictor-corrector  form. 

It  is  possible  to  improve  the  accuracy  by  using  integrators  that  retain  more  terms  in  the 
Taylor  series  expansion.  However  most  of  these  schemes  require  many  evaluations  of 
force  for  each  step  making  them  computationally  uneconomical. 

2.3  Choosing  the  time  step 

The  time  step  for  integrating  the  equation  of  motion  can  be  chosen  in  many  ways.  In  all  of 
these  methods  one  defines  a  suitable  criterion  (like  energy  conservation)  and  then  obtains 
the  largest  time  step  that  will  satisfy  the  requirement.  Following  is  a  list  of  possible 
criteria: 

*  Monitoring  validity  of  Irvine-Lay  zer  equation.  This  is  done  by  integrating  the  Irvine- 
Lay  zer  equation  [12,  13,  14] 

T+U+  f  —  (2r+E/)  =  C  (15) 


and  monitoring  the  constant  C.  Variation  in  C  with  respect  to  total  energy  T  +  U 
can  be  used  as  an  indicator  of  non  conservation.  (This  is  normally  done  with  a 
different  form  of  this  equation  so  that  only  the  kinetic  or  the  potential  energy  term 
contributes  to  the  integral  [6]).  In  schemes  where  the  force  is  computed  at  mesh  points 
and  then  interpolated  to  particle  positions  the  force  at  the  particle  position, 
f  (x)  7^  —  Vx^o,  i.e.,  the  force  does  not  equal  the  gradient  of  potential  at  a  point. 
This  leads  to  an  apparent  non  conservation  of  energy.  If  we  include  a  correction  term  in 
the  energy  equation  to  account  for  this  fact  [6]  then  it  can  be  shown  that  it  is  possible  to 
improve  conservation  of  energy.  This  correction  involves  a  direct  sum  over  all  pairs  of 
particles  and  is  therefore  an  almost  impossible  task  to  implement  for  a  simulation 
with  a  large  number  of  particles.  Thus  this  is  not  a  practical  method  of  deciding  the 
time  step. 

Convergence  of  final  positions  and  velocities.  If  we  evolve  the  trajectories  of  a  set  of 
particles  with  different  time  steps,  then  we  expect  the  final  positions  and  velocities  to 
converge  towards  the  correct  value  as  we  reduce  the  time  step.  This  can  be  used  to 
decide  the  time  step. 

Reproducibility  of  initial  conditions.  This  is  a  more  stringent  version  of  the  test 
outlined  above.  This  method  ensures  that  the  solution  we  get  is  correct  and  errors  are 
not  building  up  systematically.  If  we  run  the  particles  forward  and  then  back  again  we 
should  in  principle  get  back  the  initial  positions.  Although  we  ignore  the  decaying 
mode  while  integrating  trajectories  forward  in  time,  it  tends  to  dominate  if  we  evolve 
the  system  in  the  opposite  direction.  We  can  overcome  this  difficulty  by  not  evolving 
the  potential  during  this  test. 
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Table  1.  This  table  lists  the  values  of  t  used 
in  forward  and  backward  integration  of 
trajectories  of  a  set  of  particles  in  an  external 
potential  and  the  corresponding  error  in 
recovering  the  initial  conditions.  Here  we 
have  used  one  grid  length  as  the  unit  of  length. 


0.1  5.4  x  1(T4 

0.05  7.3  x  10'5 

0.02  3.5  x  10'5 

0.01  1.2xlO~5 

0.005  5.3  x  10~6 


We  find  the  last  test  to  be  the  most  stringent  one  and  we  use  it  to  fix  the  time  step  for  an 
arbitrary  potential  by  the  following  construct.  Consider  an  arbitrary  potential  ip  which  has 
the  maximum  value  of  the  magnitude  of  its  gradient  as  gmax  =  |V^|max.  We  can  write  the 
equation  of  motion  eq.  (5)  for  a  small  interval  A#  as 

e         24  ' 


Here  we  have  used  e  to  represent  the  largest  displacement  in  time  A0.  We  have 
specialized  to  fio  =  1  in  writing  the  above  equation.  In  which  case,  9  =  —2/^/a.  For  a 
given  value  of  e  we  can  fix  the  time  step  as 

(17) 

We  can  use  the  test  mentioned  above  to  fix  the  value  of  e.  Table  1  lists  a  few  values  of  e 
and  (AjOrms  for  a  CDM  simulation  [box  size=  64  h"1  Mpc]  with  643  particles  in  a  643 
box.  The  system  was  evolved  from  a  -  0.02  to  0.25  and  then  back  to  a  =  0.02.  We  use 
e  =  0.005  for  our  simulations  as  we  find  the  error  in  this  case  to  be  acceptable. 


3.  Calculating  the  force 

An  N-body  code  solves  the  equation  of  motion  and  the  Poisson  equation  in  a  self- 
consistent  manner.  Therefore,  moving  the  particles  and  computing  the  force  for  a  given 
distribution  of  particles  are  the  two  most  important  components  of  an  W-body  code.  In. 
this  section  we  will  discuss  computation  of  force  at  mesh  points  for  a  given  distribution  of 
particles.  For  simplicity  we  shall  assume  that  all  the  particles  have  the  same  mass. 
Generalization  to  particles  with  different  masses  is  not  difficult  but  can  strain  the 
resources  like  RAM.  (Setting  up  initial  conditions  for  simulations  that  have  particles  with 
different  masses  is  much  simpler  than  setting  up  initial  conditions  for  simulations  that  use 
particles  with  equal  mass.  See  §  4  for  details.) 

In  particle  mesh  codes  the  force  at  the  particle  position  can  be  computed  from  the 
potential  defined  at  mesh  points  in  two  ways.  These  are: 
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Energy  conserving  schemes:  The  force  is  computed  at  particle  positions  by  using  the 
gradient  of  the  interpolating  function 


f(x)  =  -VxwfoxMx/)    .  (18) 


The  sum  is  over  all  the  mesh  points.  An  additional  requirement  is  that  the  same 
interpolating  function  W  should  be  used  to  compute  the  density  field  on  the  mesh  from 
the  distribution  of  particles.  These  are  called  energy  conserving  schemes  as  the  force 
and  gravitational  potential  are  related  to  each  other  as  f(x)  =  —  Vx^(x). 
Momentum  conserving  schemes:  The  force  is  computed  on  the  mesh  and  then 
interpolated  to  the  particle  position. 

(x,x,-)V^(x/).  (19) 

Momentum  conserving  schemes  also  require  the  same  interpolating  function  to  be  used 
for  computing  density  field  on  the  mesh.  It  can  be  shown  that  in  these  schemes  the 
force  due  to  the  rth  particle  on  they'th  particle  is  same  as  the  force  due  toj'th  particle  on 
the  z'th  particle  (f,y  =  —  f//).  This  clearly  is  a  necessary  condition  for  momentum 
conservation. 

Use  of  mesh  leads  to  anisotropy  in  force  at  scales  comparable  to  the  mesh  size.  A  simple 
method  for  limiting  these  anisotropies  is  to  choose  a  configuration  that  leads  to  a  softer 
force  at  the  mesh  scale.  Collisionless  evolution  also  requires  the  force  to  drop  rapidly 
below  the  average  inter-particle  separation  [9].  We  choose  to  work  with  the  momentum 
conserving  schemes  as  these  lead  to  a  softer  force  at  small  scales  in  comparison  with  the 
energy  conserving  schemes. 

The  algorithm  for  computing  force  at  particle  positions  involves  the  following  major 
steps. 

Computing  the  density  field:  Mass  of  particles  is  assigned  to  mesh  points  by  using  an 
interpolating  function.  Density  contrast  is  calculated  from  this  'mass  field'  by  using  the 
definition 

,-«-!.  (20) 

Here  M  is  the  average  mass  per  mesh  point.  Fast  Fourier  transform  technique  is  used  to 
compute  the  Fourier  components  of  density  contrast. 

Solving  the  Poisson  equation:  The  Poisson  equation  is  solved  in  Fourier  space.  The 
FFT  can  be  used  to  compute  the  gravitational  potential  on  the  mesh. 
•  Computing  the  force:  The  gravitational  force  equals  the  negative  gradient  of  the 
gravitational  potential,  therefore  the  next  step  in  algorithm  is  computing  the  gradient  of 
potential.  This  can  be  done  either  in  Fourier  space  or  in  real  space  by  using  some 
scheme  for  numerical  differentiation.  Force  at  the  particle  positions  is  computed  by 
interpolation  from  the  mesh  points. 

In  the  following  subsections  we  will  discuss  each  of  these  steps  in  greater  detail. 
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3.1  Computing  the  density  contrast 

Smoothing  [interpolating]  functions  are  used  to  assign  mass  to  the  lattice  points  for  a 
given  configuration  of  particles.  This  is  done  by  computing  the  following  sum  for  every 
mesh  point. 

Af(xf)=     ][)    MparticleW(x,x;0.  (21) 

all  particles 

Here  Xj  are  the  co-ordinates  of  mesh  points,  x  are  the  coordinates  of  particles  and  W  is 
the  interpolating  function.  As  we  have  assigned  same  mass  to  all  the  particles  we  can 
scale  the  mass  at  mesh  sites  with  the  particle  mass. 

Density  contrast  is  computed  from  the  mass  defined  at  mesh  points  by  using  eq.  (20). 
FFT  is  then  used  to  compute  its  Fourier  transform. 

The  smoothing  function  W  should  satisfy  certain  algebraic,  computational  and  physical 
requirements. 

«  The  sum  of  weights  given  to  lattice  points  should  equal  unity.  The  interpolating 
function  should  be  continuous  and  preferably  differentiable  as  well. 

•  The  smoothing  function  should  be  peaked  at  small  separations  and  should  decay 
rapidly  at  large  separations.  The  smoothing  function  should  have  the  smallest  possible 
base,  i.e.,  the  number  of  lattice  separations  over  which  it  is  non-zero  should  be 
small.  The  number  of  arithmetic  operations  required  for  interpolation  is  proportional 
to  the  cube  of  the  number  of  lattice  cells  over  which  the  interpolating  function  is 
non-zero. 

•  The  interpolating  function  should  be  isotropic. 

It  is  clear  that  we  cannot  satisfy  all  these  criteria  fully  and  at  the  same  time  and  therefore 
we  have  to  consider  a  compromise  solution.  The  first  simplification  that  is  made  is  to 
break-up  the  three  dimensional  interpolating  function  into  a  product  of  three  one 
dimensional  interpolating  functions.  This  reduces  the  complexity  of  the  problem  but  also 
implies  that  the  interpolating  function  cannot  be  manifestly  isotropic. 

These  considerations,  and  the  above  mentioned  simplifying  assumption  then  leads  to 
the  following  set  of  interpolating  functions. 

•  Nearest  grid  point  (NGP):  This  is  the  simplest  interpolating   function.   In  this 
assignment  scheme  all  the  mass  is  assigned  to  the  nearest  grid  point 

fl     (for|jc-jct-|<L/2) 

WM  =  \  '         "  -    '  }  (22) 

0      forx- 


where  L  is  the  grid  spacing.  This  clearly  satisfies  the  algebraic  condition  that  the  sum 
of  weights  should  equal  unity.  However,  this  function  is  neither  continuous  nor 
differentiable.  The  leading  term  in  the  error  in  force  of  a  point  mass  computed  using 
this  mass  assignment  has  a  dipole-like  behaviour. 

•  Cloud  in  cell  (CIC):  This  is  the  most  commonly  used  interpolating  function.  Linear 
weights  are  used  and  mass  is  assigned  to  the  two  nearest  grid  points.  The  function  is 
continuous  but  not  differentiable. 
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1   —  Ir  —  r-l  IT        (for  Ir  —  r-l  <  f\ 
i  —  \Ji  —  J^i\i LJ        \^L\Jl    |A  —  Jtn   ^-  Ljj 

0  (for  \x-X{  >L). 


(23) 


Triangular  shaped  cloud  (TSC):  The  third  function  we  wish  to  discuss  is  a  quadratic 
spline  that  is  continuous  and  also  has  a  continuous  first  derivative.  In  this  case  the  mass 
is  distributed  over  three  lattice  points  in  each  direction 


W(x,xt)  = 


31 


0 


(for  Ax  <  L/2) 

(for  L/2  <  A*  <  3L/2) 
(for  3L/2  <  AJC) 


(24) 


Here  Ax  =  \x  —  X{\  is  the  magnitude  of  separation  between  the  particle  and  the  mesh 
point.  This  function  satisfies  the  requirements  from  the  physical  point  of  view  but  it  is 
generally  considered  expensive  from  the  computational  point  of  view. 

It  is  obvious  that  these  smoothing  functions  become  more  and  more  computationally 
intensive  as  we  go  for  a  larger  base.  All  the  functions  described  above  satisfy  the  essential 
algebraic  requirements,  so  that  the  final  choice  is  a  compromise  between  the  accuracy  of 
the  force  field  obtained  using  these  and  the  computational  requirements.  However,  we  do 
not  go  beyond  TSC  as  the  base  becomes  very  large  and  the  transverse  error  in  force 
becomes  unacceptably  large. 

Figure  2  compares  these  smoothing  functions  in  a  realistic  situation.  We  have  plotted 
the  average  weight  assigned  to  a  point  that  is  at  a  distance  r  from  the  mesh  point  of 
interest.  The  curve  in  each  of  the  panels  shows  the  average  weight  where  the  average  is 
computed  over  all  directions  [0,  <f>]  while  keeping  r  fixed.  The  vertical  bars  show  the  rms 
dispersion  about  this  average  to  depict  the  level  of  anisotropies  in  each  of  these  functions. 
It  is  clear  that  TSC  is  the  most  isotropic  of  these  functions  and  CIC  is  a  'reasonable' 
compromise  between  isotropy  and  computational  requirements.  We  will  use  the  TSC 
smoothing  function  in  the  TV-body  code  for  all  applications. 


3.2  Solving  the  Poisson  equation 


The  equation  we  wish  to  solve  is 
_o  ,      6 


(25) 


This  equation  is  to  be  solved  with  periodic  boundary  conditions.  In  particle  mesh  codes 
the  equation  is  solved  in  the  Fourier  space.  To  solve  this  equation  with  periodic  boundary 
conditions  we  must  ensure  that  only  the  harmonics  of  the  fundamental  wave  number 
kf  =  27T/NL  contribute  to  the  function.  (NL  is  the  size  of  the  simulation  box.)  This  type  of 
sampling  of  k  space  is  also  required  by  the  fast  Fourier  transforms.  Therefore  as  long  as 
we  use  FFT  for  computing  Fourier  transforms  the  correct  boundary  conditions  are 
automatically  incorporated. 
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(a). 


NGP 


0,5 


(0. 


Figure  2.  This  figure  shows  the  weight  assigned  to  a  point  that  is  at  a  distance  r  from 
the  mesh  point  of  interest.  The  curve  in  each  of  the  panels  shows  the  average  weight 
where  the  average  is  computed  over  all  directions  [0, 0],  keeping  r  fixed.  The  vertical 
bars  show  the  rms  dispersion  about  this  average  to  depict  the  level  of  anisotropies  in 
these  functions. 


172 


Pramana  -  J.  Phys.,  Vol.  49,  No.  2,  August  1997 


Cosmological  N-body  simulations 

Two  types  of  Green's  functions  are  commonly  used  for  solving  the  Poisson  equation  in 
Fourier  space.  These  are 

«  Poor  man  's  Poisson  solver.  This  method  uses  the  continuum  Green's  function 


-.  (26) 

The  main  advantage  of  this  is  that  it  is  the  true  Green's  function.  Also,  it  is  isotropic  by 

construction. 

Periodic  Green's  function:  An  alternative  is  to  substitute  Fourier  transform  of  a 

discrete  realization  of  the  Laplacian.  A  Green's  function  derived  in  this  manner  tends 

to  increase  power  at  small  scales  and  leads  to  larger  anisotropies  in  the  force  field.  A 

commonly  used  Green's  function  of  this  class  is 

L2 
^  '  ~  ~  4[sin2  kxL/2  +  sin2  kyL/2  +  sin2  kzL/2]  '  * 

Here  L  is  the  grid  spacing  and  equals  unity  in  the  units  that  we  are  using  here.  This 
Green's  function  is  invariant  under  the  transformation  kx  —  >  kx  +  2-rr.  All  FFT  routines 
use  such  a  transformation  to  rearrange  wave  modes  for  ease  of  manipulation  (see 
§3).  Therefore  this  Green's  function  is  easier  to  implement  as  compared  to  the 
continuum  version  as  one  does  not  have  to  worry  about  the  rearrangement  of  wave 
modes.  The  main  disadvantage  of  this  Green's  function  is  that  it  is  anisotropic  at  small 
scales. 

We  have  plotted  the  two  Green's  functions  in  figure  3.  Like  figure  2  the  curve  here 
shows  the  average  over  angular  coordinates  for  any  value  of  k  =  |k|.  The  vertical  bars 
show  the  rms  dispersion  about  this  average  and  are  an  indicator  of  anisotropy.  It  is  clear 
from  this  figure  that  the  periodic  Green's  function  enhances  power  at  small  scales, 
beyond  the  true  value,  and  also  introduces  some  anisotropy  in  the  potential. 

We  compared  these  two  Green's  functions  by  solving  the  Poisson  equation  for  the 
density  contrast 


The  solution  to  the  Poisson  equation  for  this  source  can  be  obtained  analytically  and  the 
potential  is 

A        f      r2  1  ' 
ib  =  —  exp =•   +  const.  "  (29) 

r    a     L  2crJ 

We  solved  the  Poisson  equation  numerically  using  the  two  Green's  functions  defined 
above  on  a  643  mesh.  We  computed  the  rms  deviation  from  the  true  solution  in  each  case 
for  a  large  range  of  values  for  a.  The  result  of  this  analysis  is  presented  in  figure  4  that 
shows  the  error  as  a  function  of  a.  This  curve  clearly  shows  that  the  periodic  kernel 
introduces  more  error  than  the  poor  man's  Poisson  solver. 
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Figure  3.  This  figure  shows  the  two  Green's  functions  described  in  the  text.  Upper 
panel  shows  the  continuum  Green's  function  and  the  lower  panel  shows  the  Green's 
function  derived  from  discrete  representation  of  the  Laplacian.  Curves  in  each  panel 
show  the  average  of  G(k)  over  angular  coordinates  for  any  value  of  k  =  |k|.  The 
vertical  bars  show  the  rms  dispersion  about  this  average  and  are  an  indicator  of 
anisotropy. 


3.3  Computing  the  gradient  of  gravitational  potential 

Numerical  differentiation  is  used  to  compute  the  force  [— V-0]  on  the  mesh.  The 
gravitational  potential  -0  is  also  defined  on  the  mesh.  Interpolation  is  used  to  compute  the 
force  at  the  particle  position. 

Here  we  will  discuss  three  most  commonly  used  methods  for  computing  the  gradient  of 
potential  in  W-body  codes. 

«  The  most  accurate  and  fastest  method  for  computing  derivatives  uses  fast  Fourier 
transforms.  The  Fourier  components  of  force  are  computed  directly  from  the  Fourier 
components  of  gravitational  potential.  Only  possible  source  of  errors  here  is  the  FFT 
routine  itself.  The  FFT  routine  used  here  gives  an  error  of  about  10~4  %  for  Fourier 
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6  =  (x8A4  -  3/cr2)  *  exp[-x2/2a2] 


Figure  4.  This  figure  shows  the  rms  error  in  solving  Poisson  equation  as  a  function 
of  the  parameter  <r  defined  in  the  text.  The  dashed  line  shows  the  error  for  the  periodic 
kernel  whereas  the  thick  line  shows  the  error  for  the  poor  man's  Poisson  solver.  The 
comparison  was  carried  out  on  the  grid  so  as  to  avoid  mixing  errors  in  solving  the 
equation  with  errors  introduced  by  interpolation  etc. 


transforming  a  sine  wave  in  a  643  box.  (This  error  was  estimated  by  comparing 
numerical  values  of  Fourier  components  with  their  expected  value.) 
The  expression  for  Fourier  transform  of  a  derivative  is 

/;  =  -*/*•  (30) 

The  simplest  method  for  computing  the  derivative  in  real  space  is  the  mid  point 
rule. 


2h 


0(h2). 


The  equivalent  expression  for  computing  the  derivative  on  the  mesh  is 


dn 


(31) 


(32) 


For  an  individual  sine  wave,  the  fractional  error  varies  as  k2  for  small  k.  Here,  as  for 
every  operation  in  cosmological  simulations,  periodic  boundary  conditions  are  used  to 
compute  the  derivative  near  the  edges. 

It  is  possible  to  construct  a  more  accurate  formula  by  using  the  method  of 
undetermined  coefficients  (see  for  example  [15]).  A.  five  point  formula  for  differentia- 
tion that  gives  fractional  errors  proportional  to  k4  for  small  k  is 


df  =f(x  -  2h]  -f(x  +  2/Q 
dx 


•8(f  (*  +  *)-/(*-*)) 


I2h 


0(h5}. 


(33) 
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b    ^ 


Figure  5.  This  figure  shows  mis  error  in  numerical  differentiation.  We  differentiated 
sine  waves  with  frequencies  kx)ky  and  kz  where  &,-  =  2-KJXi.  We  then  compared  the 
numerical  result  with  its  analytical  counterpart  to  obtain  an  estimate  of  error.  We  have 
plotted  the  error  as  a  function  of  x  =  2-n/(k^  +  k*  +  ^)1//2.  Dashed  line  shows  error 
for  the  five  point  formula  and  the  thick  line  shows  error  for  the  mid  point  rule. 
Horizontal  dot-dashed  lines  show  the  10%  and  the  5%  error  level.  This  error  analysis 
was  carried  out  in  a  643  box. 


Table  2.  This  table  lists  the  scale  at  which  error  in 
differentiation  crosses  the  5%  and  10%  level  for  the  mid- 
point and  the  five  point  methods.  A  comparison  of  these 
values  suggests  that  the  five  point  method  is  more  robust 
and  less  error  prone  of  the  two. 


Method 

5%  error  (k,t) 

10%  error  (fc,  /) 

Mid  point 
Five  point 

0.7,  9.0 
1.4,  4.5 

1.0,  6.3 
1.7,  3.7 

This  translates  into  the  following  expression  for  a  uniformly  spaced  grid: 
df  _/(n-2)-/(n  +  2)  +  8(f (n  +  1)  -f(n  -  1)) 


dn 


12 


(34) 


To  compare  these  methods  we  studied  the  variation  of  relative  error  for  sine  waves  as  a 
function  of  frequency.  We  computed  the  numerical  derivatives  of  a  set  of  sine  waves  in  a 
643  box  and  compared  these  with  the  analytical  results.  We  have  plotted  the  root  mean 
square  error  as  a  function  of  the  inverse  of  wave  number  x  =  2ir/k  in  figure  5.  Dashed 
line  shows  error  for  the  five  point  formula  and  the  thick  line  corresponds  to  the  mid  point 
rule.  It  is  clear  from  these  curves  that  the  five  point  formula  is  far  more  accurate  than  the 
mid  point  rule. 
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1  (a) 
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Figure  6.  This  figure  shows  the  error  in  force  of  one  particle.  The  left  panel  shows 
the  root  mean  square  dispersion  in  the  radial  force.  The  right  panel  shows  corres- 
ponding curves  for  the  transverse  component  of  force.  The  thick  line  shows  the  error 
for  TSC  interpolating  function,  the  dashed  line  for  CIC  and  the  dot-dashed  line 
corresponds  to  NGP.  In  these  panels  the  potential  was  computed  using  the  poor  man's 
Poisson  solver  and  the  gradient  of  the  potential  was  computed  in  the  Fourier  space.  In 
these  panels  the  Poisson  equation  was  solved  using  the  periodic  Green's  function  and 
the  mid  point  formula  was  used  for  computing  the  force.  Notice  that  the  CIC  and  TSC 
curves  converge  in  this  case  indicating  that  the  error  is  dominated  by  some  other 
component. 
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We  have  listed  in  table  2  the  wave  number  at  which  the  average  error  crosses  some 
thresholds  for  these  two  formulae. 

3.4  Tests  of  force  calculation 

In  the  preceding  subsections  we  have  studied  the  steps  involved  in  computing  the 
force  field  for  a  given  distribution  of  particles.  For  each  step  we  discussed  alternate 
methods  of  computing  the  required  quantity  and  also  discussed  their  relative  merits. 
We  shall  now  discuss  the  errors  in  computing  the  force  field  for  one  particle.  We 
will  use  many  combinations  of  individual  components  like  the  interpolating 
function,  Green's  function  and  the  differentiator  and  compare  the  errors  for  each 
combination. 

To  compute  the  error  we  placed  a  particle  at  a  random  position  in  a  given  lattice  cell 
and  computed  force  due  to  this  at  a  fixed  distance  r  in  many  directions  to  obtain  the 
average  force.  We  also  computed  the  rms  dispersion  about  the  average.  This  process  was 
repeated  for  one  hundred  positions  of  the  particle  in  the  lattice  cell.  Errors  in  this  force 
were  computed  by  comparing  with  the  true  1/r2  force  expected  in  such  a  situation.  The 
error  was  split  into  two  parts:  transverse  and  radial.  The  results  of  this  study  may  be 
summarized  as  follows: 

•  The  average  force  deviates  very  little  from  the  true  force  for  distances  larger  than  one 
grid  length  [r  >  L]  for  almost  all  combinations  of  components. 

•  The  root  mean  square  dispersion  about  the  average  can  be  large  for  some  combinations 
of  components. 

•  Smallest  rms  dispersion  is  obtained  for  the  combination  of  TSC,  poor  man's  Poisson 
solver  and  numerical  differentiation  in  Fourier  space. 

•  The  combination  of  CIC,  periodic  kernel  and  mid  point  differentiation  also  gives  small 
errors.  Surprisingly  the  errors  in  CIC  and  TSC  (other  components  remaining  the  same) 
converge  at  scales  larger  than  the  grid  size.  This  clearly  indicates  that  the  error  is 
dominated  by   some   other  component,   probably   the  mid-point  differentiation. 
(Convergence  disappears  when  five  point  formula  or  differentiation  in  Fourier  space 
is  used.) 

To  elucidate  some  of  the  points  made  above  we  have  plotted  the  radial  and  transverse 
error  for  the  two  combinations  of  components  mentioned  in  the  last  two  points.  Figure  6 
shows  that  the  error  is  minimum  for  TSC  amongst  the  three  interpolating  functions 
in  all  the  cases.  Other  points  mentioned  in  the  above  discussion  are  also  brought 
out  clearly  in  these  panels.  We  will  use  the  combination  of  TSC  interpolating  function 
and  the  poor  man's  Poisson  solver.  We  will  compute  the  gradient  of  potential  in  the 
Fourier  space. 

4.  Fast  Fourier  transforms 

In  previous  sections  we  discussed  methods  used  for  moving  the  particles  and  the  steps 
involved  in  computing  the  force  in  TV-body  simulations.  We  mentioned  that  fast  Fourier 
transforms  are  used  for  computing  the  Fourier  transforms  and  play  a  vital  role  in  reducing 
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expression  for  the  Fourier  transform  and  reduce  it  to  the  form  in  which  it  is  processed  by 
the  FFT.  For  details  of  the  FFT  techniques  we  refer  the  reader  to  any  standard  book  on 
numerical  analysis  [15,  16]. 

For  simplicity  we  will  work  in  one  dimension  in  this  section.  However  we  will  write 
the  d  dimensional  generalization  of  the  main  result.  Consider  a  function  f(x)  that  has  the 
Fourier  transform  g(k}.  Then  we  may  write 

°°  Ak 

«-*We-fa.  (35) 


It  is  not  possible  to  use  computers  to  integrate  arbitrary  functions  over  an  infinite  range  in 
finite  time.  The  integral  is  thus  truncated  at  some  finite  fcmax-  This  truncation  is  possible 
only  for  those  functions  for  which  the  integral  over  \k\  >  &max  is  sufficiently  small.  Thus 
the  integral  to  be  evaluated  becomes 


/W^/        5-^)6-*.  (36) 

J -k        ^ 

This  integral  is  evaluted  in  the  form  of  a  summation  over  the  integrand 

t, 

k=-kmn  ^ 

where  the  function  is  sampled  at  intervals  of  Afc  in  this  interval.  For  a  constant  A/:,  this 
sampling  will  divide  the  range  —  kmax  to  kmax  in  N  intervals  where  N  —  (2fcmax/A£)  —  1. 
The  fast  Fourier  transforms  require  the  number  of  intervals  to  equal  an  integer  power  of  2, 
which  clearly  is  not  possible  for  the  above  range  if  we  are  to  sample  the  k  =  0  mode  as 
well.  It  is  possible  to  circumvent  this  problem  by  making  the  range  of  integration 
asymmetric.  We  add  one  extra  interval  after  fcmax  and  thus  make  the  number  of  intervals 
equal  to  an  even  number.  We  can  further  choose  kmax  and  A  k  to  ensure  that  N  is  an 
integer  power  of  two.  Thus  the  sum  may  be  written  as 

1 


£ 


i 

£(A*m)e"'Ate  (38) 


m=-JV/2+l 

The  boxsize  NL  =  2ir/Ak  defines  the  scale  over  which  the  function/(;c)  is  defined  apart 
from  its  periodic  copies.  Here  N  =  (2&max  +  A£)/Afc  =  2J  where  j  is  a  positive  integer. 
The  function  /(jc)  is  defined  on  a  regular  mesh  with  L  as  the  spacing  between  adjacent 
mesh  points.  This  allows  us  to  rewrite  the  previous  equation  as 

i  AT/2 


(39) 
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To  rewrite  this  in  the  form  used  by  the  FFT  algorithm  we  split  this  sum  into  two 
parts: 


N/2 

+  -1-Y  g(&km}e~i2™n/N.  (40) 

NL^-*^        ! 

m=0 

Changing  the  summation  index  in  the  first  sum  by  N[m  ->  m  +  TV]  and  dropping  a  2?r 
factor  in  the  phase,  we  obtain 


N/2 


These  terms  can  be  put  together  in  the  following  form 
1    N~l 

m=Q 

where  G(Afcm)  =  g(A£m)  for  m  <  N/2  and  G(Afcm)  =  g(&k(m  -  N})  for  m  >  N/2. 
From  here  it  is  clear  that  the  input  array  for  FFT  should  have  the  negative  wave  numbers 
after  the  positive  wave  numbers.  (This  can  also  be  interpreted  as  'periodicity'  in  k  space.) 
The  generalization  of  the  above  expression  to  d  dimensions  is 

,         N-l 
rr     T\  \   "'  /-"/A  i  ^^\^—i27rm..n/N  (A'^'\ 

f (nL)  = -T    >     GfAfcmje  '    .  (^^j 

J   \          '  / •*  vv  \a      /     j        \  f 


Here  G(m)  is  the  Fourier  transform  of  the  function  /(nL)  with  every  component 
m,-  >  N/2  replaced  by  m,-  —  N. 

If  an  FFT  routine  uses  a  different  normalization  then  the  input  array  must  be  rescaled  to 
get  the  correct  amplitude  for  the  function /(nL).  If  the  FFT  routine  uses 

-,     N-l 

/(nL)  =j-dY^  G(AJtm)e-'2'nn-n/'v)  (44) 

m=0 


then  we  must  scale  the  input  function  as  G^  =  G*  (l/NL}d.  This  scaling  is  not  important 
if  we  are  computing  both  the  forward  and  the  inverse  transform  as  the  overall 
normalization  must  be  same  for  all  FFT  routines.  This  scaling  becomes  relevant  only  in 
those  cases  where  we  are  transforming  a  given  quantity  only  once,  as  in  the  generation  of 
initial  potential. 

The  above  equations  establish  the  form  in  which  an  array  must  be  passed  to  the  FFT 
routines  in  order  to  compute  the  Fourier  transform. 


Cosmological  N-body  simulations 
5.  Setting  up  initial  conditions 

5.1  The  initial  density  and  velocity  field 

Af-Body  simulations  are  generally  started  from  fairly  homogeneous  initial  conditions,  i.e. 
the  density  contrast  is  much  smaller  than  unity  at  all  scales  that  can  be  studied  using  the 
simulation.  In  this  regime  we  can  use  linear  theory  to  compute  all  quantities  of  interest. 
In  linear  theory,  the  evolution  of  density  contrast  can  be  described  as  a  combination  of 
a  growing  and  a  decaying  mode.  We  can  write  the  solution  for  perturbations  in  an 
Einstein-deSitter  universe  as 

S(a)=cla  +  c2a-^2.  (45) 

We  can  evaluate  c\  and  c2  by  using  the  initial  conditions.  These  conditions  can  be  written 
in  terms  of  the  initial  velocity  field  and  the  initial  potential 


-V.u, 

Using  these  we  can  express  the  linear  solution  in  terms  of  the  initial  potential  and  the 
initial  velocity  field  as 

6(a)  =  [f  V2^in  -  f  V.UtaJa  +  f[V2^in  +  V.uin]fl-3/2.  (47) 


This  equation  suggests  that  for  a  system  in  growing  mode,  Uin  =  —  V^.  This  equation 
gives  us  the  density  contrast  at  each  point  in  terms  of  the  initial  gravitational  potential. 
(We  will  discuss  the  problem  of  generating  the  initial  potential  in  the  next  subsection.) 
Given  an  initial  potential  the  above  equation  suggests  two  schemes  for  generating  the 
initial  density  field.  These  are: 

«  The  particles  are  distributed  uniformly  and  their  masses  are  proportional  to  the  local 
value  of  density.  We  can  either  start  with  zero  velocities,  in  which  case  we  have  to 
increase  the  amplitude  of  ij}-in  by  a  factor  5/3  to  account  for  the  presence  of  decaying 
mode.  Alternatively  we  can  choose  to  put  the  system  in  the  growing  mode  and  assign 
velocity  Ujn  =  —Vip-m  to  each  particle.  One  major  drawback  of  this  method  is  that  an 
extra  array  containing  masses  of  particles  needs  to  be  stored  and  this  can  be  a  problem 
for  large  simulations. 

•  Starting  with  a  uniform  distribution  the  particles  are  displaced  by  a  small  amount,  say 
much  less  than  the  inter-particle  separation,  using  velocity  uin  =  —  V^in-  The  resulting 
distribution  of  particles  will  represent  the  required  density  field  if  the  initial 
distribution  did  not  have  any  inhomogeneities.  We  can  also  retain  the  initial  velocity 
field. 

Thus  the  main  requirement  from  initial  positions  of  particles  before  we  generate  the 
required  perturbation  is  that  the  distribution  of  particles  sample  the  potential  'uniformly.' 
Any  inhomogeneities  present  in  the  initial  distribution  will  combine  with  the  density 
perturbations  that  are  generated  by  displacing  particles  and  will  modify  the  initial  power 
spectrum. 
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One  obvious  solution  that  ensures  a  uniform  distribution  is  placing  particles  on  the 
grid.  This  generates  a  distribution  that  is  uniform  but  not  random.  An  additional  problem 
with  this  distribution  is  the  extreme  regularity  which  leads  to  shot  noise  at  Nyquist 
frequency  for  potentials  with  large  coherence  length  when  the  number  of  particles  is 
smaller  than  the  number  of  cells  in  the  mesh  (see  figure  7). 

Another  'obvious'  solution  is  to  put  particles  at  random  inside  the  simulation  box. 
This  distribution  is  uniform  but  it  has  VN  fluctuations  which  result  in  spurious 
clustering.  The  fluctuations  in  number  of  particles  in  a  cell  of  size  R  decrease  as 
I//?3/2  with  scale.  (Comparing  with  power  law  spectra  we  note  that  this  is  an  n  —  0 
spectrum.) 
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Figure  7a.  This  figure  shows  the  theoretical  power  spectrum  and  the  induced 
power  spectra,  linearly  extrapolated  to  a  —  1.  The  theoretical  power  spectrum  is 
shown  as  a  thick  line  and  the  power  spectrum  generated  by  displacing  the  particles 
is  shown  as  filled  squares  (for  simulations  with  1283  particles)  and  as  empty  circles 
(for  simulations  with  643  particles).  The  upper  panel  here  corresponds  to  the  power 
law  model  with  n  =  —  2  and  lower  panel  to  the  model  with  n  =  0. 
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Figure  7b.  These  panels  show  the  initial  power  spectra  for  models  with  Gaussian 
power  spectrum.  The  upper  panel  corresponds  to  a  Gaussian  power  spectrum  with 
peak  at  LO  =  8L  and  the  lower  panel  corresponds  to  a  spectrum  with  LQ  =  24L.  The 
secondary  peaks  at  small  scales  occur  at  the  harmonics  of  the  wavenumber 
corresponding  to  the  peak  of  the  initial  Gaussian. 


Apart  from  these  simple  minded  solutions  there  exist  (at  least)  two  other  distributions 
of  particles  which  may  be  used  for  the  initial  positions. 

The  Glass  initial  conditions  are  obtained  by  running  a  random  distribution  of  particles 
through  N-body  with  a  repulsive  force.  In  this  case  we  start  with  small  perturbations  and 
the  repulsive  force  leads  to  a  slow  decrease  in  the  amplitude  of  perturbations.  As  the 
perturbations  get  progressively  smaller  it  is  worthwhile  to  estimate  the  evolution  of 
inhomogeneities  using  linear  theory.  The  equation  for  evolution  of  perturbations  in  this 
case  is  same  as  the  standard  equation  for  linear  growth  of  perturbations  [17]  but  with  a 
source  term  that  has  an  opposite  sign.  This  leads  to  the  following  oscillatory  solution  with 
a  decaying  amplitude 
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(48) 


where  a  and  /5  are  constants  to  be  fixed  by  initial  conditions.  The  process  of  generating 
initial  conditions  can  take  a  long  time  for  a  large  number  of  particles.  However,  this  has  to 
be  done  only  once  and  the  data  can  be  stored  in  a  file  for  repeated  use. 

The  other  method  is  a  variant  of  the  grid  and  Poisson  initial  positions  mentioned  above. 
Here  particles  are  placed  in  lattice  cells  but  at  a  random  point  within  the  cell.  This 
removes  the  regularity  of  grid  without  sacrificing  uniformity.  The  number  fluctuation 
falls  faster  than  \fN  and  have  a  smaller  amplitude  even  at  the  smallest  scale.  The 
amplitude  of  fluctuations  can  be  controlled  by  reducing  the  amplitude  of  displacement 
about  the  mesh  point. 

After  the  initial  density  field  has  been  generated  the  initial  velocities  for  TV-body  can  be 
set  as  uin  =  -VV>in  if  we  want  the  system  to  be  in  the  growing  mode.  However, 
generation  of  density  field  from  the  initial  potential,  as  outlined  above  involves  many 
numerical  operations  that  modify  the  potential  at  scales  comparable  to  the  mesh  size.  A 
better  method,  for  consistency  of  density,  velocity  and  potential,  is  to  recompute  the 
potential  after  generating  the  density  field  and  set  the  velocities  with  the  recomputed 
potential  [6].  This  is  particularly  important  in  case  of  models  with  a  lot  of  small  scale 
power.  If  we  use  the  initial  potential  for  fixing  velocities  then  velocities  have  a  stronger 
small  scale  component  than  would  be  expected  from  the  density  field  that  has  been 
generated,  leading  to  inconsistency  in  the  input  configuration  for  TV-body.  Therefore,  we 
use  Ujn  =  —  Vi/>,  where  V2/0  =  8(a}/a  is  the  potential  generated  from  displaced 
distribution  of  particles. 

5.2  Initial  potential 

In  this  section  we  shall  outline  the  method  used  to  generate  the  initial  potential.  The  same 
method  can  also  be  used  to  compute  the  density  field  directly  if  the  initial  density  field  is 
to  be  generated  by  placing  particles  with  different  masses  on  the  mesh. 

In  most  models  of  structure  formation  the  initial  density  field  is  assumed  to  be  a 
Gaussian  random  field.  Linear  evolution  does  not  modify  the  statistics  of  density  fields 
except  for  evolving  the  amplitude.  As  the  potential  and  density  contrast  are  related 
through  a  linear  equation,  it  follows  that  the  gravitational  potential  -0  is  also  a  Gaussian 
random  field  at  early  epochs. 

A  Gaussian  random  field  is  completely  described  in  terms  of  its  power  spectrum.  The 
Fourier  components  of  a  Gaussian  random  field  (both  the  real  and  the  imaginary  part)  are 
random  numbers  with  a  normal  distribution  with  variance  proportional  to  the  power 
spectrum  of  the  random  field.  The  proportionality  constant  depends  on  the  Fourier 
transform  convention.  To  fix  this  constant  we  consider  the  probability  functional  for  a 
function  g  as 

"3k  ^  (49) 


(27r)3  Pg(k) 
Here  B  is  a  normalization  constant.  In  the  Fourier  tarnsfrom  convention  used  in  §3  this 
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equation  can  be  written  as 

n 

1        1 


(50) 


Thus  the  variance  of  the  real  and  imaginary  components  for  each  Fourier  mode  of  a 
Gaussian  random  field  should  equal 


(51) 


The  factor  of  2  takes  into  account  the  fact  that  both  the  real  and  the  imaginary 
components  share  the  variance.  Thus  the  function  g  may  be  written  as 


g(k]  =  (ak  +  ibk) 


(52) 


where  ak  and  bk  are  Gaussian  random  numbers  with  zero  mean  and  unit  variance. 

To  generate  the  gravitational  potential  we  substitute  the  gravitational  potential  fa  in 
place  of  g(k}  and  the  power  spectrum  with  the  power  spectrum  for  the  gravitational 
potential.  The  power  spectrum  for  the  gravitational  potential  is  P^(k,a)  =  Pg(k,a)/ 
(a2k4}  =PJJn(fl=  l,Jk)/Jk4.  Here  Pjjn(fl=  l,jfc)  is  the  linearly  extrapolated  power 
spectrum  of  density  fluctuations.  With  this,  we  can  write 


fa  =  (ak  + 


2k4 


(53) 


Here  we  have  taken  a(to)  =  1.  To  specialize  to  the  Fourier  transform  convention  used  in 
the  FFT  routine,  we  use  /  =  N[/2  (eq.  (44)).  This  implies 


fa 


1/2 


(54) 


Here  k  =  2mn/(NL).  If  Ps(k)  is  of  the  form  Aknf(k],  where/  is  a  dimensionless  function 
(it  may  be  the  transfer  function  or  a  cutoff  imposed  by  hand)  and  A  is  the  amplitude.  In 
the  units  we  are  using  here  L  =  1,  therefore 


2\N  J 
where  all  lengths  are  written  in  units  of  L. 


/Kr 


1/2 


(55) 


5.3  Testing  initial  conditions 

In  this  section  we  discuss  tests  of  the  initial  conditions  generated  by  the  method  outlined 
above.  We  will  compare  the  power  spectrum  of  density  perturbations  generated  by  this 
method  with  the  theoretical  power  spectrum  for  a  wide  range  of  models.  This  comparison 
was  carried  out  using  simulations  done  with  1283 'particles  in  a  1283  box.  To  study  the 
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effect  of  a  smaller  number  of  particles  we  also  studied  the  power  spectrum  for  a 
simulation  with  643  particles  in  a  1283  box.  We  use  the  following  models  for  this  purpose: 

«  Power  law  models  with  n  =  —2  and  n  =  0. 

•  A  Gaussian  power  spectrum  with  spread  crk  =  2n/NL  peaked  at  &0  =  2?r/Lo. 


This  model  was  studied  for  LQ  =  8  and  24. 

Models  outlined  in  the  first  item  have  power  at  all  scales  whereas  for  the  Gaussian  power 
spectrum  the  power  is  concentrated  in  a  narrow  range  of  scales.  This  tests  the  accuracy  of 
initial  condition  generation  for  the  two  extreme  classes  of  models. 

We  have  plotted  the  theoretical  power  spectrum  and  the  induced  power  spectra,  linearly 
extrapolated  to  a  =  1,  in  figure  7  for  the  models  listed  above.  The  theoretical  power 
spectrum  is  shown  as  a  thick  line  and  the  power  spectrum  generated  by  displacing  the 
particles  is  shown  as  filled  squares  for  simulations  with  1283  particles  and  as  empty 
circles  for  simulations  with  643  particles. 

The  simulated  power  spectrum  agrees  with  the  theoretical  power  spectrum  for  scales 
larger  than  about  5L  for  power  law  models.  In  this  range  the  power  spectrum  in 
simulations  with  different  number  of  particles  also  agrees  quite  well. 

In  case  of  Gaussian  power  spectrum  the  simulated  power  spectra  also  contain  some 
power  at  harmonics  of  the  main  peak,  i.e.,  at  scales  Lo/2,Lo/3,  etc.  The  Gaussian  at 
scale  LQ  is  reproduced  quite  well.  Simulations  with  643  particles  contain  spurious  noise 
around  the  Nyquist  scales.  Apart  from  this  difference  power  spectra  in  two  cases  agree 
quite  well. 

Simulations  with  643  particles  generally  have  more  noise  at  smaller  scales.  For 
hierarchical  models  this  is  essentially  shot  noise.  However  for  models  with  large  scale 
coherence  (as  in  case  of  Gaussian  power  spectrum  with  LQ  =  24L  or  n  =  —  2  power  law 
model)  this  can  lead  to  large  spurious  noise  at  the  Nyquist  scale.  This  can  be  understood 
in  terms  of  the  large  coherence  length  in  the  displacement  field  for  such  models,  which 
leads  to  a  sequence  of  alternately  filled  and  empty  cells.  This  contributes  to  the  excess 
noise  at  the  Nyquist  scale. 

The  theoretical  power  spectrum  is  reproduced  correctly  in  a  large  range  of  scales  for  a 
wide  variety  of  models.  Power  spectrum  at  scales  smaller  than  about  5L  does  not  match 
with  the  theoretical  power  spectrum  and  hence  results  in  this  regime  should  not  be  used  at 
early  times.  This  constraint  applies  to  all  types  of  W-body  codes  as  the  same  method  is 
used  to  generate  the  initial  conditions  for  all  types  of  W-body  codes.  This  constraint  does 
not  apply  at  late  times  as  the  power  at  small  scales  at  late  times  is  dictated  by  initial 
power  at  larger  scales  [18]. 


6.  Tests  of  N-body  code 

In  this  section  we  will  test  performance  of  the  N-body  code  as  a  whole.  We  will  compare 
the  evolution  of  gravitational  clustering  in  N-body  simulations  with  analytical  results. 
The  number  of  analytical  results  available  in  the  non-linear  regime  is  very  limited,  and 
hence  the  number  of  tests  is  also  very  small. 
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Table  3.  This  table  lists  the  errors  in  positions  and 
velocities  for  one  dimensional  collapse.  The  errors  are 
computed  by  comparing  with  Zel'dovich  approximation. 
The  errors  have  been  listed  for  three  different  initial 
perturbations,  the  first  column  contains  the  wave  number  (in 
units  of  the  fundamental  wave  number  kf  =  2TT/N)  of  the 
sine  wave  perturbation.  The  errors  were  computed  at  the 
time  of  first  shell  crossing  in  the  system.  The  N-body 
simulation  used  for  this  was  carried  out  using  643  particles. 


0.021 
0.048 
0.104 


0.034 
0.073 
0.138 


As  a  test  of  evolution  of  positions  and  velocities  we  can  compare  the  motion  for  a  one 
dimensional  collapse  before  shell  crossing  with  Zel'dovich  approximation  [19].  This  test 
was  suggested  by  Efstathiou  et  al  [6]  and  they  compared  the  positions  and  velocities  for 
such  a  collapse  with  the  corresponding  quantities  in  Zel'dovich  approximation.  They 
chose  a  sine  wave  along  one  of  the  coordinate  axes  as  the  initial  perturbation  in  potential. 
Recently  [9]  this  test  has  been  generalized  so  that  the  plane  wave  is  not  along  any 
coordinate  axis.  In  such  a  case  the  particles  can  approach  each  other  with  a  small  nonzero 
impact  parameter.  Monitoring  velocities  along  directions  perpendicular  to  the  perturba- 
tion provides  a  good  test  of  collisionless  evolution.  Collisionless  evolution  of  a  one 
dimensional  perturbation  cannot  induce  velocities  along  directions  orthogonal  to  the 
perturbation.  The  authors  find  that  particle  mesh  codes  are  the  only  ones  that  pass  this 
test.  P3M  and  tree  codes  can  also  provide  collisionless  evolution  if  the  softening  length  is 
of  the  same  order  as  the  inter  particle  separation. 

We  carried  out  this  test  with  one  dimensional  perturbation  along  the  x  axis.  The  results 
are  listed  in  table  3.  Here  we  have  tabulated  the  root  mean  square  error  in  displacement 
and  velocity.  These  are  defined  here  as 


'£,-(*- *f)3 


1/2 


1/2 


(56) 


The  table  lists  errors  for  three  wavenumbers.  In  each  case  we  have  given  the  error  at  the 
epoch  of  first  shell  crossing  in  the  system.  The  error  increases  with  the  wavenumber  of 
the  sine  wave  used  for  initial  potential  as  we  sample  a  given  wave  with  a  smaller  number 
of  particles  and  the  discretization  effects  become  more  important. 

The  above  test  checks  the  working  of  an  AM>ody  code  for  a  very  special  case.  In  a  more 
general  situation  it  is  difficult  to  compare  the  output  of  numerical  simulation  at  the  level 
of  positions  of  particles  and  only  a  statistical  comparison  is  possible.  We  will  use  the 
averaged  correlation  function  £  and  the  scaled  pair  velocity  h  [17]  for  testing  the  accuracy 
of  the  Af-body  code. 
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Figure  8.  This  figure  shows  h(a,  x.)  as  a  function  of  £(a,  x)  for  two  power  law  models 
(n  =  0  and  -1)  and  the  COM  model.  The  thick  line  depicts  the  relation  between  these 
quantities  in  linear  theory  and  the  results  from  simulations  are  shown  as  points.  All  the 
points  in  the  range  £  <  1  lie  along  the  line  with  little  dispersion. 


In  linear  regime  the  averaged  correlation  function  £  evolves  as  a2,  i.e., 
£(x,a)  =  (<r/£2)£(*>fli)-  In  addition  we  know  that  £  <  1  in  this  regime._These  can  be 
used,  along  with  the  pair  conservation  equation  [17]  to  show  that  h  =  2£/3  for  £  <;  1. 
This  equation  is  valid  for  all  models  in  linear  theory.  We  have  plotted  /i(a,  x)  as  a  function 
of  £(«,*)  in  figure  8.  We  have  plotted  the  line  corresponding  to  the  linear  theory  result 
and  have  shown  results  from  N-body  simulations  as  points.  We  used  simulations  of  power 
law  models  [n  =  0  and  -  1]  and  the  standard  COM  model  for  this  plot.  Points 
corresponding  to  different  simulations  have  been  shown  with  different  symbols.  All  the 
points  crowd  around  the  line  h  =  2£/3  in  the  linear  regime  with  little  dispersion.  The 
points  deviate  from  this  line  for  large  £  but  the  dispersion  between  different  models 
remains  small.  This  corresponds  to  an  approximate  'universality'  in  the  relation  between 
h  and  f  [20,  21]. 

Self-similar  evolution  of  £  for  power  law  models  [17]  can  be  used  to  test  correctness  of 
the  non-linear  evolution  of  gravitational  clustering.  In  figure  9  we  have  plotted  £(a,  x)  as  a 
function  of  x/_xni  for  the  n  =  0  power  law  model.  Here  *„/  is  the  scale  where  the  linearly 
extrapolated  £  is  unity.  This  scale  is  proportional  to  a2/3  for  the  n  =  0  power  law  model.  If 
the  evolution  is  self-similar  then  the  points  from  different  epochs  must  lie  along  a  single 
curve.  Figure  9  clearly  shows  that  the  evolution  of  averaged  correlation  function  follows  a 
self-similar  pattern  over  a  large  range  of  scales. 

The  last  test  we  consider  here  compares  the  averaged  correlation  function  for 
simulations  of  the  standard  CDM  model.  We  compare  I1/2  for  three  simulations  carried 
out  with  box  size  64,  128  and  256  h"1  Mpc.  Figure  10  shows  that  the  curves  match  in  the 
overlapping  region,  implying  that  the  numerical  simulation  is  not  introducing  any  scale  in 
the  non-linear  evolution  of  density  perturbations.  We  also  compare  these  curves  with  £1//2 
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Figure  9.  This  figure  shows  £(a,Jc)  as  a  function  of  x/xni  for  the  n  —  0  power 
spectrum.  The  points  have  been  plotted  for  two  epochs.  The  overlap  between  points 
clearly  shows  that  the  system  is  evolving  in  a  self  similar  manner.  The  dashed  line 
shows  the  linear  slope  of  the  averaged  correlation  functions. 


50 


Figure  10.  Comparison  of  simulations  at  different  scales.  This  figure  shows  £'/2  for 
three  CDM  simulations  done  with  box  size  of  64,  128  and  256  h~lMpc.  Matching  of 
curves  in  the  overlapping  region  shows  that  the  numerical  simulation  is  not 
introducing  any  artifacts.  The  dashed  line  shows  the  same  function  from  a  P3M 
simulation  by  Brieur  et  al  [3].  This  simulation  was  done  with  the  same  initial  power 
spectrum  but  a  different  realization  of  the  Gaussian  random  field  was  used.  The 
similarity  between  £  in  the  three  PM  simulations  and  the  P3M  simulation  shows  that 
the  non-linear  evolution  is  being  followed  in  the  same  manner  in  both  the  simulations. 
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obtained  from  a  different  simulation.  This  reference  simulation  was  done  by  Brieur, 
Summers  and  Ostriker  [3]  using  a  P3M  code  implemented  on  a  GRAPE  machine.  This 
simulation  was  done  with  the  same  theoretical  power  spectrum  but  using  a  different 
realization  of  the  initial  density  field.  The  two  types  of  simulations  being  compared  have 
virtually  nothing  in  common  as  far  as  the  implementation  of  the  mathematical  model  is 
concerned.  The  similarity  in  these  curves  implies  that  both  the  codes  are  evolving  density 
perturbations  in  the  same  manner. 

7.  Analysis  of  ]V-body  data 

In  this  section  we  will  outline  the  method  used  for  computing  the  correlation  function  and 
the  scaled  pair  velocity  [17]  from  simulation  data. 
The  averaged  pair  velocity  h  is  defined  as 

_  /a(dxf/dfl  -  dxj/da)  •  (x,-  -  x/)\ 
n\a,x)  —  (  2  ) 

\  (*-*/)  l¥j 

a(dx//da  -  dxy/da)  •  (x,-  -  x,) 

^                   (x-  -  x-12 
= -T^1 •  (57) 


In  this  equation  subscripts  label  particles  and  the  averaging  is  over  all  pairs  with 
separation  equal  to  x,  i.e.,  x2  =  (x,-  —  x/)2.  This  quantity  is  computed  from  simulation 
data  by  binning  the  pairs  by  pair  separation  x.  The  number  of  pairs  in  a  given  bin  as  well 
as  the  quantity  to  be  averaged  is  summed  for  each  pair  in  each  bin.  The  ratio  of  these 
quantities  for  each  bin  gives  the  value  of  h(a,x). 

The  correlation  function  was  defined  in  §  1 .4  as  the  Fourier  transform  of  the  power 
spectrum.  This  is  equivalent  to  the  following  definition 

>•/          \  tcf     \  c/     \\  I  I  /^r»\ 

C(a,x)  =  \o(y)6(z));     jc  =  |y  -  z|,  (58) 

where  the  average  is  over  all  pairs  of  points  with  separation  x  and  over  all  x  with  the 
same  magnitude.  This  can  be  rewritten  as 


-1 


Q(a)     g(a) 

Here  we  have  used  the  fact"  that  density  contrast  is  a  random  field  with  zero  mean.  We  can 
replace  the  densities  by  number  densities  and  the  product  of  number  densities  at  points 
separated  by  a  given  distance  by  the  number  of  pairs  with  that  separation.  With  this  the 
above  equation  reduces  to 

«M  =         -i,  (60) 


where  n(a,x]  is  the  number  of  pairs  with  separation  x  and  n  is  the  number  of  pairs  in  a 
uniform  distribution.  Therefore,  the  problem  is  again  reduced  to  computing  the  number  of 
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pairs  separated  by  a  given  distance.  This  is  done  by  dividing  the  range  of  x  into  small 
intervals  and  binning  the  pairs  into  these  intervals.  Similar  operation  is  required  for 
computing  the  scaled  pair  velocity,  therefore  the  binning  operation  for  computing  these 
quantities  can  be  combined  conveniently. 
We  can  obtain  an  expression  for  the  averaged  correlation  by  averaging  £. 


_fxdyn(y] 

~    rx   ,    _/    s  ~  1» 

J 


where  we  have  used  the  fact  that  the  average  number  of  pairs  with  a  given  separation  is 
proportional  to  the  square  of  the  separation  for  a  uniform  distribution  of  particles.  In  the 
discrete  realization  of  this  expression  the  integrals  over  number  of  pairs  are  replaced  by 
summation  over  bins.  Computationally  this  quantity  is  less  error  prone  than  the 
correlation  function.  As  for  large  separations,  the  number  of  pairs  in  a  given  bin  in  the 
simulation  output  approaches  the  number  of  pairs  for  a  uniform  distribution.  Subtracting 
two  nearly  equal  numbers  can  give  large  error.  However,  in  case  of  the  averaged 
correlation  function  the  excess  number  of  pairs  at  small  scales  is  carried  over  to  large 
scales  through  summation  over  all  smaller  scales.  And  in  general  the  ratio  (X^n)/(S^) 
is  larger  at  all  scales  in  comparison  with  n/n. 

8.  Discussion 

In  the  preceeding  sections  we  have  described  the  basic  mathematical  model  that  is 
implemented  in  particle  mesh  cosmological  /V-body  codes.  We  have  not  discussed  the 
P3M  codes,  tree  codes,  etc.  in  this  review  as  only  PM  codes  are  known  to  ensure 
collisionless  evolution  [9]  though  they  suffer  from  a  very  limited  resolution.  Other 
methods  improve  spatial  resolution  but  do  not  ensure  collisionless  evolution.  However, 
most  of  the  machinery  is  common  to  these  codes  and  many  of  the  results  can  be  carried 
over  to  these  codes.  Anyone  interested  in  using  our  Af-body  code  may  contact  the  authors. 
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Abstract.  In  this  communication,  we  investigate  the  behavior  of  the  derivatives  of  invariants  for 
Hamiltonian  systems,  using  information  derived  from  an  analysis  of  the  Liapunov  exponents  of  the 
system.  We  show  that  under  certain  conditions  on  the  analyticity  properties  of  the  solutions  of  the 
equations  of  motion,  it  is  possible  to  construct  In  invariants  of  motion  which  are  guaranteed  to  be 
C°°  as  functions  of  phase  space  and  time  in  a  suitably  defined  domain  D. 

Keywords.     Integrability;  Liapunov  exponents;  chaos;  Hamiltonian  systems. 

PACSNos    3.20;  2.40  i", 

»;•$ 
In  a  previous  paper  [1]  (referred  to  as  I  in  what  follows),  we  had  shown  that  an  analysis  of 

the  solutions  of  the  Liapunov  equations  for  a  Hamiltonian  system  can  give  important 
qualitative  information  regarding  the  differentiability  of  invariants.  In  particular,  we  had 
shown  that  solutions  of  the  Liapunov  equations  can  be  used  to  construct  invariants;  the 
value  of  the  Liapunov  exponent  would  then  specify  how  the  first  order  phase  space 
derivatives  of  the  invariant  behave.  In  this  paper,  we  continue  our  analysis  of  the  problem 
and  show  how  explicit  equations  can  be  written  down  for  higher  order  derivatives  of  the 
invariants.  It  will  turn  out  that  these  equations  can  be  solved,  in  terms  of  the  solutions  of 
the  Liapunov  equations  themselves. 

Consider  a  Hamiltonian  system  with  n  degrees  of  freedom,  with  phase  variables 
denoted  by  z/,  i  =  1, . . . ,  2n  and  Hamiltonian  H.  We  denote  the  canonical  Poisson  bracket 
matrix  by  w,  so  that  the  equations  of  motion  (EOM)  can  be  written  as 

dzi          9H 

_  =  ^_sw^.  (1) 

The  equations  of  Liapunov  (EOL),  which  are  the  first  variational  equations  of  the  EOM 
then  read: 

^  =  ^Hjkrjkj  (2) 

where,  in  this  equation  and  in  the  following  subscripts  on  H  denote  derivatives  with 
regard  to  the  phase  space  variables,  z;.  As  we  have  argued  in  I,  these  equations  can  be 
reinterpreted  as  follows:  consider  r;/  as  functions  on  phase  space  and  time;  introduce  the 
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(4) 

There  exist  In  independent  solutions  of  the  EOL.  Let  r?,^  denote  the  In  x  In  matrix  of 
solutions  obtained  in  this  way;  we  assume  that  these  solutions  have  been  selected  so  that 
=  1.  We  note  the  following  properties  of  r/,-M: 


1.  If  77  is  a  symplectic  matrix,  rf  •  0  -  77  =  0,  at  t  =  0,  it  is  so  at  all  times. 

2.  Given  a  solution  matrix  77,-^,  we  can  construct  invariants  FM(ZJ,  f)  by  the  equations 


(6) 
provided,  at  t  =  0,  we  have 

ntt^=%^.  (7) 

dz/  &f 

Let  Tjp,-  denote  the  inverse  matrix.  If  77  is  symplectic,  then  it  can  be  easily  seen  that 
f)  =  u  •  rf  •  fi.  One  special  choice  of  initial  conditions  on  77  is  to  assume  that 
fy>(f  =  0)  =  Sin",  for  simplicity  of  notation,  we  shall  assume  that  this  choice  has  been 
made.  (In  the  more  general  case,  the  solutions  of  the  inhomogeneous  equations  given 
below  will  have  to  have  an  extra  term  corresponding  to  the  initial  values;  our  choice  sets 
these  initial  values  to  0.)  This  choice  ensures  that  77  is  symplectic  and  that  invariants  can 
be  constructed. 

Given  such  a  choice  of  77^,  define  first  order  differential  operators  XM  by 
Xp  =  %(9/9z,-).  It  is  then  straightforward  to  see  that  [Z,XJ  =  0.  This  property  of  X"M 
is  crucial  to  our  analysis,  as  it  allows  us  to  immediately  write  down  the  equations 
determining  77,^  and  its  derivatives  along  the  X^  directions: 

Zty>  =  Wy  Hjk  rikllt  (8) 

ZXtfin  =  My  Hjk  Xv  rity  +  r/jtp  Xv  uj{j  Hjk.  (9) 


We  now  look  at  these  two  equations  once  again  along  the  characteristics,  which  is 
essentially  equivalent  to  selecting  a  specific  orbit  ofH,  replacing  all  phase  space  variables 
by  explicit  functions  of  t  and  replacing  Z  by  the  operator  d/df.  The  second  equation  then 
is  an  inhomogeneous  version  of  the  first  equation;  also,  because  of  our  choice  of  initial 
conditions,  the  second  equation  has  to  be  solved  with  the  initial  condition  X^  =  0.  This 
yields  the  solution  for  the  second  equation: 


I 

Jo 


Hklm  r)kli  .  (10) 
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An  immediate  consequence  of  this  solution  is  that  \X^XV]  =  0,  i.e.,  the  2n  +  1  vectors 
Z,^  form  an  involutive  distribution.  The  Frobenius  theorem  [2]  then  assures  us  that 
there  exists  a  local  coordinate  system,  defined  by  {r,xll,}j,  =  1,.  .  .  ,2n}  such  that 
Z  =  d/dr,Xp  =  djdx^.  r  is  the  arc  parameter  of  the  orbit,  while  the  x/j.  define 
coordinates  transverse  to  the  orbit.  (Not  surprisingly,  the  XM  are  just  a  relabeling  of  the 
invariants  F/t.) 

Higher  order  derivatives  can  be  calculated  in  a  similar  fashion.  In  fact,  all  such 
derivatives  are  governed  by  inhomogeneous  PDEs.  Along  the  charateristics,  the 
homogeneous  part  of  the  resulting  ODE  coincides  with  the  EOL  and  we  have  the 
equations 


•  •  •  XVl  A,,,  ?7fy(   +  Rin^.-i^y  ,  ,  (11) 

where,  we  have  the  recurrence  relationship: 


Thus,  we  have  the  solution 


We  can  use  these  equations  to  prove  the  following: 

Theorem.  Assume  that  H  is  a  polynomial  in  phase  space  variables.  Assume  also  that  for 
a  given  orbit,  the  solutions  of  the  ROM  are  analytic  in  a  neighborhood  D  of  the  real  t 
axis.  Let  F^  be  the  invariants  constructed  using  the  above  procedure.  Then  these 
invariants  are  analytic  (as  functions  of  the  arc  parameter,  t)  along  the  orbit  and  are  C°° 
in  directions  transverse  to  the  orbit  in  the  region  D. 

Proof.  The  proof  follows  from  the  following  steps: 

1.  By  assumption,  the  solution  of  the  EOM  is  analytic  in  some  neighborhood  D  of  the 
real  t  axis. 

2.  The  77,-^   are   solutions   of  linear  differential   equations,   whose   coefficients   are 
polynomial  functions  on  phase  space,  as  the  Hamiltonian  is  itself  a  polynomial. 
Thus,  every  real  t  forms  an  ordinary  point,  and  hence  the  solutions  r]^  themselves  are 
analytic  in  the  same  neighborhood  D  of  the  real  /  axis  [3]. 

3.  By  induction,  the  inhomogeneous  terms  ^?t>t/n+1£/n-^t/i  are  themselves  analytic  in  the 
same  neighborhood  D  of  the  real  t  axis;  the  n  +  1th  order  phase  space  derivatives, 
which  are  obtained  by  integrating  such  functions  are  thus  also  analytic  in  D. 

Since  the  X^,  Z  form  a  basis  for  the  tangent  space  of  the  extended  phase  space,  the 
theorem  follows. 

It  is  simple  to  find  examples  to  show  that  the  C°°  property  of  the  derivatives  of  the  77,-^ 
cannot  be  replaced  by  Cw.  In  fact,  consider  the  1  d.o.f.  Hamiltonian,  H  =  p2/2+ 
q4/4  —  q2/2,  which  has  an  unstable  equilbrium  point  at  q  =  0,  p  =  0.  The  corresponding 
solutions  of  the  Liapunov  equations  are: 

7711  =  cosh(f),77i2  =  sinh(r),772i  =  sinh(f),7722  =  cosh(f).  (14) 
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It  is  possible  to  solve  the  equations  (1  1)  for  the  derivatives  quite  easily:  (Note  that  all  the 
odd  ordered  derivatives  vanish) 

T  -J-f          V3' 

^  +  T--T' 

15      45e<     45e*      I5e5t     45ett 


5355     4095e{     I575e5t     3l5e1{     945t     945e't     2835e3tt 
W~         16~+      16  32         8*'  +     4  8       ' 

Higher  order  derivatives  have  behaviors  which  can  be  inferred  from  the  above;  in  fact, 
e<»+1>'  (18) 


whenever  n  is  even.  It  is  clear  from  the  form  of  these  derivatives  that  the  Taylor  series 
formed  by  using  these  derivatives  has  a  radius  of  convergence  which  rapidly  approaches  0 
as  t  —  »  oo. 

The  above  counter  example  raises  the  question  of  whether  the  behavior  seen  above  is 
because  of  the  presence  of  exponential  functions  in  the  definition  of  the  X^.  For  this 
example,  it  is  easy  to  show  that  even  the  derivatives  evaluated  along  the  q:p  directions 
show  the  same  exponential  behavior,  with  the  exponent  increasing  with  the  order  of  the 
derivatives.  We  give  below  the  results  for  a  few  of  the  derivatives  of  7711  along  the  q,p 
directions: 

d2        _  -4       4       4e<     4e4t 

a^7?11~5^+57  +  T""5~' 

d2  -4      4      4e<     4e4t 


d2        _-4      4      4ef     4e4t 

a?7711  ~5^  +  5^  +  T~~5~'  (     } 

&         472  472gl6? 

~  '  (     ^ 


25         425    ' 
472         172       2452      2452gf      172e4f     472g16f 


d*  472         232       3472      3472gf     232e4f     472g16f 

dp2dq2  ??1  1  ~  425e16'  ~  25e4'  +  4257  +  ~425          25~  +  ~425~  '        (     } 


472         232       3472      3472gf     232e4?     472g]6f 


+  ~~~+  '        (     > 


425e{6t     25e*'     425et       425       ~25~        425 
472         232       3472      3472ef     232e4r     472e16r 


,     , 

1  _____  I  __  lfjf\\ 

425e<+    425          25    +    425    '        (     } 

The  peculiar  behavior  shown  above  seems  at  first  sight  puzzling,  as  the  system  under 
consideration  is  integrable.  However,  the  Hamiltonian  has  zero  gradient  at  the 
equilibrium  point;  as  a  result  the  usual  result  that  the  existence  of  a  conserved  quantity 
implies  the  vanishing  of  a  pair  of  Liapunov  exponents  is  no  longer  valid.  Also,  it  is  easy 
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to  see  that  there  is  a  change  of  topology  of  the  solutions  at  the  unstable  equilibrium 
points,  with  a  single  solution  bifurcating  into  two  solutions.  It  is  conjectured  that  such 
changes  are  related  to  the  behavior  encountered  above.  More  detailed  investigations  of 
this  point  are  in  progress. 

The  fact  that  X^rju  cz  e^M+1)r  is  in  fact  characteristic  of  many  systems.  In  fact,  assume 
that  we  have  a  Hamiltonian  H,  with  a  periodic  solution  for  some  choice  of  initial 
conditions.  By  Floquet  theory  [3],  the  77^  are  of  the  form: 

r)i   =  eA"'0(  (0»  (27) 

where,  AM  is  the  Floquet  exponent  and  ^(t)  are  periodic  functions  in  t.  Assume  also  that 
A  =  AI  >  0.  An  easy  induction  then  shows  that  X^r/n  is  dominated  by  terms  of  the  form 
e("+1)Ar0p(/)j  where  <p]  (t)  is  periodic.  Examples  of  such  unstable  periodic  orbits  can  be 
easily  found,  e.g.,  the  special  solutions  corresponding  to  y  =  0,  py  —  0  for  the 
Hamiltonian  H  =  P2/2+p2/2  +  x4/4  +  y4/4  +  ca2y2/2  with  a  <  0. 

A  final  remark  should  be  made  regarding  the  assumption  that  the  solutions  of  the 
equations  of  motion  should  be  analytic  in  some  strip  which  includes  the  real  t  axis.  The 
work  of  Chang  et  al  [4]  shows  that  chaotic  trajectories  may  be  characterized  by 
singularities  approaching  arbitrarily  close  to  the  real  ?-axis.  In  such  a  case,  the  above 
proof  breaks  down  and  it  is  not  very  clear  how  the  derivatives  would  behave.  Attempts  are 
in  progress  to  address  this  problem  numerically. 
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Abstract.  We  discuss  in  detail  the  parasupersymmetric  quantum  mechanics  of  arbitrary  order 
where  the  parasupersymmetry  is  between  the  normal  bosons  and  those  corresponding  to  the 
truncated  harmonic  oscillator.  We  show  that  even  though  the  parasusy  algebra  is  different  from  that 
of  the  usual  parasusy  quantum  mechanics,  still  the  consequences  of  the  two  are  identical.  We  further 
show  that  the  parasupersymmetric  quantum  mechanics  of  arbitrary  order  p  can  also  be  rewritten  in 
terms  of  p  supercharges  (i.e.  all  of  which  obey  Qj  =  0).  However,  the  Hamiltonian  cannot  be 
expressed  in  a  simple  form  in  terms  of  the  p  supercharges  except  in  a  special  case.  A  model  of 
conformal  parasupersymmetry  is  also  discussed  and  it  is  shown  that  in  this  case,  the  p  supercharges, 
the  p  conformal  supercharges  along  with  Hamiltonian  H ,  conformal  generator  K  and  dilatation 
generator  D  form  a  closed  algebra. 

Keywords.    Harmonic  oscillator;  parasupersymmetry;  conformal  generator;  dilatation  generator. 
PACS  Nos    11.30;  03.65 

A  great  deal  of  attention  is  now  being  paid  to  study  [1-4]  quantum  mechanics  in  a  finite 
dimensional  Hilbert  space  (FHS).  In  particular,  we  would  like  to  mention  the  recent 
developments  [2,3,4]  in  quantum  phase  theory  which  deals  [2]  with  a  quantized 
harmonic  oscillator  in  a  FHS  and  which  finds  interesting  applications  [4]  in  problems  of 
quantum  optics. 

Recently  we  studied  [5]  some  basic  properties  of  these  oscillators.  In  particular  it  was 
pointed  out  that  the  raising  and  lowering  operators  of  the  truncated  oscillator  behave  like 
parafermi  oscillator.  Inspired  by  this  similarity,  a  parasupersymmetric  quantum 
mechanics  (PSQM)  of  order  2  was  also  written  down  where  the  parasusy  is  between 
the  usual  bosons  and  the  truncated  bosons.  However,  the  explicit  form  of  the  charge  was 
not  written  down.  Further,  the  consequences  were  also  not  elaborated  upon.  The  purpose 
of  this  note  is  to  generalize  this  construction  to  arbitrary  order.  In  particular,  we  show  that 
for  these  PSQM  models  of  arbitrary  order  p,  the  algebra  is  given  by 

<2'+1=0;     [H,Q]=0,  (1) 

QPQ+  +  QP-lQ+Q  +  ...+  Q+QP  =  p(p  +  l)QP~*H  (2) 
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and  the  Hermitian  conjugated  relations  and  discuss  their  consequences  in  some  detail.  In 
particular,  we  show  that  the  consequences  following  from  this  algebra  are  identical  to 
those  following  from  the  well-known  PSQM  model  of  the  same  order/?  [6,  7]  even  though 
the  two  algebras  are  different.  In  particular,  whereas  eq.  (1)  is  identical  in  the  two 
schemes,  eq.  (2)  is  different  in  the  two  schemes  in  the  sense  that  in  the  well-known  case, 
the  coefficient  on  the  r.h.s.  is  2p  instead  of  p(p  +  1)  in  eq.  (2).  In  view  of  the  identical 
consequences,  it  is  worth  examining  as  to  why  the  PSQM  of  order  p  can  be  written  down 
in  an  alternative  way.  To  that  end  we  show  that  one  can  in  fact  express  PSQM  of  order  p 
in  terms  of  p  super  (rather  than  parasuper)  charges  all  of  which  satisfy  Qf  =  0  and  further 
all  of  them  commute  with  the  Hamiltonian.  However,  unlike  the  usual  supersymmetric 
(SUSY)  quantum  mechanics  (QM),  here  H  cannot  be  simply  expressed  in  terms  of  the  p 
supercharges  except  in  a  special  case.  In  the  special  case  we  show  that  the  Hamiltonian 
has  a  very  simple  expression  in  terms  of  the  p  supercharges 


We  also  discuss  a  parasuperconformal  model  of  order  p  and  show  that  the  dilatation  and 
conformal  operators  also  can  be  similarly  expressed  in  quadratic  form  in  terms  of  the  p 
SUSY  and  p  parasuperconformal  charges. 

Let  us  start  with  the  truncated  raising  and  lowering  operators  a+  and  a.  It  is  well- 
known  that  if  one  truncates  at  (p  +  l)th  level  (p  >  0  is  an  integer)  then  a  and  a+  can  be 
represented  by  (p+1)  x  (p+1)  matrices  and  they  satisfy  the  commutation  relation  [8] 

[a,a+}=I-(p+\)K,  (4) 

where  /is  (p+1)  x  (p+1)  unit  matrix  while  K  =  diag(0,  0,  .  .  .  ,  0,  1)  with  Ka  —  0  and 
further  K2  =  K  ^  0.  As  shown  by  Kleeman  [9],  the  irreducible  representations  of  eq.  (4) 
are  the  same  as  those  for  the  scheme 

[a,a+a]=a;ap+l  =  0;     a  '>  0     if    y<(p  +  l).  (5) 

A  convenient  set  of  representation  of  the  matrices  a  and  a+  is  given  by 

(6) 
•  (7) 

where  a,  ft  =  1,2,  .  .  .  ,  (p  +  1).  As  shown  in  [5],  the  nontrivial  multilinear  relation 
between  a  and  a+  is  given  by 

aPa+  +  ap-la+a  +  •  •  •  +  aa+ap-}  +  a+ap  = 


These  relations  are  strikingly  similar  to  those  of  parafermi  oscillator  of  order/?  [7]  except 
that  in  the  latter  case,  the  coefficient  on  the  right  hand  side  is  p(p  +  l)(p  +  2)/6  unlike 
P(P  +  J)/2  in  eq-  (8).  As  expected,  for  the  case  of  the  Fermi  oscillator  (p  =  1),  both  the 
coefficients  are  same  while  they  are  different  otherwise. 

Motivated  by  the  nontrivial  relation  between  a  and  a+  as  given  by  eq.  (8)  it  is  worth 
enquiring  if  one  can  construct  a  kind  of  PSQM  of  order  p  in  which  there  will  be  symmetry 
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between  bosons  and  truncated  bosons  of  order  p.  It  turns  out  that  the  answer  to  the 
question  is  yes.  In  particular,  on  choosing  the  parasusy  charges  Q  and  Q+  as 
(p  +  1)  x  (p  4-  1)  matrices  as  given  by 


b+a  =  v^(P  +  iWa)6a+i,f,t  (9) 

ba+  =  V)9(P  -  iWW$at/j+,,  (10) 


where  &,  &+  denote  the  bosonic  annihilation  and  creation  operators  and  a,(3=  1,2,..., 
(p  +  1),  so  that  Q  and  <2f  automatically  satisfy  Qp+l  =  0  =  (fit)**1.  Further,  it  is  easily 
shown  that  the  Hamiltonian  H  =  m  =  1) 

(H)a/3=Ha6ap,  (11) 

where  (r  =  1,2,...,/?) 


^+i=y  +    (Wp2  +  w;)+c,  (12) 

commutes  with  the  parasusy  charges  Q  and  ($  (i.e.  [H,Q]  =0  =  [H,Q+]}  provided 
(j  =  2,3,.  ..,/») 

Wj_!  +  <_!  +  C,_i  =  W]  -W's  +  Cs.  (13) 

Here  Ci  ,  Ci,  .  .  .  ,  Cp  are  arbitrary  constants  with  the  dimension  of  energy.  It  turns  out  that 
the  nontrivial  relation  given  by  eq.  (2)  between  Q,  Q\  and  H  is  satisfied  provided 

C1+2C2  +  ---+pCp  =  0.  (14) 

It  is  interesting  to  notice  that  the  parasusy  charge  as  well  as  the  algebra  as  given  by  eqs 
(1),  (2),  (9),  (10)  and  (14)  is  very  similar  to  that  of  standard  PSQM  of  order/?  [7]  except 
that  in  the  standard  case  the  coefficient  on  the  r.h.s.  of  eq.  (2)  is  2p  instead  ofp(p  +  l)/2 
and  instead  of  eq.  (14)  in  the  standard  case  one  has 

C,  +  C2  +  •  •  •  +  Cp  =  0.  (15) 

Besides,  unlike  in  eq.  (9),  in  the  standard  case,  Q  is  defined  without  the  factor  of  ^/a. 
However,  the  Hamiltonian  and  the  relation  between  the  superpotentials  as  given  by  eqs 
(11)  to  (13)  are  identical  in  the  two  cases.  As  a  result  the  consequences  following  from 
the  two  different  PSQM  schemes  of  order  p  are  identical.  In  particular,  as  shown  in  [7],  in 
both  the  cases  (i)  the  spectrum  is  not  necessarily  positive  semidefinite  unlike  in  SUSY 
QM,  (ii)  the  spectrum  is  (p  +  l)-fold  degenerate  atleast  above  the  first  p  levels  while  the 
ground  state  could  be  1,2,  ...,/?  fold  degenerate  depending  on  the  form  of  the 
superpotentials  and  (iii)  one  can  associate  p  ordinary  SUSY  QM  Hamil  tomans. 

Why  do  the  two  seemingly  different  PSQM  schemes  given  the  same  consequences? 
The  point  is  that  in  the  case  of  parasusy  of  order  p,  one  has  p  independent  parasusy 
charges  and  in  the  two  schemes  one  has  merely  used  two  of  thep  independent  forms  of  Q. 
It  is  then  clear  that  one  can  in  fact  define  p  seemingly  different  PSQM  schemes  of  order/? 
but  all  of  them  will  have  identical  consequences.  For  example,  the  parafermi  operators 
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are  usually  defined  by  the  following  (p  +  1)  x  (p  +  1)  matrices  [7] 


So  one  could  as  well  have  defined  the  parasusy  charges  by 

=  b+a  =       ap-Q! 


instead  of  the  usual  choice  without  the  square  root  factor  [7].  It  is  easily  shown  that  in  this 
case  too  the  parasusy  charges  Q  and  Q+  satisfy  the  algebra  as  given  by  eqs  (1),  (2)  and 
(14)  except  that  the  factor  on  the  r.h.s.  of  eq.  (2)  is  now  p(p  +!)(/>  +  2)/3  and  the 
constants  C,-  satisfy 

p(Ci  +  Cp)  +  2(p  -  1)(C2  +  Cp_i)  +  •  •  • 

^odd,  (20) 

-  1)(C2  +  Cp-i)  +  •  •  • 

(21) 


instead  of  eq.  (14).  However,  as  before  the  Hamiltonian  and  the  relation  between  the 
various  superpotentials  is  unaltered  and  hence  one  would  get  the  same  consequences  as  in 
the  standard  PSQM  case  [7]. 

At  this  stage,  it  is  worth  asking  if  parasusy  QM  of  order  p  can  be  put  in  an  alternative 
form  by  making  use  of  the  fact  that  there  are  p  independent  parasupercharges  [7]?  If  yes 
this  would  be  analogous  to  the  so  called  Green  construction  for  parafermi  and  parabose 
operators  [10].  We  now  show  that  the  answer  to  the  question  is  yes.  Let  us  first  note  that 
the  supercharge  as  given  by  eq.  (9)  can  be  written  down  as  a  linear  combination  of  the 
following  p  supercharges  [12] 

Q  = 

where 


It  is  easily  checked  that  these/)  charges  Qj  are  in  fact  supercharges  in  the  sense  that  all  of 
them  satisfy  Qf  =  0.  Further,  all  of  them  commute  with  the  Hamiltonian  as  given  by 
eq.  (11)  provided  condition  (13)  is  satisfied.  Besides  they  satisfy 

=  0    if    7V»+1,  (24) 

=  Q  =  Q?Qj    if    i^J-  (25) 


However,  there  is  one  respect  in  which  these  charges  are  different  from  the  usual  SUSY 
charges:  the  nontrivial  relation  of  the  usual  parasusy  algebra  (i.e.  eq.  (2)  but  with  2p  on 
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the  r.h.s.  instead  of  p(p  +1))  now  contains  product  of  all  p  charges  i.e. 

•  •  •  QP-i  +  Q2Q2Qi  •  •  •  QP-i  +  •  •  •  +  <2223  •  •  •  QPQ^} 

2-~Qp-iH>  (26) 

'Qp-i  +  Q2QtQ2  •  •  •  QP-i  +  •  •  •  +  Q2Qi  •  •  •  QPQP}QP 

3  •  •  •  QpH,  (27) 

provided  eq.  (15)  is  satisfied.  If  one  considers  other  versions  of  PSQM  of  order/?,  then 
one  would  have  similar  relations  but  with  different  weight  factors  between  the  various 
terms  and  also  different  relations  between  Ci  which  can  easily  be  worked  out. 

There  is  one  special  case  however  when  the  algebra  takes  a  particularly  simple  form.  In 
particular  when  all  the  constants  C,  are  zero  then  it  is  easily  checked  that  the  Hamiltonian 
can  be  written  as  a  sum  over  quadratic  pieces  in  Q  as  given  by  eq.  (3)  which  is  a 
generalization  of  the  SUSY  algebra  in  the  case  ofp  supercharges.  In  this  case,  clearly  the 
spectrum  is  positive  semidefinite  and  most  of  the  results  about  SUSY  breaking  etc.  would 
apply.  Further  all  the  excited  states  are  always  (p  +  l)-fold  degenerate.  It  is  amusing  to 
note  that  in  ortho  supersymmetricsy  QM  too  [11],  the  relation  between  H  and  charges  is 
exactly  as  given  by  eq.  (3). 

Following  the  work  of  [7],  we  now  consider  a  specific  PSQM  model  of  order  p  which 
in  addition  is  conformally  invariant  and  show  that  the  conformal  PSQM  algebra  is  rather 
simple.  Let  us  consider  the  choice 

Wi=W2  =  --  =  Wp  =  --.  (28) 

& 

Note  that  in  this  case  the  condition  (13)  is  trivially  satisfied  when  all  C;  are  zero.  The 
interesting  point  is  that  in  this  case,  apart  from  the  p  parafermionic  charges  Qj,  we  can 
also  define  the  dilatation  operator  D,  the  conformal  operator  K  and  p  para  superconformal 
charges  Sj  so  that  they  form  a  closed  algebra.  In  particular,  on  defining 

D  =  -J(xP  +  />*);     K 


it  is  easy  to  show  that  the  algebra  satisfied  by  D,  H  and  K  is  standard,  i.e. 

[H,  K]  =  2iD,     [D,  K]  =  iK,     [£>,#]  =  ~iH.  (3  1  ) 
Further 

[K,  Sj]  =  0,     [H,  Sj]  =  iQJt     [K,  Qj]  =  iSJt  (32) 

[Afij  =  -^0/.     [AS,-]=^/.  (33) 
Besides,  apart  from  the  parasusy  algebra  as  described  above  (with  C/  =  0),  we  have 

lQ,    if    j?i+l,  (34) 

Q!-Sj    if    ifr,  (35) 
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(36) 

(37) 

It  is  quite  remarkable  that  an  identical  algebra  also  follows  in  the  case  of  the  conformal 
ortho  supersymmetric  case  [11]. 
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1.  Introduction 

Einstein's  idea  of  geometrizing  gravitation  in  the  form  of  general  theory  of  relativity 
inspired  the  idea  of  geometrizing  other  physical  fields.  Weyl  [1]  suggested  the  first  so- 
called  unified  theory  which  is  a  geometrized  theory  of  gravitation  and  electromagnetism. 
But  this  theory  was  never  taken  seriously  as  it  was  based  on  non-integrability  of  length 
transfer.  Lyra  [2]  proposed  a  new  modification  of  Riemannian  geometry  by  introducing  a 
gauge  function  which  removes  the  non-integrability  condition  of  the  length  of  a  vector 
under  parallel  transport.  In  consecutive  investigations  Sen  [3],  Sen  and  Dunn  [4]  proposed 
a  new  scalar-tensor  theory  of  gravitation  and  constructed  an  analog  of  the  Einstein  field 
equations  based  on  Lyra's  geometry  which  in  normal  gauge  may  be  written  as 

(1) 

where  </>,•  is  the  displacement  vector  and  other  symbols  have  their  usual  meaning  as  in 
Riemannian  geometry. 

Halford  [5]  has  pointed  out  that  the  constant  vector  displacement  field  0,-  in  Lyra's 
geometry  plays  the  role  of  cosmologicai  constant  A  in  the  normal  general  relativistic 
treatment.  It  is  shown  by  Halford  [6]  that  the  scalar-tensor  treatment  based  on  Lyra's 
geometry  predicts  the  same  effects,  within  observational  limits,  as  the  Einstein's  theory. 
Bhamra  [7],  Karade  and  Borikar  [8],  Kalyanshetti  and  Wagmode  [9],  Reddy  and  Innaiah 
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[10],  Beesham  [11],  Reddy  and  Venkateswarlu  [12],  Soleng  [13]  have  studied  cosmology 
in  Lyra's  geometry  with  a  constant  displacement  field.  However,  this  restriction  of  the 
displacement  field  to  be  constant  is  merely  one  of  convenience  and  there  is  no  a  priori 
reason  for  it.  Beesham  [14]  considered  FRW  models  with  time  dependent  displacement 
field.  He  has  shown  that  by  assuming  the  energy  density  of  the  universe  to  be  equal  to  its 
critical  value,  the  models  have  the  k=  -1  geometry.  Singh  and  Singh  [15-18]  have 
presented  Bianchi-type  I,  HI  and  Kantowaski-Sachs  cosmological  models  with  time 
dependent  displacement  field  and  have  made  a  comparative  study  of  Robertson-Walker 
models  with  constant  deceleration  parameter  in  Einstein's  theory  with  cosmological  term 
and  in  the  cosmological  theory  based  on  Lyra's  geometry.  They  [18]  have  given  a  review 
of  cosmological  models  in  Lyra's  geometry. 

Most  of  the  well  known  FRW  models  of  the  universe  with  curvature  parameter  k  —  0 
are  models  with  constant  deceleration  parameter.  Therefore,  in  this  paper  we  have  studied 
FRW  models  with  time  dependent  displacement  field  and  have  solved  the  field  equations 
by  taking  the  deceleration  parameter  to  be  constant. 

2.  Field  equations 

The  time-like  displacement  vector  </>/  in  (1)  is  given  by 

h  =  09(0,  0,0,0).  (2) 

We  assume  a  perfect  fluid  for  which  the  energy-momentum  tensor  has  the  form 

Tij  =  (p+p)uiuj-pgij.  (3) 

For  the  FRW  metric 


As2  =  dt2  -  R2(t)  -TTJ  +  r2(d<?2  +  si 


sn 


where  k  =  1,  -1,0,  the  field  equations  (1)  become  with  the  eqs  (2)  and  (3) 


(5) 


where  x  —  8?rG  and  H  =  R/R  is  the  Bubble's  function.  Equations  (4)  and  (5)  lead  to  the 
continuity  equation 


lP}H  =  0.  (6) 

Assuming  an  equation  of  state 

P  =  7A         0  <  7  <  1  (7) 

and  eliminating  p(t)  from  (4)  and  (5)  we  have 


l+37r+  (1-7)        =  0.  (8) 
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Here  /32  plays  the  role  of  a  variable  cosmological  term  A(t}.  We  have  two  independent 
equations  in  three  unknown  viz  R(t),  p(t)  and  J3(t}.  Therefore,  we  need  one  more  relation 
among  the  variables  in  order  to  obtain  a  unique  solution.  Hence,  in  what  follows  we  have 
taken  the  deceleration  parameter  to  be  constant. 

3.  Solutions  of  the  field  equations 


Now  using  (12)  in  (4)  gives 


models 
With  A:  =  0,  equations  (12)  and  (13)  reduce  to 


and 


From  (15)  we  see  that  /9>OifZ?-2<0  i.e.  b  <  2  since  (7  -  1)  <  0.  From  (14)  we  see 
that  since  (7  —  1)  <  0, 

f>Q    if    fr>li±M  '  (16) 

and 


. 
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m 


Let  the  deceleration  parameter 

RR         (H  +  H2}      ,  , 
q  —  — sy  =  - ~ — 772 —   ~  b  (constant)-  (9) 

The  above  equation  may  be  rewritten  as 

&     ,&     « 

+  b        =Q.  (10) 

On  integration,  equation  (10)  gives  the  exact  solution 

where  C,  D,  RQ  and  HQ  are  constants  of  integration.  Using  (9)  in  (8)  leads  to 


Table  1.  Values  of  /32  and  p  for  dust  and  radiation  power-law 

models.  

7  P  P 

4  (Zb  -  1)  2(2  -  b) 

0  3>(i  +  bft2  x(l+^)2'2 

1  4(fo-l)  _3(2-fe) 
3  (1+^V  Y' 


Again  from  equation  (14)  we  see  that  when  b  =  (I  +  87)  /2,  /32  =  0  and  the  equations 
reduce  to  those  of  the  standard  FRW  flat  universe. 

Case  a:b^  -1.  For  singular  models  since  R(Q]  =  0,  (11)  leads  to 


Using  (18)  in  (14)  and  (15)  yields 
4(l+37-2fr) 


3(7-1)       (l 

and 

2(6-2)        1 


The  above  expressions  for  j32  and  energy  density  p(t)  are  similar  to  those  obtained  by 
Beesharn  [19]  for  a  variable  cosmological  term  A(f)  and  energy  density  p(t).  Here  /52 
plays  the  role  of  a  variable  cosmological  term  A. 
Equations  (7)  and  (20)  yield 


It  can  be  seen  from  the  above  expression  that  the  condition  p  +  3p  >  0  would  hold  only 
for  1  +  37  >  0  i.e.  7  >  -1/3.  So  for  values  of  7  <  -1/3  we  cannot  have  viable  models. 

We  observe  from  (19)  and  (20)  that  /52  and  p  fall  off  as  l/t2  irrespective  of  the  equation 
of  state.  The  expressions  for  /32  and  p  corresponding  to  7  =  0,  1/3  are  summarized  in  the 
table  1. 

It  can  be  readily  seen  from  (19)  and  (20)  that  the  expressions  for  /32  and  p  will  not  be 
valid  for  the  empty  universe  (i.e.  p  =  p  =  0)  and  the  stiff  matter  (i.e.  p  =  p)  models.  We 
shall  now  discuss  these  models. 


Empty  universe 

In  the  case  of  empty  universe  (p  =  p  =  0)  eqs  (4)  and  (5),  with  k  =  0,  now  become 


(21) 
(22) 
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Adding  equations  (21)  and  (22)  yields 

H  +  3H2  =  0.  (23) 

On  comparing  (9)  and  (23)  we  get  b  =  2.  Therefore,  (18)  reduces  to 

R  =  R0tl/3.  (24) 

Using  (24)  in  (21)  leads  to 

?=•&'  (25) 

yt~ 

From  (25)  it  can  be  seen  that  j32  >  0  for  all  values  of  the  deceleration  parameter. 
Stiff  matter  model 

In  the  case  of  Zeldovich  fluid  viz.,  p  —  p  (i.e.  7=1)  equations  (4),  (5)  and  (8),  with  f  ^ 

k  —  0,  reduce  to 

rtff. 

3//2-^-  =  XP,  (26) 

3/92 
2+-  =  -Xp,  (27) 


=  0.  (28) 

From  (26)  it  can  be  seen  that  p  >  0  and  p  +  3p  >  0  for  J32  <  0  since  H2  >  0  and  for 
0  <  /32  <  4H2. 

On  comparing  equations  (9)  and  (28)  we  see  that  b  =  2.  Therefore,  (18)  reduces  to 

R  =  R0t1/3.  (29) 

Here  the  expressions  for  /32  and  p  cannot  be  determined  uniquely. 
Case  b\b  —  —\.  In  this  case,  equation  (9)  becomes 

H  =  0    and    H  =  H0  =  constant.  (30) 

Using  (30)  in  (14)  and  (15)  we  have 

=  constant  (31) 


=  , 

(7-1) 

and 

—  6H2 

xp  =  -  -  ^-  =  constant.  (32) 

(7-1) 

From  (31)  it  can  be  seen  that  since  (1  +  7)  >  0  and  (7  -  1)  <  0,/32  <  0  and  from  (32) 
we  have  p  >  0  for  all  times  since  (7  —  1)  <  0. 

The  expression  for  /32  given  by  (31)  is  similar  to  the  expression  for  the  cosmological 
term  A  given  by  (32)  with  k  =  0  in  ref.  [19].  From  (7)  and  (32)  we  have 
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Table  2.     Values  of  /32  and  p  for  dust  and  radiation  exponent!; 
models. 


7                                      /^2 

P 

0                                  -4flg 

fiflg 

X 

5                                 ~^o2 

X 

As  in  the  previous  case,  we  have  p  +  3p  >  0  only  for  I  -\~3j  > 
expressions  for  /?2  and  p  corresponding  to  7  =  0, 1/3  are  given  in  t 

For  the  empty  universe  and  stiff  matter  models  the  expressions  fo] 
determined. 

In  the  next  section  we  shall  discuss  models  with  non-zero  curvat 

Non-flat  models 

Case  a:b^  -I.  Using  (18)  in  (12)  and  (13)  yields 


3(7-1) 


(1+37-2*) 


and 


2(b  -  2)  1 


4k 


(7-1) 


An  obvious  requirement  that  must  be  imposed  is  p  >  0,  which  can 
fc>0with&-2<0  (i.e.  b  <  2)  as  (7  -  1)  <  0.  The  case  k  = 
discussed  in  the  previous  section. 

The  above  expressions  for  p  and  /32  are  similar  to  those  of  p  and  , 
(45)  and  (46)  of  ref .  [19]. 


Cosmological  models  in  Lyra  geometry 


and 


XP  =  - 


2(6-2) 


(T-l)u. 
From    eq.  (35),    we    see  that  for  b  <  (1  +  37)  /2,  /32  <  0  fo 

Again  from  equation  (35)  we  observe  that  for  (1  +  37)  /2  <  b  ; 


and  /32  <  0  for 


At 


When  b  =  (l+  37)  /2,  equations  (35)  and  (36)  reduce  to 

«2  4(1 +37) 


and 


3(7-1)^4/3(1+7) 


3(1-7) 


(1-7) 


^2^4/3(1+7) 


From  equation  (37),  it  is  obvious  that  (32  <  0  for  all  times 
expressions  for  /32  and  p  cannot  be  determined  for  the  empty  un 
and  stiff  matter  (p  =  p)  models. 

Cose  fc:  &  =  -1.  Using  (30)  in  (12)  and  (13)  leads  to 
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The  expression  for  ,52  given  by  equation  (39)  is  similar  to  th 
cosmological  term  given  by  equation  (52)  of  ref.  [19]. 

As  in  the  previous  case  we  have  p  +  3p  >  0  only  for  7  >  —  j.  Fo 
we  cannot  have  viable  models. 

For  the  empty  universe  and  stiff  matter  models  the  expressions  f< 
determined. 


4.  Conclusion 

In  this  paper  we  have  obtained  exact  solutions  of  Sen  equations 
constant  deceleration  parameter.  The  behaviour  of  the  displacer 
energy  density  p  have  been  examined  for  both  the  (i)  power-law 
expansions  of  both  the  flat  universe  and  the  non-flat  universe. 
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Abstract.  We  present  a  general  class  of  inhomogeneous  cosmologic 
non-thermalized  perfect  fluid  by  assuming  that  the  background  spacetime 
commuting  Killing  vectors  and  has  separable  metric  coefficients.  The  si 
these  models  depends  on  the  choice  of  the  parameters  and  the  metric  fu 
previously  known  perfect  fluid  models  follow  as  particular  cases  of  this  ^ 
and  geometrical  features  of  these  models  are  studied  and  the  general  expn 
distribution  is  given. 

Keywords.    Inhomogeneous  cosmology  models;  heat  flux. 
PACSNos    04.20;  98.80 
1.  Introduction 

The  standard  Friedman-Robertson  Walker  (FRW)  cosmologica 
scribes  a  homogeneous  and  isotropic  distribution  for  its  matter  coi 
successful  in  describing  the  present  state  of  the  universe.  It  is  thoi 
homogeneous  and  isotropic  character  of  the  spacetime  cannot  be  si 
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Dadhich,  Tikekar  and  Patel  [3]  have  established  a  link  between  tl 
the  singularity  free  family  by  deducing  the  latter  through  a 
inhomogenization  and  anisotropization  of  the  former.  The  matter 
models  has  been  a  perfect  fluid  in  thermal  equilibrium.  At  very  earl; 
universe  is  supposed  to  be  in  a  highly  dense  and  hot  state.  Subseqi 
of  dissipative  effects  in  cosmology  becomes  highly  significant.  I 
cosmology  were  considered  in  the  context  of  large  entropy  per  bai 
microwave  background  radiation  by  Misner  [4]  and  Caderni  z 
mological  models  with  heat  flux  have  been  studied  by  several  aut 
In  this  paper  we  have  considered  an  inhomogeneous  metric 
space-like  commuting  Killing  vectors  and  has  separable  metric 
tained  a  general  class  of  inhomogeneous  solutions  of  Einstein's 
non-thermalized  perfect  fluid  as  the  source  term.  Explicit  exact  soli 
particular  cases  have  been  obtained.  These  particular  solutions  i 
generalizations  of  the  general  class  of  inhomogeneous  perfect  flu 
and  Seno villa  [2]. 

2.  Metric  and  field  equations 

We  begin  with  the  spacetime  which  admits  two  commuting  space 
fields  that  are  hyper-surface  orthogonal.  It  is  well  known  that 
spacetimes  can  be  put  in  the  generalized  Einstein-Rosen  form.  I 
that  the  metric  coefficients  are  separable  functions.  Ruiz  and  Se 
metric  in  the  form 

ds2  =  T2mF2(dt2  -  H2dx2)  -  Tn+lGPdy2  -  Tl~nGP~ 

where  T  =  T(t)  and  F,  G,  P,  H  are  functions  of  only  x,  m  and  r 
freedom  of  choosing  co-ordinates  is  used  in  having  the  same  tim 
metric  coefficients  g1 1  and  g44.  The  co-ordinates  are  labelled  as  ; 
and  x4  =  t.  The  function  H(x)  is  introduced  to  facilitate  the  integra 
equations  in  terms  of  elementary  functions.  Note  that  the  equatio 
not  been  chosen  a  priori.  Further  one  does  not  even  have  to  assume 
come  from  the  single  function  T(t\  it  has  been  shown  [171  that 


Inhomogeneous  cosmological  models 


-  - 

H22G      P        2P2     2GP 


R      r^F2_,_ 

33  ~  + 


__ 

33  ~2  ?y     2P22GP      2 

1  T 


R44T  mF    ~  ~"  775    "F  ~~  "JT        ^77  +  -^7T  |  +  (fW- 


F2      FH       FG 

1  T2 

•-(n2  —  1  —  4m) —^, 

2  T" 


Here  and  in  what  follows,  a  prime  and  a  dot  indicate  derivativi 
t  respectively. 

The  matter  content  of  the  spacetime  is  assumed  to  be  a  non-tl 
described  by  the  energy  momentum  tensor 


where  p  and  p  denote  the  energy  density  and  fluid  pressure  of 
denotes  unit  time-like  flow  vector  of  fluid  and  cf  denotes  the  spa 
orthogonal  to  Ua.  The  components  of  these  vectors  in  the  tetrad  f 

l/a  =  (050,(U),    <?«  =  (<?,  0,0,0) 
where  a  is  a  function  of  co-ordinates  governed  by  the  Einstein 
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where  d  and  A  are  constants.  The  equations  (1 1)  written  out  explic 
f      1    ~P"     P'2     G'P'     PH'~ 


G"     P"     G'2     IF'     GP^     : 

'  H2\      ~G~~~P+~G2 F~~GP~  +  ~ 

H'G     PH'     2F2        FH' 
Jr~HGJr~PRJr  F2  +     FH 

The  left  hand  sides  of  these  equations  are  functions  of  time  only  \ 
sides  are  functions  of  x  only.  Therefore  both  the  sides  of  respectiv< 
equal  to  separation  constants  (different  for  different  equations).  T. 

f 

-  =  £a2  £  =  0,  -f  1.  a  =  constant 
T 

implying 

T(t)  =  Acosh(at)  -f  jBsinh(at),  £  =  1 


rw  =  - 

T(t)  =  4cos(at)  +  Bsin(at),  e  =  -  1 , 

where  A  and  B  are  constants  of  integration.  On  using  (15)  and  (18] 
(17)  take  the  forms 

H  -       2    2 
H 

and 

(2d  +  I)/?'  -  2dp2  -  (2d  +  1)0^-  +  a2  -  41ajS  =  (2m  - 

H 


where 


P'         G' 

/y R  —. 
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where 


In  the  above,  it  is  assumed  that  2d  +  1  ^  0.  From  equations  (23)  and  (24)  it  e 
that 


""" 


2d+r      l6nT2mF 


2(2d+l) 

Accordingly  the  matter  distribution  will  satisfy  an  equation  of  state  p  =  i 
one  of  the  following  conditions: 

(i)  T2/T2  =  sa2,  2d  +  2m  -  I  +  2Arc  -  n2  =  0, 
(ii)  4m  +  1  =  n2,  2d  +  2m  -  1  +  21n  -  n2  =  0, 


where  k  =  (2d  —  3)/(2d  +  1)  ^  1.  However,  the  parameters  can  be  chosen  app 
that  the  matter  distribution  satisfies  equation  of  state  p  =  p  corresponding  t 
The  parameter  q  which  implies  the  presence  of  heat  flow  with  matter 
any  one  of  the  following  conditions  is  fulfilled: 

(i)2d=l-2m,n  =  21 
(ii)  a  =  0,  jB  =  0 
(iii)  $  =  0,  n  =  2A 
(iv)  a  =  0,  2d  =  1  -  2m. 

Accordingly  the  set  up  developed  above  is  used  to  obtain  heat  flow  general 
general  class  of  inhomogeneous  perfect  fluid  solutions  of  Ruiz  and  Sei 
a  ^  0,  j8  ^  0,  and  2d  ^  1  -  2m  or  n  =£  2/1. 

We  give  below  the  expressions  for  the  expansion  scalar  0,  the  shear  sea 
acceleration  vector/-  describing  the  kinematical  behaviour  of  the  velocity  J 
by  (9) 

(m 
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where  \l/  is  the  thermal  conductivity  and  2T  is  the  temperature.  If  tf 
\j/  is  a  function  of  time  alone,  then  the  above  equation  can  be  formal 

FT         f 

•T    i  \ ->  f  ,„  - 

—  2m  — , 


I6nit/Tm^ 

where  /0(t)  is  an  arbitrary  function  of  time. 

In  the  next  section  explicit  solutions  of  the  differential  equatic 
certain  special  cases  are  obtained. 

3.  Explicit  solutions 

We  have  not  made  any  attempt  to  obtain  the  general  solutio: 
equations  (20)  and  (21).  It  is  observed  that  these  equations  admit  s 
elementary  functions  in  certain  special  cases.  We  discuss  brie 
omitting  the  details  of  calculations. 
Case  1.  The  simplest  family  of  solutions  is  characterized  by  £  =  0 


In  this  case  (20)-(22)  can  be  integrated  completely  if  4A2  -f  4d  +  1 
solution  is  obtained  in  the  form 


P  =  (N  +  Cy)l\  G  =  P/2C/35  H  = 
where  C  is  an  arbitrary  function  of  x,  M  and  N  are  arbitrary  cons 


The  physical  variables  are  given  by 

-»2)     (2d  +  l)(4d  + 
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d  =  —  A  7*  —  3/2,  the  above  solution  represents  heat  flux  counterpart  of 
universe  discussed  by  Davidson[18]. 

The  solutions  of  equations  (20)-(22)  for  the  exceptional  cases  d  = 
d  =  —  ^  and  4A2  +  4d  +  1  =  0  are  given  below: 

Case  d  =  0:  P  =  (AT+C)\  G^P^C'1,  H  =  MCfPl*C~1  where  M,  N 
constants  and 


/i  =  /2/(l  +  '2X  '4  =-4A-/2,^=i[ 
with    1  <  1/4. 


/(2A  +  ^/4  A2  —  1)  =  1,  where  Al5  K15  K2  are  constants  and  A2 

d  =  -  £:  P  =  (ax  +  i)1/8A,  G  =  e-flxP1/4A,  H  =  e~axP(1  -32^2)/4\  Here 
arbitrary  constants. 


Case  4A2  +  4d  +  1  =  0:  P  =  expfox8^1  +4A2))  G  =  P1/21(ax)(1  ~4;-2)/(1  +4A2)5  H  = 


In  the  absence  of  heat  flux  the  solutions  corresponding  to  the  cases  d  = 
and  412  +  4d  +  1  =  0  respectively  reduce  to  the  fluid  solutions  correspc 
cases  m  =  3/4,  m  =  1/2  and  4m  =  rc2  +  3  discussed  by  Ruiz  and  Senov: 
d  =  —  1/2  is  a  new  case. 

Case  2.  For  6^0,  there  are  several  integrable  cases.  We  discuss  a  solution  < 
8  =  1  in  brief.  The  solution  has 

H  =  1,  P  =  e"/l/wx/\  G  =  e^/, 
/=  ,4l6?max  +  A^-™*, 


n 
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'2 


/T; 
32npT2mF2  =  a2(4m-n2  -  3)  +  (4m  +  1  -  n2)(  -^ 

f'2 

-  MJ+^l 


UnqT2mF2  =  --\J-h-2m-2d 

[_J 


S"   \  ' 

v: 


This  solution  is  the  heat  flow  generalization  of  the  perfect  fli 
obtained  by  Ruiz  and  Senovilla. 

Case  3.  This  case  is  characterized  by 


An  explicit  solution  obtained  in  this  case  is 


where  /t  =  2A  ±  v/l+4d+4A2,  /2 = (1  +  2rf)/2d  and/"//  =  -  (2&na2d/(. 
The  physical  parameters  p,  p  and  g  are  given  by 


+  (4m+l-B2)Uj 
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This  solution  is  the  heat  flow  generalization  of  the  perfect  fluid  case-3-soh 
Ruiz  and  Senovilla.  The  function /will  be  in  the  form  of  trigonometric  < 
function  depending  on  the  value  of  e. 

Case  4.  Here  we  will  obtain  the  heat  flow  generalization  of  the  case-4  flu 
Ruiz  and  Senovilla  characterized  by  the  relation  2m  =  1  +  n.  The  metric 
this  solution  are  given  by 

A  /f  f~*  * 

H  ==— — ,  G  =  pc<-'+2'"/2'',  P2  =  -2enda2M2C2  +  HC(4d+[}/2 


together  with 

2m  =  n  +  1,  d  +  X  =  0. 
The  density,  pressure  and  heat  flow  parameter  are  given  as 

32npT2mF2  =  ea2|~4(l  -  m2) -  — ^(2^ - 3)(2d  +  1)1 

(2d  +  l)(4d+l)(2d 
v 


32npT2mF2  =  -  ea2  4(  1  -  m2)  +  -^(2d  +  I)2    +  4m(2  -  m)( 

L          '    2d          J  y 


32nqT2mF2  =(2d  +  1)(1  -  2m  - 

The  metric  of  the  spacetime  of  this  class  of  solutions  has  well  defim 
symmetry  and  it  contains  a  large  subclass  of  singularity  free  cosmologica 
heat  flow  [17]. 
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fT2 
32npT2mF2  =4a2(  1  -  m2)  -f  4m  (2  -  m)  ( -     +  ^ 


The  other  type  of  solutions  has 

-(l+2d)/2d     ,  /"__ 

The  physical  variables  have  the  explicit  expressions 

fT2 


T2 
327tpT2mF2  =4a2(  1  -  m2)  +  4m  (2  -  m)  I       +  a2 


tl 
i 


The  former  type  of  solution  includes  a  heat  flow  generalization 
symmetric  stiff  fluid  solution  of  Davidson  [19].  When  the  heat  fli 
stipulating  2d  =  1  —  2m,  the  solutions  reduce  to  inhomogeneous  c; 
ric  perfect  fluid  solutions  other  than  those  obtained  by  Ruiz  and 
In  the  next  section  we  state  in  brief  the  physical  and  geomel 
solutions  renorted  above  and  deduce  the  sineularitv-free  subfam 


Inhomogeneous  cosmological  models 

However  a  number  of  solutions  admit  a  linear  equation  of  state  p  = 
Ruiz-Seno  villa  class  of  solutions.  In  each  case  of  solutions  the  expr< 
ture  distribution  can  be  obtained  by  using  the  respective  explicit  exf 
variables  P,  G  and  T  in  equation  (30). 
The  subfamily  of  solutions  (46),  (47)  of  case-4  defined  by 

e  =  1,  n  >  3,  T(t)  =  cosh(flO>  C(x)  =  cosh(toc), 

where  A:  is  a  real  constant,  provides  singularity  free  models  with 
element  of  the  spacetime  for  these  models  can  be  expressed  in  the  i 

[M2k2a2 
dt2 —  sinh2 


where 

P2  =  2(1  -  2m)da2M2cosh2(kar)  +  N[_cosh(kar)J4d+[]/2c 

Here  the  co-ordinates  x  and  y  are  replaced  by  r  and  </>.  The  rang< 
taken  to  be  —  oo<T9z<oo90^r<oo90^$<27i.  The  density, 
flow  parameter  for  this  class  of  solutions  have  the  following  exprei 

327rp[cosh(ar)]2m[cosh(/car)]~(1+2(/) 

(2m -1 


=  a2|4(l- 


m2)- 


2d 
4-  4m(m  -  2)  a2  sech2(at 


4d2 

327rp[cosh(^)]2m[cosh(ter)]-(1+2J)  =  -  a2  4(1  -  m2)  - 

-f4m(m-2)sech 
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Abstract,  We  study  high  energy  photon  production  from  a  quark-gluon  plas 
density.  We  find  that  the  photon  production  spectrum  from  the  quark-gluon  pi 
constant  temperature  is  only  mildly  dependent  on  the  quark  chemical  potentia 
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1.  Introduction 

The  ongoing  and  planned  experiments  involving  ultrarelativistic  heavy 
believed  to  unravel  the  exciting  possibility  of  a  transition  from  normal  i 
deconfined  phase  of  quarks  and  gluons  (QGP),  Among  the  various 
formation  are  the  electromagnetic  'probes',  both  virtual  and  real  pi 
particularly  suitable  to  carry  information  of  the  QGP  state  since  they  ar 
reaction  volume  with  little  interaction  and  hence  act  as  ideal  markers  c 
history  of  the  QGP  state.  The  production  rates  of  dileptons  (from  virtu; 
real  high-energy  photons  from  QGP  have  been  calculated  in  the  literati 
been  compared  with  their  production  rates  from  the  hot  hadronic  matte: 
at  the  definitive  conclusion  regarding  the  formation  of  QGP.  A  detaile 
photon  production  at  T  =  200  MeV  led  Kapusta,  Lichard  and  Seibert  [: 
'the  hadron  gas  shines  just  as  brightly  as  the  quark-gluon  plasm 


Pragya,  Ashok  Goyal  and  J  D  Anand 

also  confirmed  in  numerical  simulations  of  nuclear  collisions  ei 
quantum  molecular  dynamics  [6]  and  a  relativistic  cascade  model  |T 
at  RfflC  and  at  CERN's  anticipated  LHC,  recent  calculations  [8 
energies  ~  100-200  GeV  per  nucleon,  the  colliding  heavy  ions 
transparent  and  the  baryonic  chemical  potential  may  not  be  sm; 
temperature,  at  least  in  the  experimentally  accessible  region  of  raj 
proposed  experiments  are  unable  to  measure  the  electromagnetic  j 
baryon  free  mid  rapidity  (y  =  0)  region. 

Thus  with  the  possibility  that  baryon  density  may  be  larg 
thermodynamic  equilibrium  is  a  function  of  both  the  temperate 
potential  /IB-  This  would  lead  to  modification  of  the  dilepton  and  pi 
Recent  calculations  by  Dumitru  et  al  [9]  indeed  demonstrated  such  * 
that  the  dilepton  producton  rate  is  a  strongly  decreasing  function  c 
/i/r  estimated  from  heavy  ion  collisions  lying  between  1  and  2,  the 
production  suppressed  by  a  factor  3-10,  depending  on  the  value  < 
mass  and  momentum,  the  plasma  energy  density  etc.  In  this  coi 
to  estimate  the  effect  of  finite  chemical  potential  on  the  product^ 
coming  from  the  qq  annihilation  process  qq  -»  #7  and  from  the  QCI 
qg  _+  27,  qg  -»  #7.  Direct  photon  production  in  the  hadronic  sector 
the  pseudo  scalar  and  vector  meson  decays  however,  will  not  be  affe 
of  the  chemical  potential. 

2.  Photon  production  rate 

Consider  the  annihilation  process 


and  the  Compton  processes 


and  let  ^  |M,|2  be  the  matrix  element  squared  and  summed  over  f 
degrees  of  freedom.  The  photon  production  rate  per  unit  volume  is 
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Defining  s  —  (p\  +  P2)2  and  t  =  (pi  -  p)2  and  converting  the  total  n 
rate  using  the  8  function,  all  the  integrals  can  be  done  except  those  ov 

1  1 


"2(27r)632E 

*/! 


•  — JLl 


For  relativistic  particles  the  matrix  element  square  is  related  to  th 
section  by  [3] 

d<j_S|M|2 
dr  ~~  167T52  ' 

For  the  annihilation  process,  in  this  limit 
dcr      87raac  w2  +  t2 


and  N  =  20  when  we  sum  over  u  and  J  quarks. 
For  the  two  Compton  processes 

dcr      — 


at         3^         us 

and  AT  =  320/3. 

The  integral  over  t  gives  the  total  cross- section  and  if  the  quark  n 
the  cross-section  would  diverge.  A  non-vanishing  quark  mass  regu 
Although  the  bare  quark  mass  is  very  small,  the  effective  mass 
interacting  thermal  quark-gluon  plasma  is  considerably  modified  di 
effects  of  the  medium  at  high  temperatures  and  densities.  Braaten  ani 
that  a  quark  acquires  an  effective  thermal  mass  m^  =  2Tiac/3(T2  -f 
et  al  [3]  showed  that  the  net  effect  of  the  medium  on  photon  produc 


Pragya,  Ashok  Goyal  and  J  D  Anand 
where 


Ia  =  ln(l  +  e-^ln  -  ld*  and  C 

I       \    Kc     / 

5T2        V 


1  __  1 
x 


1  4.  e-/i/r  e(£+rt/r  -u  1 

( 
l 

1  1 


where 

Jk*/4ET 


=  _0.6472. 


For  baryon  free  plasma  /x  =  0  and  the  integrals  la  and  Ic  can  be 
and  we  recover  the  well-known  results  [3]  namely, 
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Table  1.  Photon  thermal  production  rate  E(dR/d3p)  in  fm  ~A 
H/T  for  E=  1,2  and  3GeV  at  two  different  quark-gluo 
T  =  200  MeV  and  ISOMeV  respectively. 

r  =  200MeV  T  = 


Photon  energy  E 

IGeV 

2GeV 

3GeV 

IGeV 

Ui/T 

Rate 

Rate 

Rate 

Rate 

xlO5 

xlO7 

xlO9 

xlO6 

0.0 

1.734 

1.817 

1.478 

2.270 

0.5 

1.631 

1.732 

1.414 

2.151 

1.0 

1.585 

1.707 

1.398 

2.109 

1.5 

1.575 

1.725 

1.416 

2.121 

2.0 

1.591 

1.785 

1.468 

2.181 

2.5 

1.624 

1.882 

1.55 

2.282 

Figure  1.     Thermal  photon  production  spectrum  E  dR/d3p  ii 
energy  density  of  the  plasma  (e  =  GeV  fm~3)  for  various  va 
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Note 


After  the  completion  of  the  paper  our  attention  was  drawn  to  a  recent 
(Phys.  Lett.  B346,  329  (1995))  who  used  the  Bratten-Pisarski  resum 
baryon  rich  plasma  and  employed  numerical  methods  to  evaluate 
integrals.  Our  results  agree  with  them. 
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Abstract.  We  have  studied  some  of  the  two  body  nonleptonic  decays  of  B  m< 
heavy  quark  effective  theory  using  factorization  hypothesis.  Treating  a\  as 
have  obtained  its  value  as  a\  =  0.822  ±  0.045,  by  correlating  the  experin 
branching  ratio  for  B  —+  D+7r~  process.  With  this  value  of  a\  the  branchin 
other  decay  channels  are  in  good  agreement  with  the  experiment.  The  decay  c< 
extracted  to  be  280. 82  Me V.  Heavy  quark  spin  symmetry  has  also  been  teste 
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1.  Introduction 

Non-leptonic  weak  decays  of  hadrons  contain  a  lot  of  valuab 
electroweak  interaction  of  quarks.  However  these  decays  are  nonpei 
and  cannot  be  calculated  reliably  from  the  quantum  chromo 
Lagrangian.  A  theoretical  description  of  the  nonleptonic  decays  of 
based  on  general  principles  is  not  yet  possible.  In  fact  some  approxi 
used  for  these  analyses.  One  of  the  techniques  "is  the  factorization  hyp 
developed  for  weak  hadronic  decays  of  'charm'  and  'beauty'  by  Baue 
[1]  and  others  [2],  which  considerably  simplifies  the  necessary  ci 
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In  this  paper  we  analyse  the  class-I  type  decays  i.e.,  B  —>  D+P~ 
D*+V~,  where  P  and  V  stand  for  the  pseudoscalar  and  vector  mes 
Thus  within  the  theoretical  framework  described  here  we  are  abi 
rates  even  if  one  of  the  decay  products  is  not  light.  The  use  of  I 
expression  for  the  decay  widths  should  contain  the  universal  Isgur- 
is  normalized  at  the  point  of  zero  recoil  i.e.,  £(v-vf  =  1)  =  1.  He 
point  of  zero  recoil,  HQET  does  not  predict  the  shape  of  the  Isgu: 
Hence  to  know  the  value  of  the  Isgur-Wise  function  other  than  tl 
one  has  to  rely  on  phenomenological  models.  Here  we  adopt  the  w 
Ali  et  al  [8]  to  calculate  the  same. 

The  paper  is  organized  as  follows.  In  §  2  we  present  the  gene 
study  of  non  leptonic  decays  in  the  factorization  method.  The  I 
evaluated  in  the  wave  function  model  [8]  in  §3.  Section  4 
discussions. 

2.  General  framework 

Neglecting  the  penguin  contribution,  the  effective  Hamiltonian 
under  consideration  is  given  by 


C2(m»)02 
and     O2 


where  GF  is  the  Fermi  coupling  constant  and  the  quark  current  (qz- 
(V-A)  current.  qz-  and  q;-  are  two  types  of  quark  flavors  that  are  ha< 
mesons.  The  values  of  the  Wilson  coefficients  Ci  and  C2  are  take 

Ci(ma)  =  l.l     and    C2(mb)  =  -0.24. 

To  evaluate  the  matrix  elements  of  the  effective  Hamiltonian 
factorization  hypothesis,  where  one  assumes  that  the  matrix  elei 
operators  may  be  expressed  as  the  product  of  matrix  elements  c 
Hence  the  amplitudes  for  5°  -*  Z)+(D*+)M~(M  is  either  P  or 
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where  a\  is  related  to  Ci  and  Ci  by 
a\  =Ci+— C2. 

One  expects  Nc  to  be  3.  However  the  phenomenology  of  charm  decays ; 
that  Nc  — *  oo  limit  works  well  for  D  decays  [1].  If  this  is  also  the  cas 
one  would  have  a\  =  1.1.  On  the  other  hand  if  Nc  =  3  is  used,  one  < 
Hence  corrections  of  the  order  l/Nc  must  be  required.  Therefore  in  this 
as  a  free  parameter  and  determine  it  by  comparing  the  predicted  decay  ^ 
with  the  experiment.  Given  the  factorized  Hamiltonian  (4),  one  can  th 
amplitudes  for  the  decays  £°  —>  D+M~  and  S°  ->  D*+M~  as 


^{M-Kq^iOXl 

V  ^ 

To  evaluate  the  factorized  amplitudes  we  use  the  following  matrix  el< 


where  fp  and  fy  are  the  pseudoscalar  and  vector  meson  decay  cons 
In  the  factorization  approximation,  two  body  nonleptonic  decays 
obtained  by  the  semileptonic  matrix  elements  of  the  weak  currents 
mesons.  Therefore  the  matrix  elements  (D+(D*+)(vf)\(cb)fl  BQ(v))  i 
their  corresponding  semileptonic  decays.  In  the  HQET  these  matrix  < 
as  [4] 


and 


(D*(v',t)\(cb)u\B°(v)}  = 


x  fe^e*VV  -  (1  +  v  •  t/K  +  (e*  -  vK), 
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Thus  we  obtain  the  partial  decay  widths  as 

r(5°  ->  D+P-)  =  fE  |p  a]  fie  (w)mbmc(l  +  w}2  (l  - 

07T  \ 


T(B°  ->  D*+V-)  =  |p|o?/*  £VX^(1  +  w) 

x  [(1  + 


where  we  have  defined  GF  =  (G£/V2}VcbV*  .q..  The  above  expn 
widths  (13-16)  contain  besides  the  known  quantities,  the  unknown 
which  can  be  calculated  in  the  wave  function  model  of  Ali  et  al  [! 


3.  Evaluation  of  the  Isgur-Wise  function 

The  Isgur-Wise  function  which  represents  the  nonperturbative  QC] 
of  light  cloud  (spectator  quark)  rearrangement  around  the  hea 
transition.  Here  we  have  used  the  wave  function  model  of  Ali  et  al 
The  Isgur-Wise  function  calculated  in  this  model  predicts  the  c 
B  —*  K*j  decays  [8],  the  radiative  decays  of  heavy  mesons  [10]  an 
for  nonleptonic  decays  of  B  mesons  [7]  very  well.  In  this  model  the 
obtained  from  the  overlap  integral 


where  fa  and  <j>p  refer  to  the  radial  wave  functions  of  the  inil 
respectively,  y'o  is  the  spherical  Bessel  function  of  the  zeroth  order. 
A  is  taken  to  be  [11] 
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Table  1.    Predictions  for  the  branching  ratios  (B)  for  the  nonleptonk 


Decay  process 

|p|  in  MeV 

««•!/) 

B  (Present  calculation) 

Exp 

fl°  ->  £>+*•- 

2306.278 

0.7632 

3.0  x  10-3 

(3.0: 

5°  —  »•  D+^~ 

2278.875 

0.7681 

2.296  x  10-4 

5°  -+  D+D~ 

1863.654 

0.8382 

6.0  x  1C'4 

6.0 

s 

1812.223 

0.8463 

7.794  x  10~3 

(7: 

JD    —  ^  Dp 

2236.221 

0.7756 

7.283  x  10~3 

(7.8: 

BQ  -*  D+JT- 

2210.937 

0.7801 

3.959  x  10~4 

5°  -*-  D+D*- 

1789.684 

0.8498 

4.1  x  10"4 

S°  ->  £>+£>;- 

1731.368 

0.8587 

5.048  x  10"3 

(2.0: 

5°  ->  D*+7T~ 

2254.486 

0.7724 

2.578  x  10-3 

(2.6: 

5°  -».  D*+K~ 

2225.952 

0.7774 

1.939x  10-4 

SQ  -*  D*+D- 

1789.684 

0.8498 

3.688  x  10~4 

j* 

1734.989 

0.8582 

4.563  x  10~3 

(1.2: 

5°  ->  D*+p~ 

2181.486 

0.7852 

7.382  x  10~3 

(7.3: 

5°  _>  D*+K- 

2155.096 

0.7898 

4.233  x  lO"4 

B°  „+  &*+£>*- 

1710.961 

0.8618 

9.148  x  10~4 

5°  ->  D^D;- 

1648.612 

0.8710 

1.231  x  10~2 

(1.9  = 

normalization  condition  £(1)  =  1.  Thus  we  obtain  £(w)  to  be 


where  a  =  A(Vw2  -  1)  and  /3ave  =  (0B  -f  /?o)/2. 

The  value  of  w  (i.e.,  v-v')  is  determined  by  considering  the  kinematics  c 
Since  we  are  dealing  with  the  two  body  decays  B(v)  —  »  D(vf)P(p)/V(p] 
conservation  implies 


which  gives 


Ml  +  M*  -  M2P 


p/v 
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width  for  the  process  BQ  — »  D+TT~  with  the  corresponding  expei 
have  obtained  the  value  of  a\  as 

I*!  |  =0.822  ±0.045, 

which  is  in  general  agreement  with  the  result  predicted  by  Du  an 
analysis  Gourdin  et'al  [15]  have  determined  the  value  of  a\  from  < 
hadronic  decays.  Assuming  factorization,  they  have  used  the  hac 
B  — >  D(D*)  transitions  from  various  models,  whereas  for  experii 
taken  as  the  world  average  data  and  obtained  the  ranges  for  a\  ii 

0.91  <  ai  <  0.97  BSW 

0.96  <ai  <  1.03HQETI 

0.96  <  a\  <  1.07  HQET  H  (One  standard  deviation) 

0.87  <  a\  <  1.17  HQET  H  (Two  standard  deviation) 

Our  estimated  value  of  a\  is  lying  below  these  values.  With  this  pj 
obtain  the  branching  ratios  for  other  nonleptonic  B°  decay  charm 
table  1.  Comparing  the  experimental  result  B(B   — >  D+D~)  = 
predicted  value,  the  decay  constant  of  D  meson  is  extracted  to  b< 

/D  =  280.28  MeV, 

which  is  well  below  the  experimental  upper  limit  fD  <  310  MeV  [1 
spin  symmetry  implies 


and 


B(BQ 


Since  the  quark  masses  are  non-infinite,  these  expressions  are 
unity.  Therefore  as  a  test  of  heavy  quark  spin  symmetry  we  h; 
predicted  results 

>  D+7T)  =  1.16B(B°  -+  D*+7r~) 


Estimation  of  fD  in  HQET 

meson  easily  escaping  the  region  of  interaction  with  other  quarks,  there 
effect  of  the  final  state  interactions  (FSI)  [18].  In  recent  past  there  h; 
interest  [19-22]  in  exploring  the  role  played  by  non-factorized  terrr 
decays  of  'charm'  and  'bottom'  mesons.  In  ref.  [19]  the  authors  h* 
calculate  the  nonfactorized  contributions  to  two  body  hadronic  decays  c 
been  realized  recently  that,  within  the  factorization  approximation  all  t] 
models  for  B  — >  ijjK(K*)  transitions  fail  to  reproduce  the  measured  vali 
polarization  fraction  (TL/Y)(B -—>  ipK*}  and  the  production  rat 
T(B  — >  i/)K).  These  decays  being  color  suppressed  (amplitude  propor 
a  smaller  branching  fraction  than  the  color  favored  modes  (B°  — >  D+l 
amplitudes  are  proportional  to  a\.  Thus  a  nonfactorizable  effect  c 
contribute  a  larger  fraction  of  the  total  amplitude  to  the  color  suppress* 
color  favored  ones  [21].  This  fact  is  also  pointed  out  in  ref.  [Z 
factorization  hypothesis  works  better  than  the  Nc  assumption  for  coloi 
because  nonfactorizable  effects  are  small  in  these  decays.  Therefore 
assume  that  the  color  favored  two  body  non-leptonic  weak  decays 
factorizable  contributions  whereas  nonfactorizable  amplitudes  play  a 
understanding  color  suppressed  B  — » ipK(K*)  decays. 

In  summary,  we  have  performed  an  analysis  of  two  body  non-lept 
meson  in  the  factorization  approximation.  The  matrix  elements  of  the 
evaluated  using  the  heavy  quark  effective  theory.  The  universal  Isgui 
calculated  using  the  wave  function  model  of  Ali  et  al  [8].  Although  i 
Liu  have  analysed  the  nonleptonic  B  decays  using  heavy  quai 
factorization  approximation,  they  have  used  the  QCD  sum  rule  appro 
Wise  function  whereas  in  our  case  we  have  taken  the  wave  functi 
obtained  the  result  in  a  straight  forward  manner.  Using  this  value  of  a\ 
the  branching  ratios  for  other  decays,  which  are  in  good  agreement 
data.  The  decay  constant  of  D  meson  is  extracted  to  be//)  =  280.28  Me 
working  approximation  adopted  here  the  present  calculation  provides  a 
to  explain  reasonably  the  two  body  non-leptonic  decays  of  B  meson 
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Abstract.  In  the  optical  model  (OM)  approach  for  fusion,  absorption  of  fl 
barrier  position  is  presented  in  detail  at  low  energies.  It  has  been  shown  th; 
can  be  well  approximated  as  a  sum  of  the  WKB  transmission  and  a  long  r 
contribution.  Owing  to  absence  of  LRA,  the  fusion  predictions  of  coupled  < 
transmission  approach  like  the  CCFUS  code,  do  not  agree  with  the  predictio 
reaction  channel  (CRC)  calculations  based  on  OM  approach  using  the  code 
code  with  a  modified  transmission  which  includes  LRA  contribution  is  shov 
the  CRC  results  using  FRESCO.  The  static  deformation  of  the  colliding  nu 
the  fusion  imaginary  potential  and  therefore  the  deep  sub-barrier  fusion  cr 

Keywords.  Sub-barrier  fusion;  CRC  calculations;  barrier  penetration;  WK 
model;  long  ranged  absorption;  deformed  potentials. 

PACSNos    25.70;  24.10 


1.  Introduction 

The  study  of  heavy  ion  (HI)  reactions  over  the  past  decade  has  yielc 
about  the  reaction  mechanism  and  the  inter-relation  between  vario 
The  coupled  channels  (CC,  also  denoted  by  CRC)  formalism  i 
explaining  most  of  the  experimental  data  of  HI  fusion  around  the  bai 
the  channel  coupling  effects  on  elastic  and  various  other  reactio: 
fusion,  as  described  by  the  CC  formalism,  is  estimated  as  the  flux  i 
the  coupled  channels  system  by  using  a  short  ranged  imaginary  pote 
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estimation  of  coupling  effects  [5]  (only  on  fusion  channel).  The 
Hill-Wheeler  transmission  formula  in  addition  to  various  a] 
diagonalize  the  coupled  equations  [5].  These  approximations  grea 
channel  problem  and  thus  reduce  the  computation  time  and  memoi 
at  the  cost  of  loosing  information  about  other  channels.  Conseque 
successfully  used  to  understand  the  experimental  fusion  data  \ 
around  the  barrier  energies. 

However,  the  recent  extensive  study  of  the  sub-barrier  fusic 
energies  and  the  experimental  measurements  of  fusion  mean  s 
eq.  (la)]  by  various  methods  have  led  to  new  results  that  are  no 
current  model  predictions  [1,2].  These  results  can  be  summariz< 
enhancement  of  FMSS  as  derived  from  the  fission  angular  anisot 
(ii)  the  anomalous  enhancement  of  fusion  cross  section  at  deep  s 
The  CCFUS  code  fails  to  qualitatively  explain  these  anomalc 
demonstrated  by  Satchler  et  al  that  a  long  ranged  optical  potentia 
the  anomalous  FMSS  values  [7].  In  this  method,  the  flux  is  absorl 
contrast  to  the  requirement  of  complete  traversal  of  barrier  of  the 
Thus  it  is  necessary  to  examine  these  approaches  for  fusion  ii 
believed  that  the  barrier  penetration  model  and  the  optical  mod* 
ranged  imaginary  potential  (n  =  1.0  fm)  give  similar  results  for  1 
[8].  However,  it  was  shown  for  HI  systems  at  deep  sub-barr 
transmission  method  underpredicts  the  FMSS  of  an  OM  calculat 
predictions  of  coupled  channel  codes  based  on  WKB  transmissic 
CCFUS)  will  not  be  in  agreement  with  FRESCO  calculations  ; 
reported  in  ref.  [9].  In  §2,  we  present  the  radial  distribution  fh 
different  energies  and  a  simple  correction  to  barrier  transmission 
OM  absorption  of  flux.  In  §  3,  a  simple  procedure  will  be  pres< 
long  range  absorption  (LRA)  effects  in  the  barrier  transmission  fo 
couplings.  In  §  4,  the  present  work  will  be  applied  to  analyse  the 
of  some  recently  reported  heavy  ion  systems.  In  §5,  we  present  th 
systems  with  static  deformation  and  in  §  6,  a  brief  summary. 
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Figure  1.  Comparison  of  the  OM  absorption  excitation 
excitation  function  from  transmission  method  for  the  case  of 
represents  OM  results  and  the  circles  represent  the  transmij 


that  the  OM  absorption  cross  sections  agree  well  with  the  results  o1 
flux  through  the  corresponding  real  barrier.  This  agreement  of  res 
barrier  energy  of  2  MeV  of  proton  has  been  observed  in  spite  of  us 
(r,-  =  1.355)  and  large  diffuseness  (0.635  fm)  for  this  system  in  con 
a  heavy  ion  case  shown  in  ref.  [9].  This  happens  because 
corresponding  Rm  values  [cf.  eq.  (4)]  for  light  ion  case,  where  t 
turns  out  to  be  very  large.  Therefore,  the  LRA  effect  is  insignificai 
as  the  W(r)  in  this  region  is  extremely  small,  unlike  the  case  for 
In  the  following,  we  present  the  results  for  heavy  ion  syster 
absorption  of  flux  in  the  OM  depends  on  the  choice  of  imaginary 
extends  over  the  entire  domain  of  the  radial  integration.  The  Oh 
flux  absorbed  (A/(r))  and  the  cross  section  (a/)  are  related  by 
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Figure  2.  (a)  Radial  density  of  the  wave  function,  \ui(r)\2 
energy  for  different  partial  waves  as  labelled  in  the  figure. 
W(r),  is  shown  by  dashed  curve.  The  OM  code  SNOOPY  if 
(Woods-Saxon  form)  parameters  as  follows:  rc  =  \ 
r0  =  1.179 fin,  a0  =0.685 fm,  W  =  lOMeV,  r,-  =  1.0 fin,  < 
distribution  of  absorption  of  flux  (A/(r))  in  OM  correspc 
different  partial  waves  shown  by  different  symbols.  The  j 
values  obtained  from  eq.  (4)  are  indicated  in  parentheses. 


significant  contribution  beyond  the  barrier  position  at  very  low 
W(r)  and  the  /  value.  The  wave  function  exhibits  strong  oscillat 
which  are  weighted  by  the  W(r).  Therefore,  A/(r)  exhibits  multip] 
one  is  around  the  barrier  position  (Rb  =  II fin)  as  used  in 
transmission  models.  The  next  significant  peak  in  A/(r)  occur 
turning  point  (RQ)  and  corresponds  to  absorption  beyond  the 
becomes  obvious  when  eq.  (1)  is  written  as 


=  ^(2/  +  D 


(r)|2W(r)dr  + 
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with  jfc(r)  =  k((2r)/kr)  +  (L2/&V)  -  1)1/2,  ??  is  the  SommerfeL 
the  incident  wave  number.  For  radial  separations  beyond  Ro>ui(r 
Though  this  is  overestimation  of  the  flux  at  large  distances,  it  is  < 
Under  these  approximations,  the  second  part  of  eq.  (2a)  can  also 


r° 

i  I 

jRb 


dr  exp  (  -/cr  +  2  /    k(rf)  dr1 


with 


C/  = 


and  ^(r;)  is  the  local  wave  number  in  the  presence  of  Coulomb  anc 
and  K  =  I/ at  is  the  inverse  of  diffuseness  of  the  fusion  imagin 


Oh(opt) 

20h(opt 

40h(opt 
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eq.  (1).  Following  the  procedure  of  ref.  [10]  (similar  integrals  for 
distance,  Rm,  where  the  LRA  contribution  is  maximum  can  be  obfc 

and     q2  =  1  +  K2/' 

The  integrand  of  eq.  (3b)  can  be  approximated  as  a  gaussian  cent< 
ref.  [10] 


r         \ 

/    k(rr}dr'    . 
JRQ  J 


=  2Q         drexp    -«r  -h  2 
JRQ  \ 

One  can  also  use  eq.  (3b)  replacing  Rb  and  oo  of  outermost  integri 
limits  beyond  the  barrier  position.  In  the  present  work,  we  used  e< 
taken  are  12fm  and  20  fin  respectively.  Further,  for  integratioj 
trajectory,  the  integrand  of  eq.  (3a)  and  also  the  corresponding  te: 
replaced  by  an  analytic  expression. 

This  integrand  of  eq.  (3b)  (along  with  multiplicative  factor  —  C/) 
symbols  in  figures  3(a,  b,  c,  d).  As  seen  in  figures,  this  approximation 
A/(r)  obtained  from  OM  code,  represented  by  various  continuous  c 
represented  by  eq.  (4)  for  different  partial  waves  are  indicated  in  pare 
and  also  in  figures  3(a,b,  c,  d).  As  seen  in  figure,  at  high  energies  th 
Rb  only  contributes.  This  is  the  usual  WKB  transmission  of  flux  thro 
and  is  independent  of  WQ  as  represented  by  the  first  term  of  eq.  (2b] 
that  the  second  term  of  eq.  (2b)  contributes  significantly,  which  con 
of  the  OM  approach  and  is  responsible  for  large  OM  estimates  of  FN 
if  the  second  term  is  neglected,  the  OM  also  predicts  saturation  vali 
WKB  method.  Thus  the  LRA  effects  will  be  seen  in  any  CRC  c 
approach  for  fusion. 

3.  Coupled  channels  method  for  fusion 

In  the  CC  formalism,  there  are  several  channels  from  which  absorj 

tn     all     tVlO     /">hor»«0i1c     ifi     f\v-Ao.*-    4-f*     y%l*+n*vk     T    T>    A      An.M 
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Figure  4.  (a)  Comparison  of  CRC  results  and  the  results  of 
As  labelled  in  the  figure,  the  CRC  fusion  (absorption)  exci 
from  FRESCO  is  represented  by  squares.  The  results  from 
transmission  formula  is  shown  by  a  solid  curve  along  with  t 
WKB  transmission  formula  for  fusion  (short  dashed  curve). r. 
the  fusion  predictions  of  FRESCO  with  only  elastic  channel 
for  various  cases  of  figure  4(a).  This  is  to  compare  the  modil 
CRC  calculations. 


where  a  and  (3  are  the  various  channels  included  in  the  CRC  calci 
the  outgoing  wave  function  for  relative  motion  of  coupled  equatic 
It  should  be  noted  that*  the  term  fusion  here  refers  to  removal  of  \ 
potentials  from  the  coupled  channels  system.  Therefore,  the  fusi< 
in  these  calculations  refers  to  absorption  excitation  function.  r. 
function  by  the  CRC  method  for  different  0Z  values  was  studied 
seen  that  as  long  as  the  fusion  potential  is  very  short  ranged\  t 
fusion  gives  the  same  results  as  WKB  transmission  method.  \r 
parameter  of  fusion  imaginary  potential  serves  as  a  measure  p 
OM  approach.  The  CRC  fusion  excitation  function  differs  fro 
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As  discussed  earlier,  the  CCFUS  code  based  on  WKB  transmissi* 
equivalent  to  complete  CRC  calculations  using  the  codes  like 
Figure  4(a)  shows  the  fusion  excitation  function  obtained  from  FR 
and  from  the  CCFUS  code  with  WKB  transmission  approach  (she 
anomalous  enhancement  of  the  CRC  results  (squares)  compared  to 
curves)  results  is  owing  to  LRA  effect.  Figure  4(b)  shows  the 
results.  In  order  to  remove  this  deficiency,  the  WKB  transmissioi 
modified  by  using  only  elastic  channel  represented  by  07    , 


Here,  Tpc  is  the  transmission  for  fusion  from  usual  unmodifie< 
includes  all  the  effects  of  channel  couplings.  The  second  term  crjr1^ 
In  addition,  the  WKB  radial  wave  function  part  in  eq.  (3b)  was  i 
expression  for  a  Coulomb  trajectory.  Under  these  conditions,  the  ii 
be  seen  to  be  very  simple  and  is  evaluated  once  for  each  partial  ws 
number  of  channels  coupled.  Therefore,  the  computation  time  and 
are  almost  unchanged. 

Figure  4(a)  also  shows  the  fusion  excitation  function  by  the  mo< 
using  eq.  (6d)  (solid  curve),  FRESCO  (squares)  and  the  unmodified 
dashes)  for  a{  value  of  0.4  fm  (equivalent  to  0.8  fin  in  FRESCO  w 
The  WQ  used  is  lOMeVand  r/  is  1.0  fm  which  are  same  as  CRC  in] 
the  corresponding  FMSS  values.  As  shown  in  figure  4(a,b),  th 
CCFUS  code  compare  well  with  CRC  results  using  FRESCO. 
between  these  two  cases  means  that  the  proposed  modification  is 
for  simulating  the  results  of  realistic  CRC  codes.  Therefore,  this  me 
for  parametrizing  the  experimental  data  on  heavy  ion  fusion. 


4.  Deep  sub-barrier  fusion  of  heavy  ion  systems 

Using  the  modified  CCFUS  code,  we  have  calculated  the  fusion  of 
systems.   The  imaginary  potential  parameters   used  in  CCI 
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Figure  5.  (a)  Comparison  of  the  deep  sub-barrier  fusion  prec 
method  for  different  systems  with  same  target.  The  results  from  ( 
transmission  formula  are  shown  in  solid  curve  along  with  the 
WKB  transmission  formula  for  fusion  (dashed  curve),  (b)  FM 
various  cases  of  figure  5 (a).  This  is  to  compare  the  results  o 
'  modified  and  WKB  transmission  formulae. 


It  should  be  noted  that  the  imaginary  potential  parameters  are  1 
a  comprehensive  coupling  scheme  with  all  significantly  contril 
considered  for  CC  calculations.  Consequently,  the  enhancem 
function  and  mean  square  spin  arising  due  to  LRA  effects,  which  dc 
potential,  would  also  change.  Therefore,  only  the  qualitative 
model  predictions  is  of  importance.  In  addition,  it  should  be  no 
enhacement  observed  in  deep  sub-barrier  fusion  cross  section  has 
the  LRA  effects  alone,  resulting  from  spherical  imaginary  potentials 
mean  square  spin  values  predicted  would  provide  an  upper  limit  to  th 
for  these  systems.  The  effect  of  static  deformation  of  the  potentials  o 
be  investigated  and  will  be  discussed  in  the  next  section. 
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Figure  6.  Scattering  of  spherical  projectile  from  a  defo 
pole  deformation,  in  a  semiclassical  picture.  Here,  b  is  tf 
is  the  projectile  radius,  r  and  r7  are  the  center  to  center 
ions  at  the  positions  P  and  Q  along  the  trajectory.  r&  and 
deformed  target  as  seen  by  the  projectile  at  P  and  Q  res] 
tion  dependent  imaginary  potential  uses  the  surface  to  : 
the  radial  direction  at  P  and  Q  which  are  given  by  r  —  ra  - 
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between  centers  of  the  nuclei  is  given  by 

IF//      m  ~~Wo 


V  '   '       l+exP((r-ro(0))/ao)' 

The  orientation  dependence  of  the  potential  half  radius  of  eq.  (7c)  is  <* 
for  the  case  of  scattering  from  the  deformed  target  with  only  quadruj 
and  r'b  are  the  radii  of  the  deformed  target  as  seen  by  the  projectile  a 
trajectory.  The  deformation  dependent  imaginary  potential  uses  the 
distances  along  the  radial  direction  at  P  and  Q  which  are  given 
r7  -  ra  -  r*b,  of  eq.  (8) 

Figure  7(a),  having  four  figure  sets,  shows  the  effective  W  as 
different  deformation  parameter  values.  Each  of  these  four  figures  sh< 
effects  for  various  diffuseness  values  of  the  potential.  All  the  potenti 
volume  Woods-Saxon  type  and  the  spherical  potential  radius  pan 
1.2fm.  As  can  be  seen  from  the  figure,  the  effective  potential  behav( 
larger  diffuseness  parameter  in  the  neighbourhood  of  the  mean  radius 
it  decreases  with  the  same  diffuseness  as  that  of  the  spherical  potenti 
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Figure  7(b).    Effective  diffuseness  as  a  function  of  deform 
radius  parameter  is  chosen  as  1.2frn. 


effect  is  more  pronounced  for  potentials  of  smaller  diffuseness  and 
potentials  of  very  large  diffuseness.  For  the  curve  with  0.2 
deformation  parameter  values,  the  effective  spherical  Woods-Saxc 
the  region  of  llfm  to  13.5  fm  has  a  diffuseness  of  0.5  fm.  F: 
deformation  dependence  of  effective  diffuseness  of  a  Woods-Sa: 
region  of  llfm  to  14 fm,  which  has  0.2 fm  diffuseness  for  co 
potential.  This  is  the  case  for  which  the  deformation  effect  is  seen 
the  effect  of  deformation  is  that  the  diffuseness  parameter  char 
before  deformation  is  switched  on)  to  an  effective  value  of  0.5  fm. 
from  the  figure  that  the  curves  representing  the  different  cases  of  { 
similar  in  magnitude.  Therefore,  the  effective  potential  depends  < 
both  deformation  and  spherical  diffuseness.  Since,  the  fusion  imagi 
approach  are  of  shorter  range  and  smaller  diffuseness,  the  deformj 
extend  the  imaginary  potential  beyond  the  barrier  radius  even  tt 
potential  is  very  short  ranged.  Consequently,  this  effect  can 
absorption  of  flux  for  higher  partial  waves  and  therefore  results 
fusion  mean  square  spin. 
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Figure  8(a,b).  Effect  of  deformation  of  W  on  LRA  contribu 
system.  Figure  8(a)  represents  the  excitation  function  and  figure 
ing  mean  square  spin  values.  The  parameters  are  /32  =  0.3,  TO  =  1 
is  0.3  fm.  The  long  dashed  curve  represents  the  one  dimension; 
model  results.  The  solid  curve  labelled  CC  is  the  usual  CCFUS  < 
Wong's  method  in  the  presence  of  static  deformation.  The  open 
by  solid  curve)  represent  the  OM  and  LRA  effects,  but  wit 
imaginary  potential.  The  short  dashed  curve  represents  the  OM  ; 
in  the  presence  of  deformed  imaginary  potential. 


imaginary  potential  i.e.  without  deformation  effects  in  W,  as  represent 
interpolated  by  solid  curve.  This  is  equivalent  to  simple  optical  mod 
spherical  imaginary  potential.  The  third  case  is  for  absorption  incl 
presence  of  deformation  of  W  as  shown  by  short  dashes.  Compari 
shows  that  the  minimum  in  the  FMSS  value  shifts  to  lower  energies 
compared  to  squares)  and  the  peak  value  of  the  FMSS  enhacement  at  s 
remains  the  same.  At  very  low  energies,  these  results  merge  with 
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optical  model  LRA  effects,  deformation  dependence  of  imaginary 
inclusion  of  nonlocal  effects  is  being  studied  [12]. 


6.  Summary 

It  is  shown  that  in  the  OM,  absorption  beyond  the  barrier  po: 
contribution  to  fusion  at  very  low  energies.  This  OM  results  can  b( 
WKB  transmission  and  an  LRA  part  estimated  using  WKB  elasi 
CRC  calculations  show  that  the  absorption  (mainly  LRA)  into  fusi< 
is  the  dominant  contribution  at  deep  sub-barrier  energies.  The  resu 
based  on  transmission  approach,  which  is  very  commonly  used  1 
are  not  in  agreement  with  the  CRC  results  at  low  energies.  The 
fusion  in  CCFUS  code  has  been  modified  incorporating  the 
agreement  with  FRESCO  code,  without  much  additional  compute 
requirements.  The  static  deformation  effect  on  the  short  ranged  ir 
been  studied  using  the  effective  potential  as  a  sum  over  all  the  ori( 
potential  becomes  more  diffused  in  the  vicinity  of  mean  radius  a] 
diffuseness  at  large  distances.  The  LRA  effects  corresponding 
deformed  imaginary  potential,  summed  over  all  orientations,  shi 
compared  to  undeformed  case. 
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Abstract.  Cross-sections  for  the  reactions  with  product  nuclei  24Na,  22N* 
investigated  over  the  energy  range  of  30  to  75  MeV  for  alpha  particle  induci 
aluminium  and  copper,  using  stacked-foil  activation  technique.  The  measun 
were  analysed  with  special  reference  to  their  suitability  for  monitoring  bear 
The  experimental  results  were  compared  with  the  predictions  of  hybrid 
assumption  of  initial  exciton  number  HQ  =  4(4/?0/z)  best  satisfies  the  measur 
in  the  present  work. 

Keywords.  Nuclear  reactions;  stacked  foil  activation  technique;  hybrid  m 
PACS  No.  25.60 


1.  Introduction 

Nuclear  reactions  are  frequently  understood  in  terms  of  two  extreme 
of  their  time  scale  of  occurence.  These  are  the  fast  direct  reactic 
compound  nucleus  reaction  mechanisms  [2]. 
However,  in  recent  years,  there  has  been  an  increasing  evidence 
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nuclear  reaction  studies  with  low  and  intermediate  energy  alpha  p; 
the  conditions  of  24Na,  22Na,  68Ga  and  67Ga  (targetting,  yields,  pi 
of  the  excitation  function  was  necessary.  The  alpha  particle 
aluminium  were  earlier  measured  by  a  few  groups  [15-11 
disagreement  among  themselves,  with  some  measurements  havii 
20-40%  [15].  Even  though  large  number  of  experimental  data  an 
[18-25]  for  the  alpha  induced  reactions  producing  68Ga  and  67C 
obtained  using  poor  resolution  detectors.  However,  some  of  the  n 
been  done  using  good  resolution  Ge(Li)  detectors  [22-25], 

In  view  of  the  large  uncertainties  and  mutual  discrepancies 
measurement  of  these  reactions  are  still  needed.  With  the  advent 
large  volume  semiconductor  detectors  and  with  the  availability  of  ^ 
excitation  functions  measurement  has  entered  into  a  new  era.  Thei 
is  carried  out  with  the  following  motivations: 

(1)  determination  and  optimisation  of  the  24Na,  22Na,  68Ga  and 
induced  reactions  on  aluminium  and  copper, 

(2)  to  compare  the  experimentally  obtained  data  with  the  theoreti 
[7,26,27], 

(3)  to  study  the  reaction  mechanism  involved  in  the  production  c 
67 Ga  isotopes. 

2.  Experimental  procedure 

2.1  Irradiation  and  counting 

Stacked-foil  activation  technique  was  employed  in  the  preseni 
supporting  metallic  foils  of  aluminium  and  copper  of  purity  grea 
thicknesses  14mg/cm2  and  23mg/cm2,  respectively  were  us< 
irradiation.  Copper  foils  were  interspersed  with  aluminium  foil 
acting  as  energy  degraders,  while  the  aluminium  stack  was  prepare 
foils.  The  irradiation  of  the  stacks  were  carried  out  at  the  Van 
Centre,  Calcutta.  The  primary  beam  of  the  alpha  particles  w* 
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Table  1.     Reaction  studied  in  the  present  work  and  the  relevan 
of  residual  nuclei. 


Reaction 

Residual 
nucleus 

Q-Value 
(MeV) 

Half-life 

r1/2 

27M(a,a2pn) 

24Na 

-31.40 

15.05  h 

21Al(a:2an) 

22Na 

-22.50 

2.60  Y 

65Cu(c*,n) 

68Ga 

-5.85 

68.00m 

65Cu(a,2«) 

67Ga 

-14.10 

28.26  /z 

insulated  irradiation  head  serving  as  a  kind  of  Faraday  cup  [17-2 
electrons  were  prevented  from  escaping.  Using  this  charge,  the  flux 

2.3  Cross-section  determination 

The  formula  used  for  the  determination  of  reaction  cross  section  is 

7    Sm 


-  exp(-M)][exp  -Afw][l  -  exp(- 


where,  a  is  the  cross  section  for  the  reaction,  A7  is  the  photopeak  area 
gamma  ray  of  the  residual  nucleus,  Agm  is  the  gram  atomic  weight  o 
A  is  the  disintegration  constant  of  the  residual  nucleus,  <j>  is  the 
particles,  W/  is  the  weight  per  unit  area  of  the  target  foil,  Pi  is  the  frac 
weight  of  the  target  isotope  of  interest,  #7  is  the  fraction  of  the  chan 
emitted,  P7  is  the  photopeak  efficiency  of  the  gamma  rays,  WAV  is  th 
fi,  fWJ  A  are  the  periods  of  irradiation,  waiting  and  counting  respecti 

2.4  Errors 

The  total  error  in  the  experimental  cross  section  is  contributed  b] 
photopeak  areas  of  characteristic  gamma-ray,  1-8%  error  in  their  a 
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Figure  2.    Comparison  of  the  present  and  previous  experime 
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Alpha  particle  induced  reactions 

to  75MeV.  This  can  help  avoid  errors  in  the  flux  determination 
the  improper  estimation  of  the  middle  energy  of  the  bombardir 
monitor  foil.  The  excitation  functions  for  the  other  two  product  nuc 
show  a  systematic  trend  in  the  entire  region  starting  from  30  to  7 
these  reactions  may  also  be  used  for  the  determination  of  flux  of  the 
particle. 


4.  Comparison  with  hybrid  model 

In  the  present  work  the  excitation  functions  are  calculated  on  the  t 
model  [7, 26, 27]  with  and  without  the  inclusion  of  pre-equilbrium  em 
Basically  the  hybrid  model  is  semi-classical  and  hence  involves  a 
physical  parameters  along  with  a  few  adjustable  parameters.  A  short 
options  chosen  is  given  below.  The  nuclear  masses  were  calculated 
Swiatecki  mass  formula  [29]  with  the  liquid  drop  having  shell  correi 
pairing,  i.e.  the  level  density  pairing  absorbed  in  binding  energies.  ' 
sections  were  calculated  by  optical  model  subroutine  included  in  the  cc 
parameter  of  A\8MeV~1  was  used.  For  the  equilibrium  part,  the 
approximation  is  used  which  takes  into  account  the  full  gamma,  compe 
emission.  The  initial  exciton  number  ^(Po^o)  plays  an  important  role 
the  entire  cascading  process  of  binary  collisions  and  thereby  influence 
component  in  the  particle  spectra. 

We  have  made  the  theoretical  calculations  using  the  initial  < 
tions  4(4pQh),  5(5pOh)  and  6(5plh).  It  was  observed  that  the  thec 
of  the  hybrid  model  with  4(4pO/z)  gives  better  results,  as  compared 
of  the  5(5pO/i)  and  6(5plh)  configurations  with  respect  to  initial  cc 
and  Mignerey  [30]  used  «o  =  4(4pOh)  to  calculate  (a,/?)  spectra  < 
et  al  [31]  have  also  discussed  this  point  in  detail  and  recomme 
application  of  «o  =  4.  Therefore  we  have  shown  4(4/?0/i)  con 
comparison.  Evidently,  an  initial  exciton  no  =  4(4pOh)  configuration  \ 
to  a  break  up  of  the  incoming  alpha  particle  in  the  field  of  the 
nucleons  occupvine  excited  states  above  the  Fermi  level  gives  a  bettei 
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energy  range  40  to  80  MeV  is  by  statistical  evaporation  process, 
were  also  made  by  Bowman  and  Blann  in  their  study  of  mean  i 
induced  reactions  on  27A1.  They  found  that  there  is  only  20  to  2' 
transfer  for  24Na  and  22Na,  confirming  compound  nucleus  median 
the  production  of  24Na  and  22Na. 

Figures  2  and  3  shows  the  reactions  65Cu(a,w)  and  65Cu(a,  2, 
of  68Ga  and  67Ga  respectively.  In  (a,  n)  reaction,  as  shown  in  fij 
nucleus  mechanism,  given  by  Weisskopf-Ewing  estimate,  is  do] 
part  of  the  excitation  function,  while  there  are  considerable  p 
beyond  30  MeV  of  bombarding  energies.  Similar  arguments  can  all 
reaction,  where  the  pre-equilibrium  effects  predominate  beyond 
energy. 

It  can  be  seen  in  figure  2  that  there  is  a  clear  shift  in  energy  betw 
experimental  compound  nucleus  peaks.  Generally,  such  shifts 
complete  neglect  of  angular  momentum  effects  in  the  Weisskc 
calculations  of  the  compound  nucleus  contributions.  More  elabc 
Hauser-Feshbach  theory  may  bring  about  a  better  agreement. 

5.  Conclusions 

Four  excitation  functions  for  the  production  of  22Na,  24Na,  67Ga  2 
from  the  alpha  bombardment  of  aluminium  and  copper  were  measi 
up  to  75  MeV.  The  high  resolution  Ge(Li)  detectors  were  em] 
improvement  in  the  quality  of  data  was  observed.  In  all  the  four  r 
24Na,  67Ga  and  68Ga,  the  excitation  functions  for  the  reaction  pi 
were  studied  for  the  first  time  in  the  energy  range  50  to  75  MeV. 
A  comparison  of  the  experimental  data  with  the  results  of  hyb 
were  performed  with  and  without  using  the  pre-equilibrium  emisi 
code.  The  initial  exciton  configuration  was  varied  betw 
«o  =  6(5pl/z).  However,  n$  =  4(4pQh)  gave  the  best  agreement  b 
experiment.  A  pronounced  pre-eqilibrium  emission  of  neutron 
reactions  with  product  nuclei  67Ga  and  68Ga  beyond  30  and 
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Abstract.  The  Wigner-Seitz  cell  of  a  lattice  in  ^-dimensional  space  display 
group  of  such  a  lattice.  The  vertices  of  the  cell  when  projected  onto  pseudo  S] 
outer  shape  of  acceptance  domain  or  motif.  This  general  procedure  leads  to  a 
motif  identical  to  those  discussed  in  literature  for  primitive  orthogonal  hyper 
Example  of  4d  non-orthogonal  hyperlattices  corresponding  to  12-fold 
considered.  It  will  be  shown  that  the  first  Wigner-Seitz  cell  degenerates  into  m 
2d  pseudo  space  and  can  serve  as  a  natural  partition  of  the  motif.  Following  a  p 
consequence  of  projection  of  first  4d  Brillouin  zone  will  also  be  discussed. 

Keywords.    Wigner-Seitz  cell;  quasicrystals;  non-orthogonal  hyperlattices. 
PACS  Nos    61.44;  61.50 

1.  Introduction 

The  two  dimensional  (d)  quasicrystals  enjoy  a  special  status  in  quasic 
owing  to  the  presence  of  periodicity  parallel  to  symmetry  axis  and  qi 
plane  perpendicular  to  it.  Pentagonal  [1,2],  octagonal  [3],  dec 
dodecagonal  [6, 7]  phases  belong  to  this  category.  The  rank  of  these 
to  index  their  diffraction  patterns,  one  requires  five  integrally  indeper 
There  have  been  attempts  to  understand  the  nature  of  two 

rvf 
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starting  point  for  the  acceptance  domain.  Such  a  procedure  when 
space  readily  gives  information  about  the  first  Brillouin  zone  shap 
and  its  consequence  on  physical  space  projection  are  explored.  We 
taking  the  example  of  a  4d  dodecagonal  lattice. 


2.  Determination  of  Wigner-Seitz  cell  and  acceptance  domain 

As  indicated  earlier,  the  4  basis  vectors  in  2d  physical  and  pseudo  \ 
to  recover  the  metric  tensor  for  dodecagonal  lattice  given  by  Brown 
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0     " 
1 

-cos$ 
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where  V/  s  and  Wf  s  (for  i  =  1  to  4)  are  respectively  the  physical  a 
vectors;  6  =  30°;  X\\  and  7"  are  Cartesian  bases  in  physical  space  v 
those  for  pseudo  space.  The  Cartesian  bases  are  complementary 
other.  Thus  the  direct  sum  of  the  above  two  equations  gives  base; 
they  are 


1 
0 


0  1  0      " 

101 
cos#      -sin#     —  cos# 
-cos  9    -sin#      cos#      -sin  9 


JC» 
yll 


where  A/s  (i  =  1  to  4)  are  4d  lattice  basis  vector.  The  metric  tensoi 
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Table  1.     Coordinates  of  plane  normals  and  equation  of  hyperplanes. 


mi 


m3 


m4 


Equation  of  hyperplane 


±1 
0 
0 
0 

±1 

0 


0 

±1 

0 
0 
0 

±1 


0 
0 

±1 

0 

±1 

0 


0 
0 
0 

±1 

0 

±1 


=  2 


Table  2.    Coordinate  of  the  vertices  of  WS  cell  in  terms  of  4d 
cartesian  axes  in  direct  and  reciprocal  space. 


Direct* 


Reciprocal* 


|4 

hi 
bi 


bi 

bs 
bi 


b6 
b4 


b6 
bi 
bi 

hi 

bi 
bi 

bs 
bl 


b4 
bl 


bi 
bi 


b3 


bi 
bi 

b 

bl 


bi 
b4 

bl 


bs 


bi 
b4 
b6 
bi 


bi 

bl 
bs 


b6 
hi 


b4 

bi 
bl 

bi 


b_i 
bs 


bi 
b3 


bi 
bs 


bs 


bi  = 


3-' 


\bi=- 


6 

2V3 


;  b3=- 


b      ^- 
6      '*4  =  T: 
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3.  4d  reciprocal  basis  and  Brillouin  zone 

The  reciprocal  basis  vectors  of  the  4d  direct  counterparts  give 
obtained  by  utilizing  the  criterion  A/.AJ  =  6y  (for  i,  j  =  1  to  4).  T 
delta  is  1  for  i  =  j  otherwise  zero.  The  reciprocal  space  basis  vet 
expressed  by 


cos#      sin#     cos#     -si 
—  sin#    cos#     sin#      cos# 
010-1 
-1010 

with  the  identity  [A][A*f  =  [/]. 

Following  a  procedure  parallel  to  that  explained  in  the  precedi] 
of  the  first  Voronoi  cell  have  been  determined.  The  36  vertices  thu 
table  2.  The  first  Brillouin  zone  hypersurfaces  thus  obtained 
dodecagons  in  physical  and  pseudo  reciprocal  spaces.  We  knoA 
reciprocal  lattice  points  (twice  of  the  Brillouin  zone  vertex  vect 
physical  space.  This  means  that  4d-Brillouin  zone  boundaries  are 
all  may  not  be  observable  under  experimental  conditions.  This  fad 
while  considering  the  Fermi  surface  and  Brillouin  zone  interacti 
comprehending  the  behaviour  of  electronic  states  near  the  Fermi 


4.  Conclusions 

We  have  presented  a  method  of  selecting  acceptance  doma 
hyperlattices.  This  has  been  accomplished  by  first  constructing  the 
then  projecting  the  vertices  onto  pseudo  space.  A  parallel  procedu 
construct  the  4d-Brillouin  zone  boundary.  The  consequence  of  prc 
physical  and  pseudo  space  led  us  to  the  conclusion  that  4d-Wignei 
into  three  dodecagons.  This  further  meant  that  the  4d-Brillouin  zo: 
in  view  of  diffraction.  We  believe  that  such  a  conclusion  i 
understanding  the  nature  of  electronic  states  near  the  Fermi  surfj 
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Abstract  Litov  and  Anderson  after  various  considerations  suggested  a  f< 
function  for  a-Se  as  well  as  a-As2S3.  Hence  we  also  used  a  four  constant  pote 
sole  purpose  of  applying  this  potential  function  to  obtain  several  acoustic,  thei 
properties.  We  calculated  several  acoustic  properties  of  a-Se  like  second  c 
(SOECs),  their  pressure  derivatives,  the  longitudinal  and  transverse  Grime 
different  methods,  phonon  frequencies,  absorption  band  position  through  th 
Delaunay's  equation,  and  the  thermodynamic  properties  like  heat  capacity,  I 
Griineisen  constant,  the  pressure  derivative  of  the  bulk  modulus  (d&r/dJ 
derivative  of  C\  which  is  related  to  Anderson-Griineisen  parameter,  p 
Griineisen  constant  namely  7'  which  is  related  to  second  Griineisen  const 
phonon  frequencies,  potential  energy  function  through  the  use  of  fitted  parai 
elastic  constants.  Finally  we  calculated  KT  at  the  reduced  density  of  p/po 
from  the  potential  function  with  the  fitted  parameters.  In  all  the  above  cases 
are  found  to  be  in  good  agreement  with  experiment  wherever  available.  Ii 
important  to  point  out  that  we  eliminated  'C'  a  constant  in  the  potenti 
equilibrium  condition  as  was  done  by  Litov  et  al  in  a-Se  and  Gerlich  et  al  in 
all  amorphous  substances  are  isotropic  as  mentioned  by  several  authors 
calculate  several  other  properties  for  a-Se  and  a-As2Ss  and  present  them  at 

Keywords.  Second  order  elastic  constant  (SOECs);  pressure  derivative 
longitudinal,  transverse  and  thermal  Griineisen  constant;  absorption  band  p 
bulk  modulus;  pressure  derivative  of  Griineisen  constant;  characteristics  o: 
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on  a-Se.  Extensive  description  of  the  properties  of  amorphous 
Elliott  [6].  It  consists  of  hexagonal  rings  and  chains.  The  fact  th 
that  atoms  in  the  chains  are  strongly  bound  whereas  the  interactio 
of  Van  der  Walls  type  [7].  According  to  Martin  et  al  [11]  the  ap 
pressure  promotes  transfer  of  electrons  from  the  intra-chain  bone 
states  between  chains  take  place  and  can  bring  about  a  change 
distribution  between  inter-chain  and  intra-chain  bonds  and  her 
change  with  pressure  [11].  Further,  the  studies  of  McCann  and  Ca 
a  phase  transformation  at  about  ISOkbar  when  the  non-bondin 
anti-bonding  states  at  different  chains  and  this  causes  the  weak 
bond.  Hence  the  simple  Lennard-Jones  type  of  potential  fund 
various  properties  theoretically.  Therefore  one  has  to  add  an  additi 
This  leads  one  to  add  another  term  to  get  theoretically  several  pr< 
et  al  [13]  suggested  the  necessity  to  add  some  more  terms  as 
functions  fails  to  give  experimental  results  correctly  and  several  o 
extra  term.  Like  others  [3, 5],  we  also  added  an  exponential  term  - 
Jones  type  of  potential  function.  Here  RQ  is  the  interchain  dist; 
conditions.  The  interchain  distance  according  to  various  workers  - 
[14, 15]  and  is  nearer  to  Van  der  Walls  diameters  of  4.0  A  [5]. 

Litov  and  Anderson  [7]  did  considerable  experimental  work  c 
constant  potential  function.  They  experimentally  studied  the  ela 
the  very  well-known  condition  of  equilibrium  [16]  to  eliminate  on 
potential  function. 

In  the  present  theoretical  investigation  we  used  exactly  the 
function  and  eliminated  one  of  the  constants  as  was  done  by  Lito^ 
method  of  using  the  equilibrium  condition  is  very  well-known  j 
[16]  to  eliminate  an  unknown  constant.  Litov  et  al  [5]  and  the 
same  thing.  In  the  present  investigations  we  theoretically  obtainec 
SOECs  by  two  different  methods  and  calculated  the  pressure  der 
as  well  as  the  second  pressure  derivative  of  bulk  modulus  and  hei 
the  pressure  derivative  of  the  Griineisen  constant,  the  absorpl 
various  other  thermodynamic  and  acoustic  properties.  Thus  our  m 
potential  function  but  to  see  how  well  it  works  for  predicting  the  a 
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Further  A,  B,  C,  n,  m  and  A  are  potential  energy  constants.  For  convei 
m  =  12  and  n  =  6  as  was  done  by  many  others  [16,7].  If  we  have  t< 
constants  also  we  require  more  data.  However  as  was  done  by  Litov  anc 
also  assume  12  and  6  as  stated  above  for  m  and  n  respectively  [ 
eliminated  C  [3,7]  by  using  the  equilibrium  condition.  This  of  cour 
known  procedure  [16, 17].  This  is  especially  true  for  all  amorphous 
from  equation  (1)  we  eliminate  C  as  was  done  by  Litov  and  Andersoi 
equilibrium  condition  that  (d(/>/6R)R:ssRQ  =  0  and  obtain 

_  (mA  -  n#)eA 

A          ' 

This  was  also  done  by  Litov  and  Anderson  in  all  their  investigations 
known  the  bulk  modulus  KT  is  given  by 


which  can  be  rewritten  for  amorphous  substances  as  [16] 

TV 


We  define  a  dimensionless  quantity, 


where  we  assumed  along  with  others  [3, 7, 17]  that  for  amorphous  subst 
From  equations  (1),  (3)  and  (4)  we  get 

*T=W,  [156AG)4-42BG)2-(12A  - 6fi)W/V(i  - 

Here  VQ  is  the  volume  of  a-Se  under  a  pressure  of  one  atmosphere, 
important  to  discuss  the  nature  of  the  roots  of  equation  (1).  If  we  have 
the  right  hand  side  and  with  m  =  12  and  n  =  6  we  will  have  12  roots  bu 
of  an  exponential  term  it  becomes  transcendental  type  of  equation 
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while  —  Ce"^/^  is  positive  and  hence  repulsive.  There  is  absc 
having  two  attractive  terms  and  one  repulsive  term  namely  —  C 
discussion  can  be  found  where  two  attractive  forces  exists  as 
fluoride  [16].  Thus  m  =  12  and  n  =  6  are  just  chosen  values  anc 
give  the  first  two  terms  as  attractive  while  third  term  which  is  an  e 
—Ct~~^R°  as  repulsive.  This  is  just  a  fit  with  three  KT  values  ani 
A  are  not  unique.  In  what  follows  we  give  very  large  number  of  p] 
these  parameters.  However  the  potential  function  with  these  par; 
same  type  of  potential  function  as  obtained  by  Litov  and  Anders* 
they  also  form  another  set  of  parameters.  It  may  further  be  pointe 
simple  alkali  metals  one  has  to  use  two  repulsive  terms  as  was 
Reed  and  Gubins  [19]  give  an  extensive  discussion  on  vari 
functions.  In  fact  the  third  term  -Ce^/*0)  which  is  repu] 
mechanically  acceptable  than  any  bireciprocal  function  [17]. 

2.2  Evaluation  of  certain  acoustic  properties  of  a-Se  -with  the  u 
Bhatia  and  Singh  (BS)  defined  two  quantities  0  and  S  as 


and 

6  = 


PwRl 

2M 


Here  M  is  the  mass  of  the  atom,  pw  is  the  weight  density  and  R 
two  nearest  chains  while  RQ  is  its  equilibrium  value.  Since  wi 
(d(f>/dR)R=Ro  =  0,  and  hence  /?  —  0  as  can  be  seen  from  equatic 


c 

2M 


vide  equation  (7). 
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From  equation  (7)  it  can  be  easily  shown  that 


d£  =  _2  __  PwRl  (d3<f>\ 
dP      3KT     6KTM  \dR*  J 


In  the  derivation  of  equation  (13)  it  is  assumed  as  was  done  by  Gerlich 
amorphous  substances,  the  volume  V  oc  R3  unlike  in  crystalline  Se.  From 
can  easily  get 


V        ^0 

Using  equations  (11)  to  (14)  we  can  calculate  (dCn/dP)  and 
[21,22]  using  Schofields  equation  [23]  that 


It  was  shown  that  [24] 

rL<T  -  7TL'T  -l-  1 

C  1       ~  Z^g      ^  3  • 

This  equation  is  a  generalization  by  the  well  known  Debye's  equation, 

Ci=27*  +  i. 

Here  7g  and  7g  are  the  longitudinal  and  transverse  Griineisen  constants  i 
possible  to  calculate  the  same  from  Bhatia-Singh  (BS)  parameters  [22] 
For  isotropic  substances  like  a-Se  they  are  shown  to  be  (22) 

r   „  «     T.rl 
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^_ 
1  - 


Using  the  potential  parameters  we  get  Ci  =  6.95  while  the  expei 
This  can  be  considered  as  good  agreement.  From  the  value  of  i 
C{  =  (dCi/dP)  from  (14)  and  (20).  Thus  the  final  expression  ft 
algebra  can  be  obtained  as 


i 

KT  [27  KT  VQ  [  3 

The  fourth  derivative  can  be  obtained  from  equation  (14). 
rearranged  to  give 

1   p276(WA     3024NB       CX4N    _A  __     2 
1  ""  ~  ~  6      "     l 


Here  N  is  Avagadros  number  and  VQ  is  molar  volume  and  is  equ 
The  value  obtained  for  Cj  =  0.118  (kbar)"1  (and  hence  77g  ==  0 
This  is  a  small  value  and  unless  one  is  very  sure  of  the  acci 
calculations  can  be  of  great  help.  This  is  related  to  Anderson  Gri 
Another  simple  method  of  calculating  7  is  from  the  well  kn 


7g     6 

Here  as  pointed  earlier,  a  is  the  interatomic  distance  between  two 
chain 


/TLrt.^.li^'U    ~+  ~1  ««,  J  ^^-1 . 
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=  ~6a 


•  +  - 


R 


>f(R)Ro     2R0a2      (<t>'"(R}\ 
'(R)  18      36a2 


Using  the  values  of  A,  B,  X  with  C  =  ((mA  —  nB)/X)  e+A  we  get  7^  = 
We  used  a  =  2.32  A  (5),  while  the  value  obtained  from  equation  (22 
These  values  can  be  considered  as  good  since  the  values  are  very  sir 
experimental  error  will  cause  this  discrepancy. 


2.4  Evaluation  of  the  band  absorption  position  and  bulk  modulus 

From  the  calculated  values  of  SOECs  obtained  from  the  potenti 
equations  (9)  and  (10)  it  is  possible  to  calculate  the  absorption  band  po 
Smith  De-Launay's  equation  [27]  which  is  given  by 

-  16C44] 


=  1, 


where 


=  u2M/2a. 


Here  a  =  2.32  A  and  is  the  nearest  neighbour  distance  [28,5]  betwee 
in  the  same  chain  and  u  is  the  absorption  frequency.  We  evaluate  th 
position  since  (I/A)  =  cj/27rC0.  Here  C0  is  the  velocity  of  light.  We  c 
modulus  from  equation  (31)  and  (32).  Thus  differentiating  equations 
respect  to  pressure  and  rearranging  we  get 

I8  (IF)  [3Al  ~  8Cn  +  16Cl2]  +  16(^)  (8Cn  ~  16 


-  24CU  +  16CJ2)-1  =     - 
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2.5  Computation  of  thermal  Griineisen  parameter 

From  the  potential  function  it  is  possible  to  calculate  the  thenna 
and  is  given  by  the  well  known  equation  [29] 


Here  jR0  is  the  interchain  distance  which  is  the  van  der  Waals  c 
4.0  A  [7].  The  value  obtained  is  given  in  table  3. 

Another  method  of  calculating  7*  is  as  follows.  We  have  fro 

<?<j>(R}  __    „       _  Am(m  +  l)ffi     Bn(n  +  l)*g      < 

^2      ~  ?  V^J  Rm+2  Rn+2 

We  may  point  out  that  [$"  (R)]R==RQ  can  be  treated  as  the  force 
value  the  heat  capacity  of  a-Se  was  evaluated  which  gives  a  valu 
with  experiment.  Hence  we  have 


M 
Here  M  is  the  atomic  mass  and  u  is  the  frequency. 


dlnV  dlnV 

By  definition 


Hence  from  equation  (37)  we  get, 

!h  = 
7g 
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justified.  Thus  it  can  be  considered  that  the  various  values  of  7g  are  in  gooi 
with  experiment  obtained  by  different  methods. 

2.6  Calculation  of  phonon  frequency  from  the  potential  function 

We  can  calculate  the  phonon  frequencies  using  Bhatia-Singh's  methoc 
equations  for  longitudinal  and  transverse  phonon  frequencies  of  Bhatia  an 
given  by  [20] 


Here  nc  is  the  number  of  nearest  neighbours,  Ke  is  the  electronic  bulk  modi 
Thomas-Fermi  screening  length,  G(Krs}  is  the  shape  factor  and  the  rest  of 
have  their  usual  significances  [22].  The  electronic  bulk  modulus  for  a  sen 
substance  like  a-Se  Ke  is  zero.  Hence  we  do  not  want  to  further  delineate  r 
second  term  in  equation  (43).  The  terms  /o  and  h  are  defined  as 

sinjc 


and 


1       [1      21    .          2cos* 

72  =  - 7   sin  x r — 

3       he     jc3  x2 


x  =  ka. 


The  calculated  phonon  frequencies  of  WL(K)  and  w?(K)  are  shown  in  fi 


2.4 
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2.7  Calculation  of  third  order  elastic  constants  (TOECs) 

There  are  no  experimental  values  of  TOECs  and  hence  the  tb 
important.  We  use  the  equations  of  Rao  and  Venkatesh  [30],  T 
[32].  These  are  given  by 


^44  =  ~  ^TT"  (Cl44  +  2Ci66) , 


c'  --- LI 

u  12  ~        -  -    \ 


In  order  to  calculate  C\^  we  use  Shiren's  [31]  non-linear  p 
(110)  directions  and 


K  =  3  +  —  [l/2Cm  +  1.5Cn2  +  6Ci66], 

Oil 

where 

0*1  =  Cn  +  C\i  -f  2C44 

and  /r  is  Shiren's  constant. 

Here  for  a-Se  since  no  direction  can  be  fixed  as  it  is  isotropic  [ 
equations  (52)  to  (54)  are  applicable  in  the  calculation  of  K.  Th 
(54)  we  calculate  C^  through  the  well  known  equation  [9] 


In  this  connection  it  may  be  emphasized  that  for  isotropic  s 
three  independent  TOECs.  However,  for  completeness  we  ha 
TOECs.  In  order  to  check  the  veracity  of  the  calculated  TOEC  w 
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Substituting  the  values  of  A,  B  and  A  along  with  assumed  values  ol 
done  by  Litov  and  Anderson  [7]  whose  procedure  was  followed  totally  ii 
value  of  C  =  (10.5726/A)  e+A  x  10~12erg  we  get, 


As  stated  earlier  $'(£)  can  be  treated  as  a  force  constant  and  hence 

W2=ij£). 

We  get  u  =  1.2376  x  1013  sec'1  with  RQ  =  4.0  A  since  we  are  calcul 
temperature.  We  used  Einstein's  equation  which  is  given  by  [34] 

Cv  =  - 
Here 

; 

y  =  - 


where  the  symbols  have  their  usual  significances. 

The  calculated  value  of  Cv  with  the  parameters  necessary  for  eva 
5.95cal/°K  gm-atom  while  the  experimental  value  is  5.83cal/°K  g: 
agreement  being  excellent. 

3.  Results  and  discussion 

A  large  number  of  properties  of  a-Se  isotropic  substance  have  been  e> 
method  of  Litov  and  Anderson  [7].  Even  very  complex  amorphous  sub 
treated  as  isotropic  and  it  is  extremely  difficult  to  give  the  large  nui 
references.  Since  the  potential  function  is  a  inverse  12th  and  6th  powei 
exponential  term  added  to  it,  the  set  of  roots  are  not  unique,  neither 
unphysical  in  having  either  two  repulsive  or  two  attractive  terms  [35, 
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Table  2.    Several  calculated  properties  of  a-Se  with  the  potenti 

_ 


Property 


Calc.  values 


Expt.  values 


dCn/dP 

15.2 

14.0 

dC44/dP 

3.3 

2.7 

7g(S)* 

2.9 

3.5 

1 

7T(S)* 

2.7 

3.0 

1 

L,  /"D     O\* 

7     v  Jt5  —  o  / 

4.2 

3.5 

7j(B-S)* 

3.3 

3.0 

Ai 

579.4  (GPA) 

— 

cv 

5.95 

583 

(cal/°Kgmatom) 

(cal/°K  gm  atom) 

I/A 

240cm-1 

254cm'1 

jf^r 

8.7  (GPA) 

9.1  GPA 

3 

*S  =  From  Schofield's  equations,  B-S=  Bhatia-Singh's  param< 


Table  3.    Thermal  Gruneisen's  constant 


7*  value 
Calc. 

7th 

h 
Expt. 

Equations 
used 

Ref  .  for 
expt.  value 

1.38 
1.23 

0.96 

24 
42 

[26] 
[26] 

Table  4.    Calculated  values  of  C    and 


C\ 


Equations  used 


0.170 
0.118 


0.085 
0.059 


30 

22 


=  27g  (vide  equation  17). 


We  present  in  table  1,  Cn  and  €44  and  they  are  in  very  good  a 
Brassington  et  al  [9]. 
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Table  5.     Characteristics  of  phonon  frequencies  (vide  figure  1). 
Position  Peak  height  in 


From  RE 


From  E.G. 


From  P.F. 


1.78  A-1 
2.50  A"1 


1.80A"1 
2.46  A-1 


2.01 
1.59 


P.F.  =  Potential  function;  E.G.  =  Elastic  constants. 


0-02 


-0-02 


2-4  3-4  4.4 

(rA) 

Figure  2.    Potential  function  of  a-Se. 
Table  6.     Potential  energy  characteristics. 


Potential  energy 


Calculated 


Litov  and  Anders- 


Maximum  position 

Value 

Minimum  position 

Value 


3.2  A 
0.013  a.u. 
4.0  A 
-0.0097  a.u. 


3.29  A 
4.0  A 


R  Venkatesh,  R  V  Gopala  Rao  and  Sumita  Bandyof. 
Table  7.    Calculated  TOECs. 


TOECs 

Values  in  GPA 

Cm 

-228.0 

Cm 

-64.8 

Cl23 

-105.2 

Ci44 

+6.9 

Cl66 

-40.3 

Qse 

-23.6 

Another  important  property  which  can  be  obtained  from  the 
heat  capacity  with  the  aid  of  the  potential  parameters.  The  agree 
value  and  the  experiment  is  excellent.  We  would  like  to  point  c 
(5)  we  calculate  KT  at  p/po  =  1.1  =  VQ/V  =  l/i/.  Substituting 
we  obtain  a  value  of  139  kbar  for  kT  while  the  experimental  val 
shows  the  veracity  of  the  parameters.  Several  other  acoustic  an 
calculated  which  will  be  presented  later  on  along  with  various  c 
have  calculated  extensively  both  acoustic  and  therrnodyna 
agreement  in  most  of  the  cases  is  very  good  and  this  gives  < 
parameters  which  produce  exactly  the  same  type  of  potential 
Litov  and  Anderson  [7]. 
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Abstract.  High  pressure  behaviour  of  FePC>4  in  berlinite  form  has  been  investigated 
using  vibrational  Raman  spectroscopy  and  energy  dispersive  x-ray  diffraction.  Co 
these  techniques  along  with  studies  on  pressure  quenched  samples  reveal  structural 
this  material  from  its  room  pressure  trigonal  phase  to  a  disordered  and  a  crystallin 
3  ±  0.5  GPa.  The  latter  is  the  Cmcm  phase  which  is  the  equilibrium  structure  at  hi 
These  high  pressure  phases  do  not  revert  back  to  its  initial  structure  after  release 
Irreversibility  of  these  transformations  indicates  that  FeC>4  tetrahedra  do  not  regaii 
coordination.  These  high  pressure  transitions  can  be  rationalized  in  terms  of  the  th] 
energy  diagram  for  such  systems. 

Keywords.     a-FePCU;  phase  transition;  x-ray  diffraction;  Raman  scattering. 
PACS  Nos  62.50;  61.50;  64.70 

1.  Introduction 

High  pressure  behaviour  of  materials  having  structures  based  on  tetrahe 
work  are  of  interest  because  of  their  relevance  to  the  geophysical  profr 
structures  display  a  large  number  of  phase  transitions  depending  on 
compressibility  of  the  constituent  tetrahedra  and  the  nature  of  inter-tetrahec 
[1].  Also  the  tetrahedral  framework  does  not  favour  close  packing  and  ti 

f*f£f*r>t    rvf   Tvro»eonr<a    in     tTi*aco>    et"rnr»f"iTttae     rvrr*\7irlp>e     cm     incicrllt    int 
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connection  a-FePO4  which  is  isostructural  to  quartz  family  of 
interest. 

The  difference  in  the  cation-O  interactions  manifests  itsel: 
parameters,  such  as  cation-O-cation  angle,  at  ambient  conditio: 
SiOi  and  a-AlPCU  indicate  that  phase  transformation  as  well  as  ai 
a  decrease  in  the  non-bonded  O — O  distances  due  to  the  red 
(T  =  Si,  Al,  Fe,  P,  etc.)  (see  ref.  [4]  and  references  therein.)  The 
that  if  the  initial  T-O-T  angle  is  smaller  then  these  phase  transfc 
at  lower  pressures.  These  angles  are,  T-O(l)-T  =  144°,  143.1° 
T=  144°,  142°,  and  137.5°  for  a-SiO2,  a-A!PO4  and  a-FePC 
suggests  that  a-FePC>4  will  undergo  pressure  induced  phase 
pressures. 

2.  Experimental  details 

The  berlinite  form  of  FeP04  belongs  to  the  space  group  P3i21 
per  unit  cell.  The  cell  constants  of  the  sample  used  [IT 
c  =  11.245  A  which  compare  well  with  the  results  of  Ng  et  a 
c  =  11.255  A).  The  condensed  polycrystallites  were  used  for  I 
were  powdered  for  x-ray  diffraction  studies.  High  pressure  exp< 
using  fluorescence  free  Raman  quality  diamonds  (whose  second 
signal  to  noise  ratio  of  >  2)  with  culet  sizes  of  ~  500  jj,  set  in  a 
cell.  The  sample  was  loaded  along  with  a  ruby  chip  of  size  10-2( 
in  a  steel  gasket,  preindented  to  a  thickness  of  ~  100  ji.  Metham 
ratio  of  4 : 1  was  used  as  pressure  transmitting  medium,  and 
bridging  of  the  sample  between  the  diamond  tips.  The  pressure 
well-known  ruby  fluorescence  technique. 

High  pressure  Raman  scattering  experiments  were  carried  out 
uses  a  single-stage  double-pass  500  mm  Chromex  scanning  mo 
notch  filter  from  Kaiser  optics.  This  filter  permits  the  observatioi 
than  100cm"1.  We  used  the  514.5  nm  line  of  a  150  mw  Ar-ion 
power  as  the  excitation  source  and  some  of  its  plasma  lines  for 
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Table  1.    Comparison  of  Raman  modes  of  a-FePO4  and  a- 
A1PO4. 


dz/j/dP 


199 

280 

436 

1018 

161 
336 
390 
415 


AI  modes 


E  modes 


0.1 
1.5 
0.6 
0.3 

0.65 

0.45 
0.4 


160 

216 

460 

1110 

116 
372 
416 
436 


modes 


E  modes 


0.0 

2.6 

1 

-0.5 

0.8 

-0.1 

0.4 

0.9 


8.4   GPa 


3.2   GPa 


2.7   GPa 


0.1    MPa 
i  i  i  i  i  i  i  1 1  i  i 
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Figure  3.  The  d  values  of  first  three  Bragg  lines  of  berlinite  phase  as 
pressure.  Also  shown  are  lines  (*)  of  the  Cmcm  phase-data  comp 
different  experiments.  The  spread  in  d  values  at  room  pressure  gives  ti 
measurements. 


Figure  2  shows  the  x-ray  diffraction  pattern  of  a-FePO4  at  different  pi 
diffraction  pattern  of  the  recovered  sample  shows  that  it  does  not  revert 
berlinite  phase,  in  contrast  to  memory  glass  behaviour  observed  in  a-AlPCV 
of  the  Bragg  peaks  decrease  with  pressure  up  to  3  ±  0.5  GPa  (see  figur 
pressure  the  strong  (012)  peak  disappears  and  a  weaker  peak  emerges  close  i 
a  new  broad  line  annears  rtfcar  the  original  (\  1  C\\  neak.  ThftSft  changes  i 
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en 
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(D 
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Figure  4.    Raman  spectrum  of  pressure  quenched  sample. 


A 


I 

to 
(D 


Figure  5.    A  schematic  three  level  diagram  for  c  — >  a  tran; 

the  samples  were  brownish  black  in  colour  and  its  Raman  spec 
background,  which  we  believe  is  due  to  amorphization.  The  x-ra] 
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that  the  energy  barriers  for  c\  — »  a  or  a  — >  ci  are  of  similar  mag 
rale  out  the  direct  transformation  of  c\  — »  GI. 

Our  experimental  data  show  that  c/a  ratio  of  a-FePCU  increa 
around  2  GPa,  before  it  undergoes  the  phase  transition.  This  fe 
what  is  observed  in  this  class  of  materials  [1].  As  anticipated 
chemistry,  the  pressure  at  which  the  compounds  of  this  family  exh 
correlated  with  the  ambient  values  of  T-Q-T  angle,  referred  to 

In  most  of  these  compounds,  it  has  been  shown,  through  IR  al 
as  well  as  molecular  dynamics  calculations,  that  crystal  t 
transformations  are  closely  related  to  coordination  increase  as 
In  the  present  case  the  presence  of  Cmcm  phase  in  the  pressure  rel 
that  Fe  atoms  which  is  six  coordinated  to  oxygens  in  the  Cmcm  p 
initial  four  coordination  to  neighbouring  oxygens. 
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Abstract.  The  thermoelectric  power  (TEP)  for  a  one  dimensional  lattice  has  t 
using  the  extended  Hubbard  model  in  the  limit  U  ^  oo,  where  U  is  the  on-site  Coulc 
A  new  expression  for  TEP,  derived  in  this  study,  has  been  found  to  successfully 
experimental  results  of  the  insulating  samples  of  different  hole-  and  electi 
temperature  superconducting  systems. 

Keywords.     Hubbard  model;  thermoelectric  power. 
PACSNo.    74.72 

1.  Introduction 

Hubbard  model  [1]  basically  deals  with  the  theory  of  correlation  effect 
metals  having  narrow  d-bands.  This  model  has  been  successfully  used 
metal-insulator  (M-I)  transition  behaviour  of  transition  metals.  Hubbard  r 
been  extensively  used  for  the  analysis  of  transport  properties  of  many  cone 
organic  compounds,  e.g.,  A/"-methylphenazimum»tetracyanoquinodime 
TCNQ)  etc.  [2, 3]  and  high-temperature  superconducting  (HTSC)  sampl 
of  which  show  M-I  transitions  [7, 8]. 

In  some  earlier  papers  [9a,  10],  we  have  reported  the  method  of  measui 

onolwoio  r\f  TTnT>  r\f  WTQ^  e«arr>Wlp«o  K\r  noinnr  WnKharH  rnnHi*1  smrl 
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reasonably  well  on  the  basis  of  Hubbard  model  but  marked  dev; 
concentrations. 

(2)  For  some  other  hole-doped  HTSC  systems,  e.g.,  T  1-22  12  [1 
between  theoretical  and  experimental  values  are  observed 
concentrations. 

These  findings  show  that  Hubbard  model  as  used  in  these  stu 
success.  One  of  the  shortcomings  of  this  model  is  the  neglect 
electron  repulsion  in  the  Hamiltonian  given  by  eq.  (1),  which,  a 
Kwak  and  Beni  [12]  in  the  study  of  TEP  of  conducting  salts  of  org 
NMP-TCNQ  etc.,  has  significant  influence  on  the  TEP  of  these  san 
of  the  influence  of  the  intermolecular  electron  repulsion,  Kwak 
modified  the  Hamiltonian  given  by  eq.  (1)  to  the  form 

~  t 


where  V  represents  the  intermolecular  electron  repulsion.  This  : 
Hamiltonian  has  often  been  referred  to  as  the  extended  Hubbard  me 
that  has  been  used  in  our  present  study  of  TEP  of  HTSC  samples.  H 
the  study  of  Kwak  and  Beni  [12]  is  restricted  to  conducting  salts  of 
therefore  our  first  objective  is  to  use  the  Hamiltonian  of  eq.  (2)  i 
samples.  The  logic  behind  this  investigation  is  that  since  both  Nl 
samples  show  M-I  transitions  [7,  8]  we  expect  the  extended  Hubbaj 
Beni  [12]  to  be  equally  applicable  in  the  study  of  TEP  of  HTSC  s 
study  differs  from  Kwak  and  Beni  in  the  limits  of  U.  In  the  analy 
[12],  to  reduce  the  complexity  of  calculations,  Kwak  and  Beni  ha\ 
U  =  oo  for  the  study  of  TEP  of  a  Hubbard  chain  with  arbitrary 
restricted  their  study  to  bands  less  than  half-filled  so  that  HI  =  0  o 
use  the  extended  Hubbard  model  in  the  limit  U  ^  oo.  The  physic 
limit  is  to  include  also  the  cases  for  which  HI  may  have  values  oth 
knowledge  this  study  represents  the  first  investigation  on  TEP  o 
extended  Hubbard  model  in  the  limit  U  ^  oo. 

Our  investigation  shows  that  although  the  above  form  of  the  Har 
(2),  is  successful  in  explaining  the  TEP  behaviour  of  the  insulatin 
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experimental  data  of  TEP  of  the  insulating  samples  of  different  hole-  and  el 
HTSC  systems. 

2.  Thermoelectric  power 

Following  the  method  of  Beni  [2]  and  restricting  to  a  one-dimensional  latti 
Kubo's  formulas  [15]  for  the  transport  coefficient  of  a  many-body  system,  T] 
defined  [2]  as 

S- 


where  e  is  the  absolute  value  of  electronic  charge,  //,  the  chemical  potenti; 

1  f°° 

S^  =  -f3e2  I     (vv(r)  +  v(r)v)dr 

2  Jo 


and 


=^13* 
^      Jo 


are  the  correlation  functions  with 
v(r)  =  z~irHvzirH. 

In  eqs  (4)   and  (5),  /3  =  (kT}~[ ,  k  is  the  Boltzrnann  constant,   T  is 
temperature,  v  and  Q  are  the  velocity  and  the  energy-flux  operators  respecti1 
represents  thermal  averages.  The  operators  v  and  Q  are  given  by 


and 


*9    j 
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where  the  t2  -terms  have  been  dropped,  as  usually  done  in  the  narrov 
Using  the  same  approximation,  the  full  Hamiltonian  HinS^  and  S 
the  unperturbed  Hamiltonian 


Using  eqs  (4)-(6),  the  expression  for  S^/S^  has  been  found  to  1 


^°-^ 
The  traces  of  the  above  equation  may  be  obtained  in  a  straight  fo 

-/#OT^.     JH0r  _  p/T{iy>i/-i_(y+V(n/_1|ff+n/+li<7)} 

X/,crc  —  c  C7,o"' 

Considering  only  four  adjacent  sites  \i  -  1,  z,  z  +  1,  /  +  2}  for  the  cz 
and  after  some  lengthy  algebra  we  obtain  from  eq.  (12) 


where  ;c  =  e^.  Using  (14)  in  (3)  we  obtain, 


{1  +JC(i  +e-^-^)  +jc2(e-^-^  +e-^-3^) 
-h  ^3(e-2^-4^  +  e-^-4^  +  x4e~2^-6^)}  -  In 

This  is  the  expression  for  TEP  of  extended  Hubbard  model  in  the 
be  noted  that  if  one  uses  V  =  0  in  eq.  (15),  the  final  expression  i 
the  narrow-band  Hubbard  chain  at  arbitrary  electron  density 

fea.  cm  rm 
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where  p  =  Ne/N  is  the  electron  density  and  Ne  is  the  number  of  electrons.  F 
and  (17)  we  obtain 


X  =  • 


\2,     pje 

This  equation,  together  with  eq.  (15),  completes  the  determination  of  5. 

We  now  use  the  above  results  for  the  analysis  of  TEP  of  HTSC  sample: 
samples  £/9*5eV  [9b,  14, 16].  This  shows  that  U  is  very  large  for  th 
compared  to  the  value  of  kT  at  room  temperature  (kT  =  0.026  eV  at  T  =  2 
use  U  >  kT  in  eqs  (15)  and  (18),  they  reduce  to 


~ 
e 


and 


x  = 


4(1  - 


respectively. 


3.  Results  and  discussion 

The  plots  of  S  versus  kT/V,  as  obtained  from  eq.  (19)  for  different  values 
0.004,  0.006  and  0.008)  are  shown  in  figure  1.  The  inset  of  the  same 
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Figure  2.  The  variation  of  5  with  kT/\V\  for  p  =  0.962,  ca 
The  curves  A  of  inset  shows  the  experimental  i 
Tl2Ba2Cao.5Yo.5Cu208+v  sample  (reproduced  from  figure  4 


the  experimental  curves  of  S  versus  T  of  figure  1  of  Xu  et  al 
samples  Ndi.99Ceo.oiCu04  and  Ndi.975Ce0.o25CuO4  of  the  electro 
Nd2-jcCe^CuO4.  It  is  seen  that  S  versus  kT/V  curves  of  f 
experimental  curves  of  inset  of  figure  1.  This  shows  that  eq. 
expression  for  S  in  the  limit  U  ^  oo,  is  successful  to  produce  the 
the  insulating  samples  of  Nda-jCe^CuCU  system.  However,  we  ha 
other  data  of  temperature  variation  of  TEP  of  electron-doped  samp 
density,  to  test  its  general  validity. 

We  have  also  used  eq.  (19)  for  the  explanation  of  experime 
the  insulating  samples  of  our  hole-doped  HTSC  systems,  Bi2Sr 
and  TkBaiCai-jYjcQ^Og+v  [10].  The  experimental  data  (figui 
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Figure  3.    S  vs  kT/\V\  curves  for  p  =  0.94  and  0.96,  calculated 
curves  A7  and  B'  of  the  inset  represent  the  experimental  c 

duced  from  figure  4(b)  of  Mandal  et  al  [9a]). 


The  experimental  results  of  TEP  (reproduced  from  figure  4f 
insulating  samples  I^S^CatuYo.eC^Og-f-y  (with  p  =  0.06,  i 
Bi2Sr2Cao.3Yo.7Cu2O8+y  with  (p  =  0.04,  i.e.  p  —  0.96),  are  shown  ii 
3  by  the  curves  A'  and  B'  respectively.  The  plots  of  S  versus  kTf\\ 
0.96,  as  obtained  from  eq.  (19)  with  negative  V,  are  shown  in  figure 
the  plots  of  figure  3  with  the  plots  of  the  inset  of  figure  3  shov 
temperature  region,  eq.  (19)  with  negative  V  is  also  successful  to  re] 
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Abstract.  We  report  the  results  of  our  calculation  of  7(7-),  the  radially  dependent  antishielding 
factor  of  Sc3+  ion  in  the  crytalline  environment.  Watson  sphere  model  is  used  to  approximately 
represent  the  crystal  potential.  Differential  equations  resulting  from  non-orthogonal  Hartree-Fock 
perturbation  theory  are  solved  to  obtain  perturbations  to  core  electron  states.  Contribution  to  7(7-) 
from  electron  self-consistency  effect  has  been  evaluated  by  using  the  latter  wave-functions  in  the 
many-body  expression  of  Schmidt  et  al. 

Keywords.  Radially  dependent  antishielding  factor;  crystalline  potential;  electron-electron  self 
consistency  effect. 
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1.  Introduction 

It  is  well  known  [1-3]  that  when  source  charges,  such  as  conduction  electrons  in  metals, 
are  inside  the  core  region  of  the  atoms,  antishielding  effect  of  the  core  states  becomes 
radially  dependent.  If  the  perturbation  of  the  core  states  is  by  the  nuclear  quadrupole 
moment  Q,  the  antishielding  factor  is  referred  [2]  to  as  7(7-).  The  latter  plays  an  important 
role  in  the  calculation  of  electric  field  gradient  (EFG)  in  metals.  In  most  of  the  early 
calculations  [4-6]  of  EFG  in  metals,  7(7-)  has  been  set  equal  to  zero  primarily  because  the 
latter  quantities  were  not  available  at  the  time  of  these  calculations.  In  a  few  cases  [7, 8] 
where  7(7-)  values  were  available,  these  were  not  used  in  EFG  calculations  perhaps  for 
two  reasons:  First  these  were  obtained  for  a  free  ion  instead  of  an  ion  in  solid  state. 
Secondly,  the  calculated  results  of  7(7-)  did  not  include  the  so  called  electron  self- 
consistency  contribution  which,  in  general,  is  not  negligible. 

With  the  introduction  of  Watson  sphere  model  [9],  it  has  now  been  possible  to 
approximately  include  the  crystalline  effect  on  7(7").  As  to  the  consistency  contribution,  it 
has  been  shown  by  Ray  et  al  [10]  as  well  as  Beri  et  al  [11]  that  the  total  consistency 
contribution  7^  can  be  evaluated  from  their  many-body  expression  using  the 
perturbation  of  the  core  electron  states  obtained  in  differential  equation  procedures 
[2, 12].  Following  their  [10, 1 1]  suggestions,  Schmidt  et  al  [13]  have  calculated  7^  for  a 
large  number  of  positive  and  negative  ions  both  in  free  and  crystalline  states.  A  further 
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extension  has  been  subsequently  made  by  Tripathi  and  Mohapatra  [14]  for  evaluat- 
ing 7^(r),  the  radially  dependent  consistency  contribution,  from  the  expression  of  7^ 
originally  due  to  Ray  et  al  [10]. 

We  have  followed  closely  the  procedure  of  Tripathi  and  Mohapatra  [14]  for  evaluating 
7(r)  in  Sc3+  ion  in  solid  state.  The  reasons  for  taking  up  Sc  are  two-fold:  First  7(7-)  for 
this  ion  is  not  available  either  in  free  state  or  in  the  solid  state.  Secondly,  we  wish  to  use 
these  results  in  the  calculation  of  EFG  in  Sc  metal  to  study  the  change  it  may  produce  in 
the  EFG  obtained  recently  [15,  16]  with  an  approximate  j(r). 

We  wish  to  remark  here  that  there  are  a  number  of  procedures  in  which  EFG  can  be 
evaluated  without  using  7(7-)  explicitly.  These  are:  (a)  linearized  augmented  plane  wave 
method  [17,18],  (b)  linear  muffin-tin-orbital  method  [19,20],  (c)  augmented  spherical 
wave  method  [21],  (d)  linear  combination  of  atomic  orbital  method  [22]  and  the 
procedure  due  to  Meyer  et  al  [23].  In  the  latter  procedure  [23],  various  schemes  are 
developed  to  reconstruct  the  true  wave  functions  from  the  pseudo  wave  functions  in 
crystals  and  EFG  is  evaluated  with  good  accuracy  using  the  true  wave  functions. 

The  paper  is  organized  as  follows:  In  §  2,  we  briefly  describe  the  theory.  Results  and 
discussion  are  presented  in  §  3.  Section  4  summarizes  the  conclusions. 

2.  Theory 

If  consistency  contribution  is  neglected,  the  resulting  antishielding  factor,  referred  to  as 
the  zero-order  contribution  and  denoted  by  7^(r)  is  given  [14]  by 


where 


In  eq.  (2)  U'Q  is  the  radial  part  of  the  unperturbed  core  state.  V[  is  the  radial  part  of  the 
perturbation  in  the  core  state  and  is  obtained  in  the  differential  equation  procedure  of  non- 
orthogonal  Haitree-Fock  perturbation  theory  (NHFPT)  of  Dalgarno  [24].  Other  symbols 
have  their  usual  meanings.  Following  the  procedure  of  Tripathi  and  Mohapatra  [14],  the 
radially  dependent  consistency  contribution  can  similarly  be  expressed  as 


1  /  rr  r°° 

7(0)(r)  =  i  (  /    Q?\r')dr'  +  r5  /     fifVX' 

Q.  \JQ  Jr 


(3) 

O  r  J 

where  Q]  '(r)  is  interpreted  as  the  induced  quadrupole  moment  density  in  the  core 
electrons  due  to  the  consistency  effect.  In  obtaining  consistency  contribution  [10],  one 
considers  the  simultaneous  excitation  of  a  pair  of  electrons.  Correspondingly,  one  may 
have  contributions  from  radial,  angular  and  mixed  modes  of  excitations.  In  the  radial 
mode,  both  the  core  electrons  are  excited  into  states  with  unchanged  1  values.  In  the 
angular  mode  both  the  core  electrons  are  excited  into  states  with  1  ±  2  values.  In  the 
mixed  mode  while  one  is  excited  to  a  state  with  same  1,  the  other  goes  to  1  ±  2  state.  For 
convenience,  we  will  refer  to  the  sum  of  angular  and  the  mixed  mode  as  the  'angular 
mode'  contribution. 
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It  has  been  noted  by  Schmidt  et  al  [13]  that  the  contribution  to  7^  from  the  'angular 
mode'  is  quite  negligible  compared  to  the  radial  mode.  In  the  present  calculation  we  have 
neglected  the  former. 

For  p-core  ions,  the  expressions  for  Q\  \r)  have  been  worked  out  by  Tripathi  and 
Mohapatra  [14].  These  expressions,  in  addition  to  depending  on  U'Q,  V(  functions  also 
involve  V  t ,  the  radial  part  of  the  perturbed  core  states  in  EFG-perturbation.  For  details 
the  reader  may  refer  to  the  work  of  Tripathi  and  Mohapatra  [14]. 


3.  Results  and  discussion 

Hartree-Fock  (HF)  wave  functions  of  ions  in  free  state  as  well  as  in  crystalline  state,  the 
latter  being  evaluated  in  Watson  sphere  model  [9]  are  available  from  the  work  of 
Paschalis  and  Weiss  [25].  The  core  wave  functions  of  Sc3+  ion  in  crystalline  state 
corresponding  to  Pauling  [26]  ionic  radius,  ro  =  0.81  A,  are  used  in  the  present  work. 
These  are  taken  from  the  work  of  Paschalis  and  Weiss  [25].  Out  of  the  five  core  states, 
Is—  3p  of  Sc3+,  the  S-COTQ  states  contribute  to  7^(r)  through  only  the  angular  mode  of 
excitation,  the  two  p-core  states  contribute  both  in  radial  and  angular  modes.  Out  of  these 
7ang(/")>  the  net  angular  mode  contribution  to  ^(r)  is  generally  small  and  negligible 
compared  to  the  more  important  radial  mode  contribution,  7rad(r),  but  the  former 
takes  more  computation  time  than  the  latter.  For  this  reason,  7dng(r)  nas  been  evaluated 
using  a  modified  Thomas-Fermi  model  for  the  charge  distribution  in  exactly  the  same 
way  as  it  was  done  in  the  previous  work  [12]. 

The  radial  mode  contribution  7^(0,  on  the  other  hand,  has  been  evaluated  exactly  by 
using  the  appropriate  HF  wave  function  U'Q(2p,r]  and  U'Q(3p,r}  of  2p_and  3p  core 
electrons.  The  differential  equations  in  the  perturbations  V\  (np  —  *  p,  r)  and  V  i  (np  —  >  p,  r) 
are  solved  using  a  non-iterative  procedure  due  to  Duff  and  Das  [27].  These  functions  are 
then  orthogonalized  to  the  occupied  core  states  in  order  to  avoid  violation  of  exclusion 
principle.  In  the  numerical  solution  of  the  differential  equations  in  V\  and  V\  ,  a  logari- 
thmic scale  with  209  mesh  points  has  been  chosen.  The  r-  value  of  the  nth  mesh  point  in 
this  scale  is  obtainable  from  the  relation,  rn  =  Z^expf-S.O  +  (n  -  l}h],  where  Z  is  the 
atomic  number  of  Sc  and  h  =  0.045.  The  largest  value  of  r  in  this  choice  of  mesh  points  is 
rzo9  =  27.536  atomic  units  (au). 

In  figures  1  and  2,  we  have  plotted  the  orthogonalized  solutions  V[  for  the  2p  and  3p 
core  states  of  Sc3+  ion  in  solid  state.  These  have  the  same  number  of  nodes  as  of  a  4p 
atomic  core  state  in  agreement  with  the  expectation  from  perturbation  of  2p  and  3p  states 
in  the  radial  modes.  In  figure  3  the  total  7(0)(r),  that  is,  the  sum  of  "Q(r)  and  7ang(r)  is 
plotted  as  a  function  of  r.  The  nature  of  its  variation  with  r  leading  to  a  nearly  constant 
value  at  large  r  is  as  expected. 

The  consistency  contribution  7^(r),  has  been  evaluated  using  the  expressions  derived 
in  the  work  of  Tripathi  and  Mohapatra  [14].  In  doing  so  the  contributions  from  the  radial 
mode  have  been  calculated  exactly.  On  the  other  hand,  the  contribution  from  the  'angular 
mode'  which  is  generally  smaller  than  the  radial  mode,  but  takes  more  computation  time 
has  been  neglected  in  the  present  work.  The  error  due  to  this  neglect  is  negligible.  It 
may  be  noted  here  that  unlike  Na+  ion  [14],  which  has  only  2p  core  electrons,  Sc3+ 
ions  has  both  2p  and  3p  core  electrons.  Therefore,  in  the  latter  ion,  contribution  to  7(1)  (r) 
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Figure  1.    Perturbed  function  V(  (2p  -» p)  of  Sc3+  ion  in  solid  state. 


34567  89 
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Figure  2.    Perturbed  function  V}  (3p  ->  p)  of  Sc3+  ion  in  solid  state. 

arises  both  from  intrashell  and  intershell  pair  excitations  of  j?-core  electrons.  In  figure  4 
7(1)(r)  is  plotted.  The  variation  with  r  is  similar  to  those  observed  in  case  of  other 
ions  [14]. 
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Figure  3.    The  radially  dependent  antishielding  factor 
state. 
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Figure  4.    Self-consistency  contribution  7^)  (r)  to  radially  dependent  antishielding 
factor  of  Sc3+  ion  in  solid  state. 
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Table  1.  The  radially  dependent  antishielding  factors  7^  (r),  7^ (r) ,  7(0)  (r) ,  7(1)  (r) 
and  7tot(r)  of  Sc3+  ion  in  solid  state,  r  is  expressed  in  atomic  units  and  n  denotes  the 
index  of  the  mesh  points. 


n(r] 


7tot(r) 


1 

0.0024 

0.0000 

0.0001 

0.0001 

-0.0000 

0.0001 

69 

0.0505 

0.0011 

0.0165 

0.0176 

-0.0501 

-0.0325 

79 

0.0793 

0.0067 

0.0312 

0.0379 

-0.2061 

-0.1681 

85 

0.1038 

0.0171 

0.0456 

0.0627 

-0.4244 

-0.3617 

93 

0.1488 

0.0461 

0.0745 

0.1206 

-0.9288 

-0.8082 

100 

0.2040 

0.0725 

0.1132 

0.1857 

-1.5059 

-1.3202 

105 

0.2555 

0.0596 

0.1516 

0.2112 

-1.8553 

-1.6441 

120 

0.5018 

-0.0997 

0.3455 

0.2458 

-2.0350 

-1.7892 

124 

0.6008 

0.1156 

0.4232 

0.5388 

-2.1663 

-1.6275 

128 

0.7193 

0.5176 

0.5128 

1.0304 

-2.4176 

-1.3872 

133 

0.9007 

0.8775 

0.6376 

1.5151 

-2.7595 

-1.2444 

136 

1.0309 

0.6266 

0.7177 

1.3443 

-2.8976 

-1.5533 

138 

1.1280 

0.1123 

0.7728 

0.8851 

-2.9437 

-2.0586 

140 

1.2343 

-0.7414 

0.8287 

0.0873 

-2.9520 

-2.8647 

141 

1.2911 

-1.3018 

0.8570 

-0.4448 

-2.9430 

-3.3878 

142 

1.3505 

-1.9535 

0.8854 

-1.0681 

-2.9271 

-3.9952 

143 

1.4127 

-2.6871 

0.9138 

-1.7733 

-2.9046 

-4.6779 

144 

1.4777 

-3.5029 

0.9423 

-2.5606 

-2.8777 

-5.4383 

145 

1.5457 

-4.3829 

0.9707 

-3.4122 

-2.8468 

-6.2590 

146 

1.6168 

-5.3261 

0.9990 

-4.3271 

-2.8141 

-7.1412 

147 

1.6913 

-6.3089 

1.0271 

-5.2818 

-2.7801 

-8.0619 

148 

1.7691 

-7.3307 

1.0550 

-6.2757 

-2.7468 

-9.0225 

149 

1.8505 

-8.3639 

1.0826 

-7.2813 

-2.7143 

-9.9956 

150 

1.9357 

-9.4063 

1.1099 

-8.2964 

-2.6842 

-10.981 

151 

2.0248 

-10.4300 

1.1367 

-9.2933 

-2.6563 

-11.950 

153 

2.2155 

-12.386 

1.189 

-11.197 

-2.6099 

-13.807 

155 

2.4241 

-14.131 

1.239 

-12.892 

-2.5759 

-15.468 

156 

2.5357 

-14.902 

1.263 

-13.639 

-2.5634 

-16.203 

158 

2.7745 

-16.202 

1.308 

-14.894 

-2.5453 

-17.439 

160 

3.0358 

-17.181 

1.350 

-15.831 

-2.5347 

-18.366 

163 

3.4746 

-18.105 

1.405 

-16.700 

-2.5271 

-19.227 

172 

5.2095 

-18.775 

1.518 

-17.257 

-2.5243 

-19.781 

175 

5.9624 

-18.783 

1.539 

-17.244 

-2.5241 

-19.769 

179 

7.1383 

-18.784 

1.556 

-17.228 

-2.5241 

-19.752 

180 

7.4669 

-18.784 

1.556 

-17.228 

-2.5241 

-19.752 

209 

27.536 

-18.784 

1.556 

-17.228 

-2.5241 

-19.752 

In  addition  to  these  figures,  we  have  also  summarized  the  data  in  table  1.  Instead  of 
listing  the  values  of  7^  and  7^)  at  all  the  209  mesh  points,  we  have  chosen  for  the  sake 
of  brevity,  to  list  the  values  at  thirty-five  representative  mesh  points,  so  that  the  broad 
features  of  7(0)  and  7^)  (figures  3  and  4);  namely,  node/hump  in  small  r  region  and  near 
constancy  in  the  large  r  region  are  represented  by  this  smaller  set  of  selected  mesh  points. 
The  first  column  gives  the  n- value  of  the  mesh  point  while  the  second  column  gives  the 
r  value  corresponding  to  this  n.  Columns  3-7  list  the  contributions  7r(a°d(r),  ^\(r], 
7(0)  M,  7(1)0)  and  7tot(r),  the  last  one  being  the  sum  of  7(0)  (r)  and  7(1)(r).  From  this 
table,  the  saturation  values  of  7^,  7^)  and  7tot  are  noted  to  be  -17.23,  -2.52  and  -19.75 
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respectively,  which  may  be  regarded  as  equal  to  the  respective  Sternheimer  antishielding 
factor  7^  ,  760  and  700  caused  by  source  charges  at  infinity. 

As  7^°)(r)  and  7^(r)  from  other  works  are  not  available,  it  is  not  possible  to  compare 
the  present  results  with  others.  However,  the  values  of  7^  ,  7^,  and  700  for  Sc3+  ion  in 
solid  state  are  available  from  the  work  of  Schmidt  et  al  [13].  Their  values  are: 
7o2  =  -20.46,  7^  =  -2.644  and  7^  =  -23.104.  Comparing  these  values  with  those  in 
the  present  work,  we  find  the  present  results  are  smaller  in  magnitude  than  those  of 
Schmidt  et  al  [13].  The  discrepancy  between  the  present  results  and  those  of  Schmidt 
et  al  [13]  may  be  attributed  to  the  different  ionic  radii  at  which  the  unperturbed  core  wave 
functions  are  evaluated  in  Watson  sphere  model  [9].  While  the  HF  wave  functions  used  in 
the  work  of  Schmidt  et  al  [13]  correspond  to  ro  =  0.73  A,  those  in  the  present  work  refer 
to  Pauling  radius  ro  =  0.81  A.  In  case  of  positive  ions,  as  can  be  seen  from  the  work  of 
Schmidt  et  al  [13],  a  larger  r0  gives  values  for  7^  and  7^  with  smaller  magnitudes. 
For  negative  ions,  the  trend  is  opposite.  In  the  present  work  ro(=  0.81  A)  being  larger  than 
0.73  A,  the  latter  value  used  by  Schmidt  et  al  [13],  the  present  results  of  7^  and  7^  are 
smaller  in  magnitude  than  theirs,  as  expected.  We  would  like  to  add  here  that  contribution 
arising  from  higher  order  electron  correlation  effect  which  is  expected  to  be  still  smaller 
than  consistency  contribution  has  been  neglected  in  the  present  work. 

Another  pertinent  point  to  discuss  is  the  relative  magnitudes  of  7^(r)  and  7^(7"). 
Considering  the  source  from  which  7^(r)  results,  one  expects  it  to  have  smaller 
magnitude  than  7^(r).  This  is  borne  out  by  the  data  in  table  1  for  r  larger  than  about 
1.6  au.  But  for  r  <  1.6  au,  7^(r)  is  found  larger  in  magnitude  than  j^(r}.  In  a  bid  to 
understand  this  we  have  separately  listed  7rJ(r)  and  7ang(r)  which  make  up  7^(r). 
In  the  small  r  region,  7r*J  (r)  starts  from  a  small  positive  value,  attains  a  maximum  and 
then  decreases  and  becomes  negative.  %ns(r),  on  the  other  hand,  is  positive  and  gradually 
increases.  In  contrast,  7^(r)  is  negative  and  gradually  increases  in  magnitude.  This  trend 
is  more  or  less  the  same  as  observed  in  case  of  Na+  ion  in  the  work  of  Tripathi  and 
Mohapatra  [14].  We  do  not  have  a  simple  explanation  for  this.  It  may  be  due  to  the 
complicated  dependence  of  7^(r)  on  the  functions  U'Q,  V'}  and  V\  in  the  small  r  region. 
As  to  the  neglected  'angular  contribution'  to  7^(r),  we  expect  it  to  be  much  smaller  than 
1.57,  the  saturation  value  of  7ang(r).  If  one  assumes  that  the  'angular  contribution'  to 
7^(r)  scales  down  in  the  same  ratio  as  7rJ(r)  does  in  relation  to  7rJ(r),  the  saturation 
value  of  7ang(r),  the  'angular  contribution'  will  be  less  than  0.22. 

Before  we  conclude  this  section  we  wish  to  discuss  the  sensitiveness  of  7(7-)  to  the 
Watson  sphere  radius.  This  type  of  study  has  been  made  by  Schmidt  et  al  [13]  in  Cl~.  In 
Sc3+,  as  we  have  stated  before,  the  value  of  700  changes  from  —19.75  to  —23.104  when 
the  radius  ro  changes  from  0.81  A  to  0.73  A.  That  is,  700  changes  by  17%  for  a  change  of 
10%  in  ro.  The  change  in  7(7-)  for  individual  r  may  be  slightly  different  from  this.  The 
uncertainty  in  Pauling  [26]  ionic  radius  which  is  used  for  r0  in  the  present  work  is 
expected  [13]  to  be  less  than  10%.  This  suggests  that  the  change  in  the  present  result  due 
to  any  uncertainty  in  Pauling  ionic  radius  will  be  much  less  than  17%.  It  is  for  this  reason, 
we  expect  that  the  EFG  in  Sc  metal  when  calculated  by  using  the  present  results  of 
1  —  7(7-)  would  not  significantly  change  if  the  actual  ionic  radius  differs  from  the  Pauling 
radius  (0.81  A)  by  less  than  10%.  However,  the  exact  change  can  be  determined  if  one 
repeats  the  calculation  of  EFG  using  7(7-)  corresponding  to  the  aforesaid  two  values  of  ro. 
Such  calculations  are  planned  for  future. 
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4.  Conclusion 

Radially-dependent  antishielding  factor  7(7-)  of  Sc3+  ion  in  crystalline  state  has  been 
evaluated  in  the  differential  equation  procedure  of  non-orthogonal  Hartree-Fock 
perturbation  theory.  Consistency  contribution  from  the  dominant  radial  mode  of 
excitation  has  also  been  included.  The  present  results  of  7(7-)  may  be  used  in  the 
calculation  of  EFG  in  Sc  metal  for  obtaining  better  accuracy  than  those  in  other 
procedures  where  7(r)  is  either  neglected  or  poorly  approximated. 
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Abstract.  The  time  dependent  magnetization  measurements  of  the  fine  particles  (100  A)  of 
Zn0  .iFeo  9Fe2O4  ferrite  system  at  68  K  are  reported.  The  time  decay  of  magnetization  is  found  to 
be  logarithmic.  The  time  dependent  co-efficient  varies  with  the  applied  field  and  is  maximum  at 
coercive  field.  The  value  of  anisotropy  obtained  from  the  variation  of  time  dependent  co-efficient 
with  field  agrees  well  with  earlier  results. 
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1.  Introduction 

A  magnetic  fluid  is  a  sterically  stabilized  colloidal  dispersion  of  ultrafine  single  domain 
ferro  or  ferrimagnetic  particles  in  a  suitable  carrier  liquid.  This  colloidal  system  exhibits 
a  superparamagnetic  (SP)  behaviour  at  room  temperature  [1]  and  under  the  action  of 
magnetic  field  it  develops  structural  ordering  similar  to  those  of  crystalline  solids  [2]  or 
dipolar  glasses  [3].  Therefore,  this  system  can  serve  as  a  model  system  to  study  the 
characterization  of  soft  condensed  materials. 

The  time  dependent  behaviour  of  magnetization,  also  known  as  magnetic  viscosity 
is  a  well-known  phenomenon  observed  in  many  magnetic  systems  and  it  arises  from 
the  thermal  activation  of  magnetization  changes  over  energy  barriers.  In  a  magnetic 
fluid  this  barrier  is  usually  due  to  anisotropy  [1].  The  presence  of  anisotropy  energy 
hinders  the  relaxation  of  magnetic  system  and  gives  rise  to  magnetic  viscosity.  In 
a  magnetic  fluid  thermal  equilibrium  may  be  reached  by  two  different  relaxation 
mechanisms  (1)  Brownian  rotational  diffusion,  (2)  Neel  relaxation  mechanism  [1], 
The  dominant  mode  of  magnetization  process  of  particle  will  be  that  which  has  the 
shortest  relaxation  time.  In  fact,  large  particles  relax  via  Brownian  rotation  while 
small  particles  through  Neel  rotation.  As  magnetic  fluid  contains  a  distribution  of 
particle  size  both  mechanism  will,  in  general  contribute  to  the  magnetization  for 
temperature  greater  than  the  freezing  point  of  the  carrier  liquid.  But  in  an  applied 
magnetic  field  the  final  state  would  be  the  same  irrespective  of  the  relaxation  process. 
Recently  we  have  studied  electron  spin  resonance  (ESR)  of  Zn0-1Fea9Fe2O4  magnetic 
fluid  between  temperature  77  K  to  300  K  and  have  shown  the  effect  of  these  two 
relaxation  mechanisms  on  ESR  linewidth  and  resonance  field  [4].  In  the  present  paper 
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The  anisotropy  value  obtained  from  time  dependent  co-efficient  agrees  well  with  that 
obtained  from  ESR  results. 

2.  Theory 

In  the  present  system  the  data  were  obtained  at  68  K,  which  is  well  below  the  freezing 
point  of  the  carrier  liquid  (in  the  present  case  it  is  kerosene,  which  has  the  temperature 
of  freezing  at  around  200  K).  Therefore  in  the  system,  Neel  relaxation  mechanism  will 
only  contribute  and  this  is  governed  by  a  relation  [5] 

where,  AE  is  the  height  of  the  energy  barrier,  k  and  Tare  the  Boltzmann  constant  and 
temperature,  respectively.  The  pre-exponential  factor/0  has  typical  values  between  10s 
to  1013  s~ 1.  For  a  system  of  uniaxial  particles  having  their  easy  axes  aligned  along  the 
field  direction,  the  height  of  the  energy  barrier  is 

K  is  the  anisotropy  constant  and  V  is  the  vol  ume  of  the  particle,  h  =  H/HK  and  H K  is  the 
anisotropy  field.  Therefore  eq.  (1)  can  be  written  as 

T~1=/0exp[-(KF/A:T1).(l -/z)2].  (3) 

According  to  Bean  [6],  a  critical  volume,  Fsp,  below  which  the  particles  are  super- 
paramagnetic  depends  on  the  experimental  measurement  time,  t.  Therefore  by  setting 
t  =  T,  a  critical  volume  in  zero  magnetic  field  can  be  written  as 

7sp(0,  t)  =  k  T/K  [ln(  t/0)] .  (4) 

However,  in  a  negative  field,  H  (i.e.  initially  sample  is  saturated  for  H  >  0  and  then 
reduced  to  H<G)>  the  relaxation  time  and  critical  volume  are  dependent  on  the 
magnitude  of  this  field  by  [6] 

Vsp(h,  t)  =  [k  T.  m(t/0)]/[K  (1  -  /i)2] .  (5) 

In  a  magnetic  fluid  there  exists  distribution  of  particle  sizes,  resulting  in  three  different 
contributions  to  the  magnetization  in  the  system  which  can  be  written  as  [7] 

M(M=  -  \Uy,h)f(y)dy+  P/OOdy-  {' f(y)dy,  (6) 

JO  .          Jy  Jj, 

where  y  is  the  reduced  diameter  D/Dm.  D  and  Dm  are  the  diameter  of  the  particle  and 
median  diameter  of  the  system,  respectively,  f(y)  is  the  particle  size  distribution 
function  and  L(yth)  is  the  Langevin  function.  M  is  the  reduced  magnetization,  M/MS, 
and  Ms  is  the  saturation  magnetization  of  the  fluid.  The  first  integral  in  (6)  represents 
the  contribution  to  the  magnetization  from  the  superparamagnetic  fraction  of  the 
system.  The  second  term  represents  the  contribution  from  those  blocked  particles 
which  remain  at  positive  saturation  and  the  last  term  represents  the  contribution  from 
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Now  if  t0  is  an  arbitrary  time  at  which  the  measurement  has  started,  the  change  in 
magnetization  over  the  period  of  time  tQ  to  t  is 


AM(/i,  t)  =  -  2     /GO  dy  =  Af  (Ji,  t)  -  M(h,  t0}.  (7) 

Jy 

During  the  time  of  experiment  y  does  not  vary  appreciably,  so  one  can  expand  the 
integral  in  (7)  in  power  series  and  truncate  after  the  first  term.  Thus 


AM(M=  -2 


kT 


(l-hr2.f(y(h,t0}).\n(t/t0) 


(8) 


In  a  magnetic  fluid,  normally  the  size  distribution  obeys  log-normal  distribution 
function  given  by  [1] 


/GO  =  (l/lnya)  exp  [  -  (In  y)2/2ff  2].  (9) 

Substituting  (9)  in  (8)  and  considering  f0  =  100s,  (8)  becomes 

AM(/U)  =  -[2/(75v/27r<r)].ln(t/100).exp[-(ln3;(/j,t0  =  100))2/2a2]. 

(10) 

Hence,  the  magnetization  varies  linearly  with  Int.  The  co-efficient  S  (known  as 
magnetic  viscosity  coefficient)  is 

S  =  [2/(75v/27r.(T)].exp[-  (\ny(h,t0  =  100))2/2<r2].  (11) 

The  above  equation  can  also  be  written  in  terms  of  coercive  force,  Hc  for  a  system  with 
randomly  oriented  easy  axes  as  [7] 


/9(r2].  (12) 

Equation  (12)  predicts  that  S=SmM  for  H  =  Hc. 

3.  Sample  preparation  and  measurements 

3.1  Formation  conditions  and  preparation  details 

Ultrafine  particles  of  10%  Zn  substituted  magnetite  were  prepared  by  chemical 
co-precipitation  technique.  Detailed  experimental  procedure  is  discussed  elsewhere 
[4].  Particles  were  coated  with  oleic  acid  and  dispersed  in  ISOPAR-M  carrier.  The 
fluid  was  centrifuged  at  3000  rpm  for  30  min.  The  substitution  of  ions  was  confirmed  by 
atomic  mass  absorption  (Fe/Zn  =  28.9). 

3.2  Structural  characterization 

X-ray  powder  diffraction  pattern  was  recorded  on  Philips  diffractometer,  PW  1  130/90 
using  CuKa  radiation  with  a  graphite  monochromator  mounted  in  the  diffracted 
beam.  The  particle  size  and  its  distribution  were  measured  using  GEC-AEI  Cornith 
275  electron  microscope  having  a  linear  resolution  of  10  A. 
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3.3  Magnetization  measurements 

Room  temperature  and  low  temperature  magnetization  measurements  were  carried 
out  using  vibrating  sample  magnetometer  (VSM)  PAR155  fitted  with  Oxford  Instru- 
ments CF1200  flowing  gas  cryostat.  The  measurements  of  time  dependence  were  taken 
by  saturating  the  sample  in  lOkOe  and  then  reducing  the  field  to  the  required  value. 
The  time  taken  for  the  field  to  stabilize  after  setting  the  current  in  the  magnet  was 
measured  and  found  to  be  ~  10s.  As  soon  as  the  required  field  was  set,  the  clock  was 
started  and  magnetization  was  measured  at  regular  intervals  of  time  for  each  field. 


4.  Results  and  discussion 

4.1  Structural  properties 

Figure  1  shows  the  X-ray  diffraction  pattern  for  the  powder.  Structure  was  found  to  be 
single  phase  fee  spinel  with  a  lattice  constant  of  8.392  +  0.001  A.  Measurements  of  the 
line  width  were  made  to  give  estimates  of  the  particle  size  using  the  Debye-Scherrer 
expression.  The  value  thus  obtained  was  92  A.  In  order  to  find  out  the  cation 
distribution,  Ritvield  analysis  was  done.  The  cation  distribution  thus  obtained  is 
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Figure  1.    X-ray  diffraction  pattern  of  Fe-Zn  sample. 
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Magnetization  of  fine  particle  system 
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Figure  2.     Electron  microscope  photograph  for  Fe-Zn  sample. 
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Figure  3.     Room  temperature  reduced  magnetization  curve  for  the  Fe-Zn  sample. 
Inset:  Low  magnetic  field  data. 

This  result  is  in  contradiction  with  the  earlier  results  obtained  for  the  bulk  sample, 
where  Zn  occupies  only  tetrahedral  A-site.  But  it  has  been  reported  that  in  the  case  of 
the  sample  synthesized  by  co-precipitation  technique,  Zn  can  occupy  both  the 
tetrahedral  A-site  and  octahedral  B-site  of  the  spinel  structure  [8]. 
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Figure  2  shows  the  electron  microscope  for  the  system.  The  particle  diameter 
distribution  obeys  log-normal  size  distribution  with  a  median  diameter  Dm  =  90  A  and 
the  standard  deviation  of  reduced  diameter  o  —  0.3  6  [9].  This  value  of  particle  size  is  in 
good  agreement  with  the  X-ray  data. 

4.2  Magnetic  properties 

The  magnetization  measurement  shows  that  the  system  is  superparamagnetic  at  room 
temperature  (figure  3).  Using  the  method  of  Chantrell  et  al  [10],  the  median  diameter 
and  the  standard  deviation  of  the  log-normal  volume  distribution  were  obtained  from 
the  room  temperature  magnetization  data  assuming  particles  to  be  spherical.  The  value 
thus  obtained  were  Dm  =  87  A  and  a  =  0.38.  This  observed  size  represents  the  magnetic 
core  size  rather  than  the  physical  size.  The  saturation  magnetization  of  the  particles  at 
room  temperature  was  62  emu/gin  and  increased  to  64  emu/gram  at  68  K.  Figure 
4  shows  the  68  K  magnetization  curve.  The  sample  exhibits  ferromagnetic  behaviour  at 
68  K  i.e.  having  both  coercivity  and  remanence. 

Figures  5a-5c  show  the  magnetization  of  the  system  as  a  function  of  time,  t,  for 
different  values  of  the  field,  H.  The  solid  line  through  the  data  point  is  the  fit  to  eq.  (10). 
The  co-efficient,  S,  obtained  from  the  fit  are  plotted  in  figure  6.  The  solid  line  shown  is 
a  curve  calculated  from  eq.  (12)  using  the  value  of  Hc=  135 Oe,  HK  =  550 Oe  and 
a  =  0.22.  Figure  6  shows  the  good  fit  between  theory  and  experiment.  A  maximum  is 
observed  at  H  =  135Oe  which  agrees  well  with  the  observed  coercivity  at  68  K 
(130  Oe). 

It  is  known  that  the  anisotropy  field  (HK)  for  uniaxial  particles  is  2  K/Isb,  where  /sb  is 
the  bulk  saturation  magnetization  and  K  is  the  anisotropy  constant.  Therefore  in  order 
to  derive  the  value  of  K  one  needs  the  bulk  saturation  magnetization  value  for  the 
system  at  that  temperature.  One  way  to  obtain  is  to  calculate  the  7sb  from  the  cation 
distribution  assuming  that  this  value  does  not  change  significantly  (<  5%)  with  tem- 
perature for  the  given  temperature  range,  i.e.  0  K  to  68  K.  This  is  reasonable  because 
the  Curie  temperature  (Tc)  of  this  sample  is  much  higher  than  room  temperature. 
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Figure  4.    Magnetization  versus  applied  field  at  68  K. 
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Figure  5a-5c.    Time  dependent  magnetization  curves  for  different  field  values. 
Line  is  the  fit  to  eq.  (10). 


Pramana  -  J.  Phys.,  Vol.  49,  No.  3,  September  1997 


315 


V  Upadhyay 


7.8- 
7.4- 

7- 
6.6' 
6.2- 
5.8- 
5.4- 

5 


0     20    40    60   80  100  120  140  160  180  200 
FIELD  (Oe) 

Figure  6.    Magnetic  viscosity  co-efficient,  S,  versus  field. 

Therefore  the  value  of  T/TC  is  <  0.1  at  68  K  and  for  this  //Jsb  is  0.98.  Considering  this 
fact  and  taking  spin  only  magnetic  moment  of  the  ions,  the  /sb  for  this  particle  was 
found  to  be  87  emu/gm.  Using  this  value  of  bulk  saturation  magnetization,  the  value  of 
K  was  found  to  be  1.2  x  105  erg/cc.  This  value  is  in  agreement  with  the  value  obtained 
from  ESR  study  (1.0  x  105)  [9].  The  observed  difference  in  the  value  of  magnetization 
of  the  bulk  and  the  present  sample  may  be  due  to  the  surface  pinning  effect  as  observed 
in  the  case  of  Mn  substituted  magnetite  [11]. 
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Abstract.  Time  resolved  optical  emission  spectroscopy  is  employed  to  study  the  expansion 
dynamics  of  Ci  species  in  a  graphite  plasma  produced  during  the  Nd :  YAG  ablation.  At  low  laser 
fluences  a  single  peak  distribution  with  low  kinetic  energy  is  observed.  At  higher  fluences  a  twin 
peak  distribution  is  found.  It  has  been  noted  that  these  double  peak  time  of  flight  distribution  splits 
into  a  triple  peak  structure  at  distances  >  17mm  from  the  target  surface.  The  reason  for  the 
occurrence  of  multiple  peak  is  due  to  different  formation  mechanisms  of  €2  species. 

Keywords.  Laser  produced  plasma;  graphite;  time  resolved  spectroscopy;  carbon  clusters; 
recombination. 

PACS  Nos    52.25;  52.50;  52.70 

1.  Introduction 

In  the  past  few  years  there  has  been  growing  interest  in  the  laser  ablation  of  graphite 
target  since  the  first  report  on  the  existence  of  stable  carbon  clusters  called  Buckminster 
fullerenes  [1-6].  It  has  been  found  that  when  graphite  target  is  vapourized  by  intense  laser 
pulses  in  a  helium  ambient  atmosphere  of  moderate  pressures,  remarkably  stable  carbon 
clusters  are  produced.  It  is  expected  that  fullerenes  are  formed  when  vaporized  carbon 
condenses  in  an  atmosphere  of  inert  gas.  Although  considerable  progress  has  a  been 
achieved  in  studying  carbon  clusters  (Cn)  with  n  >  10,  little  effort  has  been  spent  for  the 
characterization  and  production  of  low  mass  carbon  clusters  Cre  with  n  <  10.  Pulsed  laser 
deposition  is  increasingly  being  utilized  for  thin  film,  preparation,  in  which  a  laser  beam  is 
focused  onto  the  target  and  the  resulting  vapor  is  made  to  condense  on  a  substrate  of 
interest  [7].  Diamond-like  carbon  thin  films  (DLC)  which  are  successfully  prepared  using 
laser  ablation  of  graphite  target  have  wide  applications  owing  to  their  interesting  • 
characteristics  like  extreme  hardness,  electrical  insulation,  optical  transparency  and  high 
thermal  conductivity  [8,9]. 

In  order  to  understand  the  processes  leading  to  carbon  cluster  formation  and  pulsed 
laser  deposition,  the  mechanism  of  plasma  generation  under  laser  irradiation  and  the 
interaction  of  the  plume  with  the  ambient  background  in  the  plasma  chamber  should  be 
investigated  in  detail  and  this  has  been  the  subject  of  many  experimental  and  theoretical 
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investigations  [10-16].  In  spite  of  the  large  number  of,  reports  available  in  literature, 
studies  on  laser  produced  carbon  plasma  have  not  yet  yielded  a  clear  cut  picture  on 
plasma  dynamics  of  the  cluster  formation  and  such  a  situation  arises  mainly  due  to  the 
complexity  of  the  phenomenon  involved.  In  this  paper  we  report  a  comprehensive  study 
of  spatially  resolved  emission  from  C2  molecules  using  time  resolved  spectroscopy.  The 
temporally  and  spatially  resolved  spectroscopic  studies  are  helpful  to  optimize 
parameters  of  DLC  film  deposition  and  to  correlate  the  carbon  cluster  dynamics.  To 
the  best  of  our  knowledge  this  is  the  first  report  regarding  the  existence  of  a  triple  peak  in 
the  temporal  history  of  C2  species  from  laser  produced  graphite  plasma  using  time 
resolved  emission  spectroscopy. 

2.  Experimental  setup 

The  experimental  setup  for  the  present  study  has  been  described  elsewhere  [17, 18].  A 
^-switched  Nd:  YAG  laser  with  fundamental  frequency  (1.06  u.m,  pulse  width  9ns)  with 
repetition  frequency  10  Hz  is  focused  on  a  graphite  target  using  a  convex  lens 
(/  =  23  mm).  The  target  is  placed  in  a  chamber  with  quartz  windows  in  which  helium 
gas  at  a  pressure  of  lOOmTorr  is  maintained.  The  apparent  length  of  the  plasma  at  these 
pressures  is  about  25  mm.  To  avoid  errors  due  to  local  heating  and  drilling,  the  sample  is 
rotated  about  an  axis  parallel  to  the  laser  beam.  The  emission  from  the  laser  produced 
carbon  plasma  is  imaged  to  produce  a  1:1  image  at,  the  entrance  slit  of  a  high  resolution 
1  m  Spex  monochromator,  using  appropriate  focusing  and  collimating  lenses  and 
apertures,  allowing  spatial  resolution  better  than  0.2mm.  The  monochromator  is 
equipped  with  a  Thorn  EMI  Photomultiplier  tube  (PMT,  model  KQB  9863,  rise  time 
<  2ns),  connected  to  a  digital  storage  oscilloscope  (Iwatsu,  model  DS  8621,  maximum 
sampling  rate  200  MHz)  with  50  ohm  termination.  The  oscilloscope  is  synchronized  with 
laser  pulse  using  an  internal  trigger  from  the  laser.  The  time  of  flight  (TOP)  of  C2 
emission  is  recorded  by  setting  the  monochromator  so  as  to  record  the  spectral  emission 
at  A  =  516.5  nm  corresponding  to  the  (0,0)  band  of  the  Swan  system  (d?Tig  ->  a3ILu}. 
Studies  are  made  for  various  laser  fluences  as  well  as  by  varying  the  spatial  separation 
normal  to  the  target  surface. 

3.  Results  and  discussion 

Time  resolved  studies  of  emission  lines  from  C2  species  were  made  using  oscilloscope 
traces.  Each  temporal  profile  represents  a  complex  convolution  of  different  factors  that 
governs  the  temporal  history  of  the  emitting  species,  its  production  mechanism  and  rate, 
its  flight  past  the  viewing  point  and  its  radiative  and  collisional  decay  rate.  Time  resolved 
emission  from  any  species  shows  a  definite  time  delay  for  emission  with  respect  to  the 
laser  pulse.  The  time  difference  between  the  initiation  of  the  plasma  and  the  time  taken  by 
the  species  to  reach  a  specific  point  inside  the  plasma  is  called  time  delay  of  that 
particular  species.  There  are  many  reasons  for  the  occurrence  of  time  delay  for  emission 
from  any  species  which  includes  time  of  flight  (TOP)  of  the  species,  thermal  processes 
leading  to  plasma  from  the  target,  diffusion  of  the  species  through  electric  field  created  by 
other  charged  species,  recombination  and/or  dissociation  of  the  species  etc.  For  e.g.,  if 
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Figure  1.  Intensity  variation  with  time  for  516.5nm  spectral  emission  from  Ca 
observed  at  5mm  away  from  the  target  for  laser  fluences  (a)  12.7Jcm~2  (b) 
26.7  Jcm~2,  (c)  28JcnT2  and  (d)  29.3  Jem'2. 


optical  emission  arises  from  electron  impact  excitation  of  species  in  the  laser  produced 
plasma,  the  excitation  rate  is  proportional  to  the  electron  and  species  densities.  Thus  the 
time  dependence  of  the  emission  intensity  would  be  affected  by  the  motion  of  electrons 
and  that  of  the  particles.  Recently  we  reported  spatial  and  temporal  studies  of  Ci  species 
which  reveal  a  double  peak  structure  in  time  of  flight  (TOP)  emission  pattern  beyond  a 
threshold  laser  fluence  [19].  Below  this  threshold  laser  fluence,  only  single  peak  TOP 
distribution  is  observed.  The  faster  peak  keeps  on  narrowing  and  the  slower  one  becomes 
broadened  with  increasing  helium  pressure  [20].  It  is  also  noted  that  intensities  of  these 
peaks  vary  with  laser  fluence  and  helium  gas  pressure.  The  typical  temporal  profile  for  C2 
species  (choosing  A  =  516.5nm  corresponding  to  (0,0)  band  of  Swan  system  at  a 
distance  5  mm  from  the  target  for  different  laser  fluences  are  given  in  figure  1.  The  initial 
spike  in  the  figure  is  due  to  scattering  caused  by  the  laser  beam,  and  can  be  used  as  a  time 
marker.  These  double  peak  structure  of  C2  species  from  carbon  plasma  were  assigned  due 
to  species  corresponding  to  those  generated  by  dissociation  of  higher  clusters  which  gives 
rise  to  slower  velocity  components,  while  those  generated  by  many  body  recombination 
apparently  gives  rise  to  faster  peak  which  are  present  only  at  higher  laser  fluences  [19]. 
The  present  paper  reports  the  observation  of  a  triple  peak  structure  in  the  temporal 
profile  of  €2  species  at  distances  >  17  mm  from  the  target  surface.  TOP  spectra  for  C2 
species  at  various  distances  from  the  target  is  given  in  figure  2(a-f )  for  a  laser  fluence  of 
32  J/cm2.  For  distances  less  than  17  mm  from  the  target  surface,  there  exist  only  a  double 
peak  structure  in  the  TOP  distribution  (figures  2(a)  and  (b)).  Thus,  there  exists  a  critical 
distance  below  which  only  double  peak  structure  is  observed  while  triple  fold  structure  is 
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Figure  2.  Intensity  variation  of  spectral  emission  with  time  for  C2  species 
(516.5nm)  at  different  distances  from  the  target.  Distances  are  (a)  4mm,  (b) 
10mm,  (c)  17mm,  (d)  18mm,  (e)  20mm  and  (f)  22mm.  These  TOP  spectra  are 
recorded  at  a  laser  fluence  of  32J/cm2  and  at  a  helium  pressure  of  lOOmTorr. 

observed  beyond  that  critical  distance.  There  are  few  reports  which  describe  the  triple 
fold  time  of  flight  (TOP)  distribution  in  laser  generated  plasma  from  graphite  target. 
Lowndes  et  al  [21]  recently  observed  three  'modes'  of  incident  species  in  the  TOP  profile 
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using  ion  probe  method  and  they  attributed  it  to  scatterd  ions,  ions  that  are  slowed  by  gas 

phase  collisions  and  slow  moving  clusters  formed  through  collisions  respectively.  Tasaka 

et  al  [22, 23]  observed  triple  fold  plume  structure  during  Nd :  YAG  laser  ablation  of  \  \ 

graphite  in  helium  ambient  atmosphere  and  during  optical  emission  studies  using  streak 

camera.  They  found  that  the  fastest  component  is  composed  of  carbon  ions,  second  fastest 

component  is  due  to  compressed  neutral  molecules  and  the  slowest  component  is  the 

radial  vapor  from  the  graphite  target.  But  the  triple  peak  structure  observed  in  these 

studies  using  time  resolved  spectroscopic  technique  is  a  highly  spatial  dependent  one. 

Two  mechanisms  exists  for  the  C2  formation,  viz,  dissociative  and  recombinational 
mechanisms.  Most  of  the  models  of  fullerene  formation  are  based  on  the  recombination 
mechanism,  i.e.,  the  formation  by  nucleation  from  carbon  vapour  consisting  of  carbon 
atoms  and  very  small  carbon  molecules  [24].  It  is  well  known  that  graphite  exhibits  a 
large  difference  between  the  inter-layer  and  the  intra-layer  bond  strengths.  At  low 
fluence,  graphite  will  be  ablated  layer  by  layer  producing  large  particles  which  in  turn  get 
dissociated  to  form  C2  species  [25].  The  dissociative  mechanism  can  further  be  supported 
by  the  observation  of  long  duration  of  Swan  band  emission  at  low  fluences.  At  low  laser 
fluences  as  in  figure  1 ,  only  a  slowly  propagating  component  with  low  kinetic  energy  is 
observed.  The  larger  masses  of  Cf!  will  result  in  longer  delays  which  are  observed  in  the 
C2  emission  (dissociative  mechanism)  occurring  at  the  lower  fluences.  The  dominant 
mechanism  for  the  production  of  C2  Swan  band  emission  at  low  fluences  is  the  electron 
collision  with  CK  cations  and  neutrals  (n  >  2)  followed  by  dissociation  where  one  of  the 
fragments  is  an  ejected  C2  molecule  [15].  As  the  laser  fluence  is  increased,  clusters  with 
lower  values  of  n  will  be  ejected  directly  from  the  target.  Above  a  threshold  laser  fluence, 
temperature  of  the  plasma  becomes  so  large  so  as  to  dissociate  Cn  to  neutral  and  ionized 
carbon  atoms  just  outside  the  target.  During  spectral  analysis,  we  observed  that  at  low 
fluence  levels,  the  emission  spectrum  is  dominated  by  C2  molecules  whereas  at  higher 
fluences  the  plasma  emission  is  mainly  due  to  ionic  species  of  carbon  up  to  C  IV  along 
with  C2  species.  At  higher  fluence  levels,  Swan  band  formation  is  mainly  due  to  electron- 
ion  and  ion-ion  recombination.  It  is  observed  here  that  at  high  laser  fluences,  after  a 
threshold,  an  emission  peak  showing  a  faster  component  with  higher  kinetic  energy  for 
C2  molecules  begins  to  appear.  The  observation  of  highly  energetic  peak  at  high  laser 
fluences  is  attributed  to  the  many  body  recombination  of  these  carbon  ions  and  electrons. 
From  the  studies  of  ionic  species  it  is  found  that  the  concentration  of  ionic  species 
depend  very  much  on  the  laser  intensity.  The  expansion  velocities  of  ionic  species  are 
found  to  be  increased  with  increasing  ionization.  The  expansion  velocities  calculated 
from  the  kinetic  energy  distribution  of  these  ionic  species  are  found  to  be  maximum  at 
40km/s,  58km/s  and  80km/s  for  C  II,  C  III  and  C  IV  respectively  at  a  laser  fluence  of 
32J/cm2.  Hence  most  of  the  highly  ionized  atoms  are  located  at  the  front  of  the 
expanding  plasma  which  are  followed  later  in  time  by  species  of  lower  stages  of 
ionization.  It  is  noted  that  the  newly  formed  peaks  have  almost  identical  kinetic  energy 
distributions  in  comparison  with  highly  energetic  ions.  The  observation  of  splitting  of  the 
recombinational  peak  at  higher  spatial  distance  is  due  to  delays  caused  by  different 
recombinational  formation  mechanism  of  C2  species  in  the  laser  induced  carbon  plasma. 
The  presence  of  helium  ambient  gas  helps  cooling  of  plasma  so  as  to  reduce  the  plasma 
temperature  and  confinement  of  the  same,  thereby  increasing  the  recombination  rate. 
In  conclusion,  we  have  observed  a  triple  peak  structure  in  the  time  profile  of  C2  species 
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in  laser  induced  graphite  plasma.  We  observed  a  double  peaks,  structure  in  the  temporal 
profile  at  higher  laser  fluences  and  these  double  peak  structure  gets  modified  into  triple 
peak  distribution  at  distances  >  17  mm  from  the  target.  The  cause  of  formation  of  these 
triple  peak  are  assigned  to  the  delay  caused  by  different  formation  mechanism  of  €2 
species. 
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1.  Motivation  and  historical  development  of  Kaluza-Klein  theory 

There  exist  four  fundamental  forces  in  the  Nature.  These  are  gravitation,  electromagnet- 
ism, weak  and  strong  interactions.  Unification  of  all  these  forces  has  been  the  ultimate 
goal  of  a  theoretical  physicist.  Firstly,  the  unification  of  electricity  and  magnetism  was 
obtained  by  Maxwell  in  his  theory  of  electromagnetism  in  1861-62.  After  the  advent  of 
special  theory  of  relativity,  three-space  and  time  were  unified  into  a  four-dimensional 
space-time  continuum  by  Minkowski.  Unification  of  electromagnetism  and  weak 
interaction  was  obtained  by  Glashow,  Weinberg  and  Salam.  In  1961,  Glashow  [1] 
unified  the  weak  and  electromagnetic  interactions  using  the  gauge  group  SU(2]  <g>  £/(!). 
Later  on,  Weinberg  and  Salam  showed  independently  that  weak  gauge  bosons  can  acquire 
mass  without  any  loss  of  renormalizability  [2].  This  theory  got  experimental  support  in 
1973  followed  by  discovery  of  the  weak  gauge  bosons  in  1983.  Unification  of  strong, 
weak  and  electromagnetic  interactions  had  been  discussed  by  Georgi  and  Glashow,  in 
1974,  based  on  the  gauge  group  SU(3)C®SU(2}L®  U(l}Y  in  the  standard  model  of 
grand  unified  theories  [3].  Various  other  gauge  groups  also  have  been  used  to  obtain  a 
satisfactory  version  of  the  grand  unified  theory. 

In  all  these  attempts,  gravity  (the  oldest  known  interaction  of  the  Nature)  has  been  kept 
quite  away,  which  is  the  source  of  dissatisfaction  for  a  theoretical  physicist.  In  1914, 
Nordstrom  [4]  proposed  to  unify  Maxwell's  theory  with  his  theory  of  gravity  induced  by 
scalar  fields  in  a  very  imaginative  way  in  the  framework  of  5-dimensional  theory.  In 
1919,  Kaluza  proposed  Einstein  type  theory  of  gravity  in  5-dimensional  space-time  where 
4-dimensional  Einstein's  gravity  and  electromagnetism  are  obtained  using  the  cylindrical 
condition  which  implies  independence  of  components  of  metric  tensor  from  extra 
dimensional  coordinates.  In  the  beginning,  Einstein  did  not  like  Kaluza's  idea,  but 
eventually  he  supported  it  and  this  work  was  published  in  1921  [5].  In  1926,  Klein  found 
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that  Kaluza's  results  could  be  obtained  using  quantum  mechanics  also  [6].  For  a  long 
time,  Kaluza-Klein  theory  was  almost  idle  barring  few  papers  here  and  there.  In  the 
middle  of  1970s,  string  theory  [7]  and  supergravity  [8]  appeared  in  the  arena  of  field 
theory  with  high  hopes  to  unify  gravity  and  other  fundamental  forces.  It  was  found  that 
the  string  theory  also  leads  to  a  higher-dimensional  geometry  like  Kaluza-Klein  theory. 
So  the  importance  of  a  higher-dimensional  theory  was  realized  in  true  sense.  In  this 
context,  Kaluza-Klein  theory  became  very  much  popular  by  the  end  of  1970s.  In  1978, 
Cremmer,  Julia  and  Scherk  proposed  11 -dimensional  theory  which  could  yield  gravity 
and  the  standard  model  of  grand  unified  theory  using  Kaluza's  mechanism  [9].  This 
model  of  11 -dimensional  theory  is  called  N  =  1  supergravity.  After  this  work,  people 
started  to  think  that  the  only  way  to  do  supergravity  is  via  Kaluza-Klein  theory.  Later 
on,  10-dimensional  theory  for  supergravity  was  also  proposed  to  cure  some  problems  of 
11 -dimensional  supergravity  ,  but  it  contained  some  other  degrees  of  freedom  of  Yang- 
Mills  multiplets  in  contrast  to  1 1-dimensional  theory.  Currently,  this  theory  has  been 
abandoned,  but  Kaluza-Klein  is  still  interesting  in  the  context  of  the  early  universe  at 
high  energy  level  where  gravity  is  supposed  to  be  unified  with  all  other  interactions.  In 
what  follows,  a  brief  account  of  latest  developments  of  the  theory  and  mathematical 
techniques  are  discussed. 


2.  Compactification 

Our  observable  universe  is  4-dimensional.  So  it  seems  difficult  to  accept  the  idea  of 
higher  dimensional  geometry  on  a  physical  ground.  A  solution  to  this  problem,  namely 
'spontaneous  Compactification',  added  a  new  dimension  to  the  Kaluza-Klein  theory. 
According  to  this  idea,  the  higher  dimensional  geometry  is  supposed  to  be  described  as  a 
product  manifold  M4  ®  MK,  where  M4  is  the  usual  4-dimensional  space-time  and  MK  is  a 
compact  manifold  [10-12].  At  extremely  high  energy,  the  universe  is  supposed  to  be 
(4  rl-j&f)  -dimensional,  but  below  a  certain  energy  level  extra-dimensional  manifold  MK 
gets  compactified  to  extremely  small  size  to  be  resolved.  As  a  result,  only  Af4  is  observed. 
Planck  length  is  supposed  to  be  a  possible  scale  of  Compactification.  The  compact 
manifolds  are  homeomorphic  (topologically  equivalent)  to  a  connected  sum  of  tori  or  a 
sphere  or  a  projective  plane  [13].  Physically,  it  means  that  M*  can  be  conveniently 
def firmed  to  one  of  these  manifolds.  Thus,  for  all  physical  purposes,  a  compact  manifold 
can  be  treated  as  a  connected  sum  of  tori  or  a  sphere  or  a  projective  plane. 


3. 

(a)  Kaluza-Klein  model  of  electromagnetism 

Kaluza  had  shown  that  electromagnetism  could  be  obtained  from  5-dimensional  general 
relativity.  For  this  purpose,  he  used  the  method  of  weak-field  approximation.  Later  on, 
Klein  showed  that  Kaluza's  result  could  be  obtained,  in  general  also,  without  this 
approximation. 

In  Kaluza-Klein's  theory,  the  manifold  is  taken  as  product  of  M4  and  a  circle  Sl . 
Circle  is  a  compact  manifold  with  initial  and  final  points  identified.  So  a  field  f(x,  y} 
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(here  x  represents  four  coordinates  on  M4  and  y  is  a  coordinate  on  Sl)  satisfies  the 
condition  [2] 


),  (3.1) 

where  r  is  the  radius  of  the  circle.  Fourier  expansion  forf(x,y)  can  be  written  as 

oo 

f(x,y)=  £;/,(*)  e*1^, 

n=—  oo 

which  satisfies  the  condition  given  by  (3.1).  Using  the  quantum  operator  —iH(d/dy)  on 
/(*,y),  eigenvalue  of  the  momentum  operator  corresponding  to  y  coordinate  is  obtained 
as  (nh/r)  for  a  particular  n.  So  y  component  of  momentum  will  be  very  high  for 
sufficiently  small  r  which  means  that  only  n  —  0  mode  can  appear  in  the  low  energy 
physics.  Due  to  this  reason,  Klein  took  all  observed  states  independent  of  y  which  is 
analogous  to  Kaluza's  cylindrical  condition. 
In  Kaluza's  model,  the  5-dimensional  line-element  is  taken  as  [14] 

dS2  =  g^dxW  -  02(*)[«Apd^  +  dy}[KA,  dx»  +  dy].  (3.2) 

Here  g^  are  components  of  the  metric  tensor  on  M4  with  g^  =  g^  =  —  02«AM  and 
#44  =  —  </>2  as  well  as  K  is  a  constant  of  length  dimension  keeping  /cA^  dimensionless.  To 
discuss  general  relativity  with  this  line-element  is  a  bit  difficult  due  to  the  presence  of 
components  of  electromagnetic  field  in  the  metric  tensor  components.  So,  for 
convenience,  it  is  better  to  choose  basis  one-forms  [15] 

<f  =  dx^  (3.3a) 

0*  =  dy  +  reA,,  dV.  (3.3b) 

This  type  of  basis  is  called  horizontal  lift  basis  (HLB).  In  HLB,  components  of  the  metric 
tensor,  obtained  from  the  line-element  (3.2),  are  #M/,,  g^  =  g^  =  0  and  g^  =  —02.  Basis 
vectors  dual  to  bases  ^({j,  =  0,  1,2,  3,4)  are  given  as 

Q  Q 

'e"  =  d^~KA"a^'  (3'4a) 

84  =  |.  (3.4b) 

The  dual  bases  e^  obey  the  algebra 

fe,g*]  =  C^,  (3-5) 

where  [e^e^]  are  commutators  of  ep.  and  £$.  Using  the  definition  of  e^,  given  by  (3.4), 
one  finds  that  structure  constants 


and  all  other  structure  constants  vanish.  It  shows  that  bases  e^  are  anholonomic  [1'5]  (all 
structure  constants  vanish  for  holonomic  bases).  The  connection  coefficients  in 
anholonomic  basis  is  defined  as 
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So  non-vanishing  connection  coefficients  for  F^  are 

r?A  =  rj;Xl  (3.8a) 

f£==rJ,  =  4«^'  (3.8b) 

and 

4  =  -ft  =  ^FA,  (3.8c) 

Components  of  the  Riemann  tensor  are  given  as 


Ricci  scalar  for  the  line-element,  given  by  (3.2)  is  calculated  to  be 

p  =  /?  _  I  dtp   F^ —  6    6    s^  (3  10) 

A    T  tLV  -     ,2    T  ,^i  V,f6          >  V       '  y 

^  30 

where  F^y  =  d^A,,  —  5yAM.  The  volume  element  is 

\/[|j &  f\8  f\6  f\0  /\8  =  ^/\j\ dx°  A dx1  A dx2  A djc3  A dy 

The  Einstein-Hilbert  action  in  5-dimensional  Einstein's  theory  is  written  as 


If  the  radius  of  the  compact  component  of  M4  0  Sl  is  r, 

0<y<27rr.  (3.12) 

Thus, 


where  G$  ~  Gs/2Trr  is  the  4-dimensional  gravitational  constant.  In  the  original  work  of 
Kaluza,  (f>(x)  is  taken  as  a  constant. 

(b)  Non-abelian  Kaluza-Klein  theories 

In  1954,  Yang  and  Mills  generalized  local  U(l]  invariance  (which  is  an  abelian  theory) 
to  local  non-abelian  theories.  Around  the  same  time,  Shaw  also  did  this  kind  of  work  but 
his  contribution  was  not  found  interesting  by  physicists.  The  Yang-Mills  theory  was 
almost  idle  for  a  long  span  of  time.  In  the  early  1970s,  this  theory  blossomed  in  the 
context  of  gauge  theories,  as  gauge  theorists  found  it  a  very  convenient  mathematical 
tool.  In  1963,  De-Witt  proposed  unification  of  Yang-Mills  fields  with  gravitation  under 
Kaluza-Klein  scheme  in  a  higher  dimensional  geometry  [16].  A  detailed  discussion  of 
this  idea  appeared  in  the  work  of  Kerner  [17].  (4  +  AO-dimensional  Einstein-Hilbert 
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action  as  well  as  derivation  of  gravitation,  Yang-Mills  fields  and  scalar  field  was 
discussed  by  Cho  and  Freund  in  1975  [18]. 

In  1982,  Salam  and  Strathdee  raised  a  very  important  question  'What  are  the 
implications  of  extra  dimensions  in  our  observable  universe?'  In  [19],  they  have  discussed 
that  through  expansion  of  physical  fields  in  normal  modes  associated  symmetry  groups  in 
Kaluza-Klein  theory  make  their  appearance  as  massive  multiplets  and  through 
components  of  the  metric  tensor  these  groups  yield  non-abelian  fields.  In  what  follows, 
a  brief  discussion  on  these  aspects  is  given. 

In  the  (4  +  AO-dimensional  theory,  coordinates  are  separated  into  X^(IJL  =  0, 1, 2, 3)  of 
usual  space-time  and  v"  of  A/-dimensional  compact  manifold.  The  components  of  the 
metric  tensor  are  given  as  [20] 


R(4+f0  =  R4  +  RN(y)  +  isMX 


(3.i6b) 

which  can  be  calculated  in  HLB  as  earlier.  In  5-dimensional  case,  N  =  1  and  the  compact 
manifold  is  Sl  for  which  Ricci  scalar  vanishes.  In  (3.16b), 


Here  a,  f3  and  7  are  gauge  indices  for  which  the  degree  of  freedom  is  equal  to  the 
number  of  Killing  vectors.  The  number  of  Killing  vectors  depend  upon  the  Lie  group 
on  the  compact  manifold.  For  example,  if  the  compact  manifold  is  SN,  the  symmetry 
group  on  5^  is  SO(N+1).  The  number  of  generators  of  SO(N+l)  is  [N(N+l)]/2, 
which  is  the  number  of  Killing  vectors  on  SN.  Also  the  maximum  number  of 
possible  Killing  vectors  on  //-dimensional  manifold  is  [N(N+l)]/2.  But  it  is  not 
possible  to  get  the  maximum  number  of  Killing  vectors  for  every  compact  JV-dimensional 
manifold,  because  the  number  of  Killing  vectors  depend  on  the  symmetry  group. 
The  symmetry  group  on  Af-dimensional  torus  is  [£/(!)]  .  So  possible  number  of  Kill- 
ing vectors  is  N,  which  is  the  number  of  generators  on  TN.  Thus  TN  has  less  than 
maximum  number  of  Killing  vectors,  whereas  SN  accommodates  maximum  number 
of  Killing  vectors  on  a  TV-dimensional  manifold.  So  SN  is  maximally  symmetric,  but  TN 
is  not. 
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x},  (3.14) 

gmn(x,y}=8mn(y}, 

where  ££(y)  are  Killing  vectors  satisfying  the  algebra 

$S»e;-£0mQ=./££  (3-15) 

with/^,  as  structure  constants.  |?j 

The  Einstein-Hilbert  action  in  (4  +  AO-dirnensional  theory  is  written  as  f|  • 

i 

S(4+N)g  =  -    —  -     d4*  dny    \g(4+N)  I  R(4+N)  (3.  16a) 


4.  Physical  fields  on 

Here  we  will  consider  compact  manifolds  TK  and  SK.  Calculations  on  projective  planes 
can  be  done  in  a  similar  manner. 

(i)  When  MK  —  TK:  TK  is  jRf-times  product  of  circles  with  different  radii  n  ,  r2,  .  .  .  ,  rk.  So 
Fourier  expansion  of  a  physical  field  (f)(x,  y]  can  be  written  as 

0fey)=    £    fc,-,W«pf'(^  +  -  +  ^)]  (4.D 

m-nt=-oo  L    V   rl  r*    /J 

and  the  line-element  looks  like 

dS2  =  g^  dxW  -  (rl  d02  +  •  •  •  +  r\  d02),  (4.2) 

where  0  <  #1  ,...,#*<  27r.  Even  other  boson  fields  can  be  treated  in  a  similar  way. 

(ii)  When  MK  =  SK\  In  this  case,  harmonics  are  a  bit  complicated.  A  massless  scalar 
field  0  obeys  the  Klein-Gordon  equation  [21] 

°'  (43) 


where  ^MAr  are  components  of  the  metric  tensor  on  M4(g)MK.  Equation  (4.3)  can  be 
written  as 

(D4  +  0^)0  =  0,  (4.4) 

where  CU  is  defined  on  M4  and  QK  on  MK. 
If  A  is  the  eigenvalue  of  the  operator  DAT  for  the  scalar  field  0, 

D*0  =  A0.  (4.5) 

To  obtain  A,  the  set  of  all  homogeneous  harmonic  polynomials  0  of  degree  /  in  Euclidean 
(K  +  1)  -space  are  considered.  A  homogeneous  polynomial  of  degree  /  can  be  written  as 

fe,  •  •  •  ,*(*+!))  ==  caii...ia/xa"-'a',  (4.6) 

where  cai>...i0/  are  symmetric  with  each  /  taking  (K  +  l)  values.  Thus  linearly 
independent  cQl]...)Q;  are  ^+/)Q  in  number.  If  0  is  a  harmonic  on  (jST+  1)  -dimensional 
Euclidean  space 

Vjr+i)#  =  0,  (4.7a) 

which  yields 

^ia2cai,a2l...,Q;=0.  (4.7b) 

The  number  of  equations  (4.7b)  is  (JV+f"2)C(Z_2). 
The  (^T+  1)  -dimensional  Euclidean  space  is  described  by  the  line-element 

d^+1)  =  d*2  +  d^  +  •  •  •  +  d4,+1).  (4.8) 

328  Pramana  -  J.  Phys.,  Vol.  49,  No.  4,  October  1997 


Some  aspects  of  Kaluza-Klein  cosmology 

The  sphere  SK  is  embedded  in  (K  +  1)  -dimensional  Euclidean  space.  For  the  purpose  of 
calculation  of  A,  it  is  convenient  to  write  (4.8)  in  polar  coordinates  as 


(4.9) 
where  0  <  B\  ,  .  .  .  ,  0(K_^  <  n  and  0  <  BK  <  2?r.  Now  (4.7a)  can  be  written  as 


r-n*    <t>  =  0.  (4.10) 

As  0  is  homogeneous, 

4>  =  rl<j).  .  (4.11) 

So,  from  (4.10), 

D*0  =  -/(/  +  #  -1)0.  (4.12) 

Thus  A  =  -/(/  +  K  -  1}  with  degeneracy, 


where  "Cr  =  nl/(rl(n  -  r)!). 
If  0  is  replaced  by  components  of  a  vector,  A  can  be  calculated  as 


l)],     /-1,2,...,  (4.14) 

with  degeneracy 


(4.15) 
If  0  is  replaced  by  divergenceless  traceless  rank-2  tensor  components, 

A  =  ~[12  +  (K  -!)(/-  2)],     7  =  2,3,...,  (4.16) 

with  degeneracy 

dT(K,  l)=i(K+l}(K  +  2}fK+l}d  -  (*+/-2)C(,_2)] 

-(K+  1)P+/+1)C(/+1)  -  ^-3)C(/-3,].  (4-17) 

If  Ty  =  ky  T,  A  can  be  calculated  like  scalars.  The  traceless  tensor  is  of  the  form 


(4.18) 


Now  two  cases  arise  here: 


(i)  In  case   v^/  =  0,A  =  -[/2-f  (K  -  I)/-  (K  +  2)},1  =  2,3,  .  .  .  ,   with   degeneracy 

dv(K,  1}  given  by  eq.  (4.15). 
(ii)  In  case  z  =  VX  (X  is  a  scalar),  A  =  -[/2  +  (N  -  I)/-  2tf],  /  =  2,3,...,  with 

degeneracy  ds(K,l}  given  by  (4.13). 
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A  spinor  field  if)  satisfies  the  higher-dimensional  Dirac  equation  [22,  23] 

[;rMVM-*  =  o> 

where  FM  are  Dirac  matrices  satisfying  the  condition 

{TM,rN}  =  2gMN.  (4.20) 

TM  in  (4.20)  can  be  decomposed  as  (y,  7'").  Here 

V^f,  a  =  0,1,  2,  3  (4.21a) 

and 

^"  =  ^7*.  m  =  4,5,...,3  +  £.  .  (4.21b) 

Here  f  =  (7°,  7*)  are  (4  +  K)  -dimensional  Dirac  matrices  in  flat  space-time.  In  (4.21) 

f  =  *7°  <g)  /,  (4.22a) 

f*  =  *y  <g)  *y*,  (4.22b) 

where  *TQ  are  standard  4x4  Dirac  matrices  and  *T^  are  Dirac  matrices  on  MK  •  *7m  and 
I  (identity  matrix)  are  2*/2  x  2*/2  matrices  (when  K  is  even)  and  2^~1)/2  x  2^~1)/2 
matrices  (when  K  is  odd).  *75  in  (4.22b)  is  given  as 

^  —  i*'y°*'y1H«72*73  (4.23a) 

and 

(*7f)2=7.  (4.23b) 

A  spinor  field  ^(jc,  y)  can  be  expanded  as 

(4-24) 


where  x,-(y)  satisfy  the  equation 

h^Vmtt  =  -^*75X-  (4-25) 

Equations  (4.19)  and  (4.25)  yield 

[iY  VM  -  (w  +  m,-*75)]^  M  =  0.  (4.26) 

The  Lagrangian  density  corresponding  to  the  Dirac  equation  is  given  by  (4.26) 

L  =  ^M'YVp  -  (m  +  WM*).  (4-27) 

For  convenience,  chiral  transformations  are  used  for  i/'ito,  which  is  given  as 

V>,.(*)  ->  ^-to  =  exp[ja*75]-0(.(x),  (4.28) 

where  a  =  arctan(m//m).  Under  these  transformations 

^•WzYV/zV'iW 
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remains  invariant  and  the  mass  term  acquires  the  canonical  form 

^)(m2  +  m2)1/2V,;.(;t). 
(For  details  of  calculations,  see  Appendix  A). 

5.  A  realistic  Kaluza-Klein  model 

Weak  interaction  and  electromagnetism  were  unified  under  the  symmetry  group  SU(2}® 
£7(1).  Later  on,  strong  interaction  was  also  brought  under  this  scheme  through  the 
symmetry  group  SU(3]  ®SU(2]  <g>  U(l).  Popular  name  of  this  model  is  the  standard 
model.  With  the  recent  discovery  of  top  quark  (truth  quark)  the  standard  model  has 
become  more  interesting.  In  1981,  Witten  suggested  unification  of  gravity  with  the 
standard  model  under  Kaluza-Klein  scheme  [24].  In  this  scheme,  SU(3)  <S>  SU(2)  ®  17(1) 
is  the  symmetry  group  on  a  compact  manifold.  The  space  of  lowest  dimension  with 
symmetry  group  517(3)  is  CP2  (complex  projective  space).  For  details  of  CP2,  one  can 
refer  to  Appendix  B.  S2  is  the  lowest  dimensional  manifold  with  SU(2]  symmetry  and  S1 
is  the  group  manifold  for  £7(1).  Thus  the  compact  manifold  with  5t/(3)  <8>  SU(2]  ®  U(l] 
can  be  CP2  ®S2  ®Sl  which  is  a  7-dimensional  real  space.  CP2  <8>  S2  <8>  Sl  is  not  a  unique 
manifold  with  symmetry  group  of  the  standard  model,  but  it  is  more  convenient. 

6.  Cosmological  models  in  Kaluza-Klein  theory 

It  has  been  discussed  above  that,  under  Kaluza-Klein  scheme,  higher-dimensional  space- 
time  is  taken  as  product  of  the  usual  4-dimensional  paracompact  manifold  and  a  compact 
manifold.  It  is  also  supposed  that  the  internal  space  (the  compact  manifold  is  the  internal 
space)  is  too  small  to  be  observed.  In  the  early  1980s,  the  validity  of  this  idea  was 
discussed  by  many  authors  [25-28].  In  this  scheme,  there  is  a  large  discrepancy  between 
scales  of  the  external  space-time  (observed  4-dimensional  space-time)  and  the  internal 
space.  Now  the  question  arises  'How  is  this  large  discrepancy  caused?'  To  answer 
this  question,  two  kinds  of  attempts  were  made.  One  is  the  method  of  quantum 
instability  of  the  internal  space  for  contraction  by  Appelquist  and  Chodos  [29]. 
They  computed  one-loop  effective  potential  for  a  scalar  field  in  5-dimensional  space-time 
and  found  that  it  tends  to  minus  infinity  when  the  fifth  dimension  shrinks  to  zero.  Later 
on,  Rubin  and  Roth  [30]  studied  finite  temperature  effect  in  the  analysis  done  by 
Appelquist  and  Chodos  and  found  two  kinds  of  instabilities.  Meanwhile,  Tsokos  [3  1]  had 
shown  that  inclusion  of  5-dimensional  fermionic  degree  of  freedom  could  save  the  one- 
loop  effective  potential  from  divergence  to  minus  infinity.  The  other  method  uses  a 
dynamical  evolution  of  the  higher-dimensional  universe  as  suggested  by  Chodos  and 
Detweiler  [32].  This  method  is  the  cosmological  dynamical  reduction,  which  was  found 
interesting  because  the  expansion  of  external  space-time  and  contraction  of  the  internal 
space  were  explained  simultaneously.  Firstly,  Chodos  and  Detweiler  (CD)  proposed 
Kasner  type  5-dimensional  solution  of  the  field  equations.  The  line-element  for  this 
model  is 


dS2  =  dt2  -  ^[dx2  +  dy2  +  dz2]  -  r1/2/^2,  (6.1) 
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which  can  be  generalized  as 

3  3+D 

as2  =  *?  -  E  **(**?  -  E  f2W)2  (6-2a) 

i=l  j=4 

with 

3  3+D  3  3+D 

Ew+Ea-^Erf+Etf-  (6-2b-c) 

i=l  j=4  i=l  y=4 

Later  on,  higher  dimensional  Robertson-Walker  type  solutions  were  obtained.  The 
generalized  (1  +  d  +  Z>)-dimensional  Robertson-Walker  line-element  looks  like  [33-35] 


dS2  =  dr2  -  R2d(t)gmn  d*W  -  R2D(t}gMN  dy"  d/,  (6.3) 

where  Rj(t)  is  the  scale-factor  associated  with  the  external  space  and  Ro(t)  is  the  scale- 
factor  associated  with  the  internal  space.  The  topology  of  such  a  model  is 
R  ®  Md  ®  BD,  gwn(m,  n  =  1,  2,  .  .  .  ,  d)  are  components  of  the  metric  tensor  on  BD,  which 
is  the  internal  compact  manifold.  The  non-  vanishing  components  of  Ricci  tensor  for  the 
line-element,  given  by  (6.3),  are 

(6*0 

(6-4b) 

ft  A   \ 

(6>4c) 

where  kd  is  the  spatial  curvature  of  Md  and  ko  is  the  spatial  curvature  of  BD.  Sahadev  has 
obtained  solution  of  Einstein's  equations  for  Rj  and  RD  taking  different  perfect  fluids.  In 
these  models,  Rd  increases  and  RD  decreases  with  time.  These  solutions  suffer  from  a 
problem  that  Ro(t)  =  0  at  a  certain  time,  which  is  not  correct  because  it  implies  that 
internal  space  vanishes  at  this  particular  time.  It  is  true  that  internal  space  is  too  small  to  be 
observed,  but  it  does  not  vanish.  This  problem  is  called  'crack  of  doom'  singularity.  In  CD 
model  [32],  it  occurs  as  t  —  >  oo.  Matzner  and  Mezzacappa  [36]  have  proposed  5- 
dimensional  model,  where  this  problem  occurs  at  some  time  during  the  evolution  of  the 
model.  Solutions  obtained  by  Sahadev  also,  are  not  free  from  this  problem.  Physics 
requires  Ro(t)  to  stabilize  asymptotically.  Copeland  and  Toms  (CT)  realized  the  necessity 
of  this  constraint,  but  they  found  that  all  solutions  are  unstable  if  the  higher  dimensional 
manifold  is  a  product  of  the  flat  4-dimensional  space-time  and  a  sphere  [37].  Actually  CT 
did  not  solve  (4  -f  D)-dimensional  Einstein  equations,  but  they  solved  equations  derived 
from  4-dimensional  action  for  gravity.  Gleisser  and  Taylor  (GT)  have  obtained  solutions  of 
6-dimensional  Einstein's  equations  satisfying  the  above  criterion  [38,39].  Rosenbaum 
et  al  [40]  have  suggested  diagramatic  solutions  for  5-dimensional  Kaluza-Klein  cosmo- 
logical  model  and  have  shown  that  by  an  appropriate  choice  of  parameters  'crack  of  doom' 
singularity  can  be  avoided.  In  [41,42],  some  interesting  solutions  were  obtained  where 
Rn(t)  stabilizes  asymptotically.  In  what  follows,  a  brief  account  of  these  models  is  given. 
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Here  the  topology  of  the  (4  +  D)-dimensional  space-time  is  R  <g>  M3  <g>  TD  with  the 
line-element  [38] 

dS2  =  dt1  -  R2(t]  [-^_  +  r2(d02  +  sinW)]  -  R2D  (t) 
L1     w  J 

(6-5) 


where  £3  is  the  spatial  curvature  of  M3  with  possible  values  -4-1,  0,  —  1  for  closed,  flat  and 
open  models  respectively.  Here  K  is  a  constant  of  length  dimension  like  (3.2).  The  matter 
field  considered  in  this  model  is  a  scalar  field  $.  The  complete  action  is 


(6.6) 

r(4+jD) 

where  G^+D  =  G^VD  (G$  is  proportional  to  Newtonian  gravitational  constant  which  is 
equal  to  Mp2,  MP  is  Planck  mass),  VD  =  (2ir)2plp2  •  •  •  p'D  (P\,P2,  •  •  •  >  PD  are  rac^"  °f 
circles  which  are  components  of  TD\  R4+D  =  R4-±K28mnF™J/Fn^,F™1,  =  d^A™- 
aMA^,Z)M  =  VM  +  /sAJVmj^m  =  Vm(VM  and  vm  ^e  covariant  derivative  in  curved 
space-time)  and  gfi+p)  is  the  determinant  of  the  metric  tensor,  given  by  (6.5). 
The  conditions  2/(^/\g^+D^\}(8S/8gMN}  =  0  imply  Einstein's  field  equations 


where 

tiS,  =  («^)*(W)  -  l28MN(sRS(dR^(ds(j>}  -  my  0]  (6.7b) 

(neglecting  terms  containing  gauge  fields)  and 


Maxwell's  field  equations  for  FMN  and  </>  are  obtained  from  the  action  given  by  (6.6)  as 


and 

=  0.  (6.8a) 


A^  are  required  to  live  on  R  <g>  M3  only  [38],  hence  due  to  homogeneity  of  space-time 
FMN  are  taken  as 


0  otherwise 

•% 

p  where  eMN  are  components  of  Levi-Civita  tensor.  Connecting  (6.8)  and  (6.9) 

F(t)=A/(RD}D.  (6.10) 
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Further  </>(*>  y)  *s  decomposed  as 

tf(*,y)=to(f>0>0)  +  fe*.>0  (6-11) 

such  that 

(D+m2)^0  =  0  (6.12a) 

and 

(D+m2)^  =  0.  (6.12b) 

0  is  a  small  fluctuation,  so  cosmic  dynamics  is  supposed  to  be  governed  by  00  only. 
Hence  T$N  can  be  ignored  compared  to  7^  .  The  WKB  solution  of  (6.12a)  is  written  as 

aimt 

(6-13) 


Now  the  Einstein's  field  equations  for  the  line-element  (6.5)  are  [38] 

(<U4a) 


(D  +  2)(/?D)2D  P  +  2)       ' 

(6.14b) 


3  +  , 

+  ~  'V'       j 


where  /  is  the  constant  of  unit  magnitude  and  length  dimension,  which  is  used  for  the 
dimensional  correction.  To  avoid  the  'crack  of  doom'  singularity,  it  is  assumed  that 


If/2  <  [#3(r)r2,  [Ri(t}}~2  =  It/If  +  #03  is  t*16  solution  in  case  Jk3  =  -1.  Moreover,  the 
integration  constant  #03  is  given  as 


4s  =  if  -  6(#  -  2)  -f  1/36(D  -  2)2  +  24(D  -  3)2  -  24(D  +  3)  I  . 


/2 


if/ 


where 


4/2D 

2) 


7  =  2^  t2A2D2(D  +  !)(£>  +  2)/2D, 

f2Rl  >  - — i — ->1>     as    D>6 
j      3           3       ~    ' 
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and 

27rG4<VR23R2Dm. 

For  details  of  these  solutions,  one  can  refer  to  [41].  Exact  solutions  of  Einstein's  field  j^'K" 

equations  have  been  obtained  in  refs  [23,42]. 

In  [35],  Sahdev  has  assumed  that  when  temperature  drops  below  1/R(R  being  the 
radius  of  compact  manifold),  extra-dimensional  space  ceases  to  be  dynamically  effective 
and  4-dimensional  universe  emerges.  During  this  phase,  extremely  hot  universe  cools 
down  to  a  minimum  temperature  1/R  and  reheats  until  it  becomes  effectively  (1+3)- 
dimensional.  He  has  also  examined  horizon  and  entropy  problems  in  this  framework.  As  a 
result,  Sahdev  obtained  an  explanation  to  the  horizon  problem  of  the  standard  big-bang 
cosmology  and  suggests  that  this  question  should  be  rephrased  in  terms  of  entropy  as 
'Does  the  entropy  falling  within  a  causal  horizon  equals  at  any  stage  to  the  entropy  of  the 
observed  universe  ?'  He  has  obtained  that  causal  horizon  is  almost  equal  to  R^(d  =  3)  and 
entropy  within  the  causal  horizon  is  a  free  parameter. 

Some  authors  as  Alvarez  and  Gavela  have  discussed  heating  effect  of  the  internal  space 
[43],  which  was  more  clarified  by  Bar  and  Brown  [44].  Adapting  this  approach,  largeness 
of  the  entropy  in  the  early  universe  can  be  discussed  [45].  Also  Abbott,  Barr  and  Ellis 
have  discussed  the  possibility  of  large  amount  of  inflation  from  Kaluza-Klein 
cosmological  model  [46]. 


7.  Particle  creation  due  to  quantum  effects 

As  mentioned  above,  dynamical  behaviour  of  external  and  internal  scale-factors  were 
explored  in  [33-35]  and  later  on  by  others  also  [36-42].  In  these  models,  external 
manifold  blows  up  and  the  internal  one  shrinks.  While  deriving  these  solutions  of  higher 
dimensional  Einstein's  field  equations,  perfect  fluid  energy-momentum  tensor  was  used. 
Alvarez  and  Gavela  [43]  discussed  entropy  production  due  to  shrinking  of  the  internal 
manifold  which  was  developed  by  Kolb  et  al  [45].  According  to  these  estimates,  entropy 
production  was  far  from  satisfactory.  Later  on,  Abbott  et  al  [46]  suggested  that  large 
number  of  dimensions  (~  40)  of  the  manifold  could  be  helpful  to  explain  the  entropy 
problem.  In  spite  of  all  these  attempts,  satisfactory  explanation  for  large  entropy  could 
not  be  obtained.  So,  study  of  quantum  effects  on  Kaluza-Klein  cosmologies  was 
found  necessary.  In  this  approach,  quantized  matter  field  is  considered  in  the  back- 
ground of  classical  gravity  in  the  absence  of  fully  renormalized  quantum  theory  of  gravity 
[47, 48].  Following  this  approach,  it  was  expected  that  particle  production  due  to  quantum 
effects  could  explain  sufficient  amount  of  entropy  generation.  Another  purpose  of 
this  study  was  to  know  the  effect  of  particle  creation  on  dimensional  reduction  [49-51]. 
This  idea  was  motivated  by  the  work  of  Zel'dovich  [52],  Zel'dovich  and  Starobinsky 
[53]  as  well  as  Hu  and  Parker  [54]  regarding  isotropization  of  the  universe  in  the 
convenient  4-dimensional  theory. 

In  1984,  Maeda  [55]  found  that  isotropization  process  is  rapid  in  5-dimensional  space- 
time  like  4-dimensional  case  considered  by  Hu  and  Parker  [54].  In  the  above  mentioned 
paper,  Maeda  had  not  taken  into  account  the  closed  behaviour  of  the  internal  space.  The 
topology  of  the  5-dimensional  manifold  was  M4  ®  R1.  Later  on,  he  discussed  the  same 
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problem  for  manifolds  M4  ®  Sl  ,  M4  <8>  TD  and  M4®^7,  where  internal  manifolds 
were  compact.  Some  details  of  similar  investigations  for  other  topologies  are  given  as 
under  [47]. 

The  line-element  for  (1  4-  <i  +  Z))-dimensional  space-time  (Rl  ®Md  ®MD]  can  be 
taken  as  given  in  (6.3),  where  Md  and  MD  are  maximally  symmetric  spaces.  Here  the  aim 
is  to  study  the  effect  of  particle  creation  due  to  quantum  process.  </>  is  the  matter  field 
which  is  massless  and  conformal.  So,  the  Lagrangian  for  <j>  is  given  as 


where 


and  J?  is  the  Ricci  scalar  for  (1  -f  d  +  D)-dimensional  space-time.  The  field  equation  for 
$  is  obtained  from  the  Lagrangian  given  by  (7.1)  as 


(7.2) 
Components  of  the  energy-momentum  tensor  for  (f>  are  given  by 

TMN  =  QM^N^  -  ^gMN^^dpcf)  -  ^(RMN  -  \gMN^} 

(7-3) 


In  the  case  of  a  conformal  field,  trace  of  the  energy-momentum  tensor  vanishes  at  the 
classical  level,  but  an  anomalous  term  appears  at  quantum  level  when  dimension  of  the 
manifold  is  even.  So,  to  avoid  the  trace  anamoly  at  the  quantum  level  also,  Maeda  took 
(d  +  D)  even  and  set  T  =  0  (see  ch.  6  of  [56]  for  further  details). 

Harmonics  hi(x]  and  HL(y)  can  be  introduced  for  Md  and  MD  spaces  respectively 
satisfying  equations 


=  -*?*,(*)>  b,  v  =  0,  1,  .  .  .  ,  (1  +  d}}  (7.4a) 

and 

Vm  Vm^(y)  =  -*i#L(y)  ,  [m  =  2  +  d,  .  .  .  ,  (1  +  d  +  D)]  .  (7.4b) 

These  harmonics  obey  orthonormal  conditions 


}hll(X)  =  8ll,  (7.5a) 

and 

/  Py^HMHM  =  «LL,  ,  (7.5b) 

where  ^  is  the  determinant  of  g^  and  gD  is  the  same  for  gmn.  $  can  be  expanded  as 

<f>=~R(vr(d+D-l]/2x(r),X,y),  (7.6) 

336  Pramana  -  J.  Phys.,  Vol.  49,  No.  4,  October  1997 


where  r  j 


and 

i=f£- 

Further  x^j^jj)  can  be  written  as 

~~~  '  v)H*L(y)].  (7.7) 


Using  0,  given  by  (7.6),  equation  (7.2)  looks  like 

~9  -9 

// 


where  prime  (/)  denotes  derivation  with  respect  to  rj. 
Further,  connecting  (7.7)  and  (7.8),  one  obtains 


=  o,  (7.8) 

D  \ 


=  V,  (7.9a) 

where 


_ 

<  W  l        J 

and 


if" 

Wlth  II 

ul=kf  +  d(d-l)kd  (7.9d) 

and 

as  R^=d(d-\}kd  and  R^=D(D—l)ko  because  AP*  and  MD  are  maximally 
symmetric  spaces  (homogeneous  and  isotropic  space). 
The  scalar  product  of  two  spinless  fields  are  given  as 


where  nM  is  the  future-directed  vector  given  as  (1,  0,  0,  ...  ,0)  orthogonal  to  space-like 
hyperspace  S  with  dE  as  volume  element  which  is  equal  to  d^d^j.  With  this  definition, 
orthonormal  conditions  for  (f>M  and  $N  can  be  written  as 

=  SMN,  (^M,  ^)  =  -$MN,  (<!>M,  <Pu)  =  0-  (7-H) 
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me  conditions  lor  canonical  quanuzauon  are  given  as 


[<Kttx,y),*(tJJ)]  =  i6d(x-x>}SD(y-y'),  (7.12) 

where  TT  =  dL/d(do  <j>]  and  L  is  the  Lagrangian  density  for  0. 
The  equal-time  commutation  relations  (7.12)  yield 

[AIL,AIIL,}=Q=[A}L,A\,LI}  (7.13a,b) 

and 

[Afl.,4L']=Wzi'  (7.13c) 

for  creation  and  annihilation  operators  A]L  and  AIL  respectively.  The  vacuum  state  |0)  is 
defined  as 

AIL\0)=0  (7.14) 

for  all  /  and  L  .  The  orthonormality  condition  is  obtained  as 

xlxflL-xlLx'iL  =  V-  (7-15) 

Using  (7.6),  (7.8)  and  components  of  the  metric  tensor  given  by  (6.3)  in  (7.3), 


].  (7.16) 

The  vacuum  expectation  value  of  Tjj  yields  the  energy  density  as  p  =  (0|r§|0)  which  is 
independent  of  spatial  coordinates,  so  one  can  write 


p  =  ~    dd7!(o|r00|o},  (7.17) 


where  Vd  =  /d^v/jgf  and  VD  =  JdDy^\.  Using  (7.14)  and  (7.16)  in  (7.17),  one  can 
write 


^    +  &    ~  Q)\XIL\},  (7-18) 

)  Li 

which  includes  ultraviolet  divergence.  It  means  that  TMN  need  regularization.  The 
appropriate  method  for  this  case  is  the  adiabatic  regularization  given  by  Hu  and  Parker 
[see  Appendix  C]. 

Evaluation  of  £^  or  ]TL  depend  on  the  topology  of  the  space.  If  d-dimensional  space  is 
topologically  open  or  flat  ie,  kd  <  0, 
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Similarly  for  £)-dimensional  internal  space 

^_J^ 


L 


if  kD  <  0. 

Looking  at  the  expression  of  p  given  by  (7.19),  one  finds  that  it  is  divergent  for  large 
modes  /  or  L .  Technically  speaking,  the  equation  for  p  contains  ultraviolet  divergence.  So 
naturally  it  needs  regularization  for  being  physically  meaningful.  In  the  case  of  time- 
dependent  space-time  background  which  are  not  conformally  flat,  the  only  appropriate 
regularization  method  is  adiabatic  regularization.  This  method  too  has  a  problem  that  it 
cannot  provide  energy  momentum  explicitly  as  a  functional  of  metric  unless  explicit  form 
of  the  line-element  is  available.  Under  these  circumstances,  Maeda  [47]  has  given  crude 
approximation  of  higher-dimensional  version  of  adiabatic  regularization  method  given  by 
Fulling  et  al  [57],  which  is  discussed  below. 

In  this  method,  energy  density  p  is  divided  into  quantum  part  pq^  and  classical 
part  pc{ty  Quantum  domain  is  given  by  the  condition  UL  =  R  ^L<r^l(t)^  where 
L  =  (/,  L)  and  r#  is  the  horizon  scale  given  as 


The  classical  domain  satisfies  the  condition  WL  >  r^1  (t).  It  can  be  realized  below  that  for 
low  frequency  modes  Sly  probability  of  creation  of  quantum  particle  is  high.  Here,  by 
quantum  domain,  one  means  the  domain  in  momentum  space  where  quantum  effects  such 
as  particle  creation  and  vacuum  polarization  are  dominant.  Other  regions  in  momentum 
space,  where  quantum  effects  are  suppressed  are  called  classical  domain  satisfying  the 
above  mentioned  condition. 

Using  (7.18)  as  well  as  conditions  for  quantum(classical)  domains,  pq^  and  pc^  can  be 
estimated.  For  these  estimations,  solution  of  the  differential  equation  (7.9)  is  needed.  To 
get  the  required  solution,  method  of  variation  of  parameters  can  be  used.  To  apply  this 
method,  a  particular  form  of  the  complementary  function  is  required,  which  is  obtained 
here  through  WKB  approximations.  Thus  solution  of  (7.9)  can  be  written  as 


From  (7.19),  one  obtains 


ly/2 


Oiii  exp 


a/Lexp  - 


(7.19) 


(7.20a) 


imposing  the  condition 


(    r      \  (  r  -    ' 

a',r  expf  —  i  i    dfj£ln  I  +  0,T  exP    i  I    ftn^iL 

\                   /                                         /  \           An 

\       Jrlo               /  \   t/7?o 

\                                                 /  \                                          ' 

(    n  -  \         (  r  - 

a;/,exp[  —i  I    dfjftiT     +  /3n  exp    i  /    dr?ri;/, 

\                L  I                                        \         Ir, 

\       Jrio  /                        \  ^% 


(7.20b) 
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which  is  normally  used  in  the  method  of  variation  of  parameters.  Connecting  (7.9)  and 
(7.20),  one  obtains 


lL     -     ,  exp 


Equations  (7.20b)  and  (7.21)  determine 


and 


\-i 


-  QalL  +  -(tt'lL  +  iQ)  ofc  exp    -2i  /    dry  fi/L 


r,0 


(7.21) 


(7.22a) 


(7.22b) 


In  the  quantum  domain,  ui  and  a;/,  can  be  taken  small.  So  there  is  no  harm  in  setting 

(    n       \ 

exp    2i  /    dfjniL\  ~1.  (7.23) 

\    Jr,0  J 

Using  (7.23)  in  (7.22),  one  obtains  first  order  ordinary  differential  equations  for 
d  (aiL  -  PIL)  yielding  solutions 


and 


a,L  =  Cl 


IL  =  ci 


l/2-^1/2  f  <WL 


,-1/2 


(7.24a) 


(7.24b) 


where  d  and  C2  are  complex  constants.  Connecting  (7.15),  (7.19)  and  (7.20),  one  obtains 
the  condition 


(7.25) 
(7.26) 


Equations  (7.24)  and  (7.25)  yield 


If  the  initial  state  is  vacuum, 
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Using  these  initial  conditions  in  (7.24),  one  obtains 

d=i[fkfa0)]-1/2     and     C2=l[aL(r?o)]V2.  (7-27) 

Now  pq     is  obtained  as 


(7.28) 


using  (7.19)-(7.27)  in  (7.18).  Initially  horizon  scale  will  be  very  small.  So  the  frequency 
will  satisfy  the  condition  WL  <  r^1  (?)  because  WL  >  r^1  (?)  will  lead  to  unphysical 
situation  leading  to  ML  being  almost  infinite.  Thus,  initially  one  has  quantum  domain.  So, 
it  is  reasonable  to  consider  quantum  particles  not  to  exist  initially.  As  a  result, 

Pcfo)=0.  (7-29) 

Quantum  domain  which  satisfies  the  condition  uj^  <  r^l(t]  =  [R(t)r)(t)]~l  (where 
r#(?)  =  R(t]  f*  dt/R(i)  =  /?(?)?7(?))  shrinks  with  time.  So  quantum  particles  will  enter 
into  the  classical  domain  satisfying  the  condition  UL  <  r^1  (?)  as  horizon  scale  will 
increase  with  time  (r]^l(t)  will  decrease  with  time  yielding  UL  >  r^l(t)  for  some  WL 
satisfying  cu^  <  r^1  (?)  earlier).  Thus  one  obtains  energy  density  of  quantum  particles 
entering  into  classical  domain  in  time  interval  (77,  r\  +  A?])  given  as 

6pq(t)  =  pq(LM,  77)  -  pq(Lm(n  +  AIJ)  ,  17),  (7.30a) 

Lm  being  the  maximum  quantum  number  which  satisfies  the  condition  ML  <  rjjl(t}. 
Maeda  has  assumed  these  classical  particles  to  behave  like  the  collision-dominated 
relativistic  perfect  fluid  with  isotropic  pressure  Pc  =  pc/(d  +  D).  Conservation  of  energy 
momentum  tensor  leads  to 


Pc(r,  +  AT;)  = 
which  can  be  written  as 

p(ry  +  Arj)  =  [R(ri)/R(r,  +  A7?)]1+rf+D[pc(7?)  +  6pq(r)}} 


{[R(n)/R(r, 
X  (^9(^)  -  Pq(n}}  +  Pq(Lm(n 

f\ 

+  AT?—  p?(Lm(7y  +  Ar/),  fa  + 


^-(1+d+D) 

A77))}Al7=0.  (7.30b) 
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Equation  (7.30)  leads  to  a  very  interesting  result 


on  taking  the  limit  Ary  —  >  0  and  using  the  basic  definition  of  derivatives.  Equation  (7.31) 
relates  rate  of  creation  of  quantum  particles  to  the  total  energy  density. 
The  energy  momentum  tensor  for  the  perfect  fluid  can  be  written  as 


(Spd  +  6'pD}gMN,  (7.32a) 

where  M^  =  (1,  0,  0,  .  .  .  ,  0)  are  components  of  the  velocity  vector  normalized  to  unity, 
l      for  M,#  =  /x,z/  =  0,  !,...,<* 


and 

for  M,AT  =  ^  =  0,  !,..., 


/_ 

l 

With  the  definition  of  energy-momentum  tensor,  given  by  (7.4),  conservation  equation 
TJf.M  =  0  leads  to 

V-1  (pV)'  +  dpd  ^  +  DPD  ^  =  0,  (7.33) 

jKrf  ^D 

where  V  =  (R^fio}0  =  R      .  Trace  of  energy-momentum  tensor  is  given  as 

T  =  p-dpd-DPD.  (7.34) 

Using  (7.31),  eqs  (7.33)  and  (7.34)  yield 


Pd==--J7rf — TTT  +  37^ — —\-^:[p<iR         ]|>  (7.35a) 

and 


where  a'=R'd/Rd  and  fl=R'D/RD.  Thus,  rate  of  creation  of  quantum  particles 
contribute  back  reaction  effect  on  the  background. 

In  the  background  model  M4  ®  AfD  (where  M4  is  the  conventional  four-dimensional 
flat  universe  and  MD  is  the  closed  D-dimensional  internal  space),  energy  density  of 
quantum  particles  can  be  calculated  at  a  particular  time  t  =  tQ  from  (7.28)  as 


(7.36) 
Here,  ^  ~*  (^3/(2?r)3)  Jtfk  has  been  used  as  k3  =  0.  Using  the  definition  of  O2  from 
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(7.9)  in  (7.36),  pa(t\  is  calculated  as 


if 

(7.37a) 


where  a   = 


(7.37b) 


and 


(7.37c) 


Here  fcm  =  fl{^2  —  (^2Jb2}}      can  be  attained  as  given  below.  Using  the  condition  for 
quantum  domain,  one  obtains 


(as  M4  is  flat),  which  yields 


is  the  maximum  of  \k\,  so  one  gets  the  above  mentioned  value  of  the  same  which  means 


The  adiabatic  regularization  method  given  by  Fulling  et  al  [57]  is  discussed  in  Appendix 
C.  Using  this  method  for  the  higher-dimensional  case,  regularized  energy  density  can  be 
written  as 


_  n 


- 


/       L 


1 


-^2(2)  >,     (7-38) 
•^  i 


where  em(B)  is  defined  in  Appendix  C. 
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Assuming  d  =  3  and  M4  as  a  flat  space-time 


2fi0 


/  n      \ 

tf-Q\  /    Qdrj'} 

\  Jrin  I 


(2/20)  },         (7.39) 


which  is  the  regularized  energy  density  in  the  quantum  region. 


8.  Gravitational  Casimir  energy  in  Kaluza-KIein  theories 

As  discussed  above,  one  gets  convinced  that  extra  dimensions  should  be  extremely  small 
as  these  dimensions  are  not  observed  at  low  energy  level.  To  understand  it  in  the  case  of 
higher  dimensional  static  models,  one  can  make  an  analogy  to  the  Casimir  effect  in 
electrodynamics  which  is  a  quantum  effect.  According  to  classical  electrodynamics,  there 
exists  no  force  between  two  conducting  uncharged  infinite  plates.  However,  results, 
obtained  from  quantum  electrodynamics,  are  different.  These  results  yield  an  attractive 
force  between  such  conducting  plates  due  to  negative  zero-point  energy  between  them 
[56,58,59].  In  Kaluza-Klein  theories,  similar  situation  is  obtained  between  external  and 
internal  manifolds.  For  example,  in  the  simplest  case  of  5-dimensional  theory,  x5  =  0  and 
x5  =  LS  where  LS  is  the  distance  around  the  fifth  dimension.  Appelquist  and  Chodos  have 
obtained  the  effective  potential  of  the  metric  field  up  to  one-loop  quantum  correction 
given  as  [29] 

isc(5) 

=-  4  , 

47T2(L5) 

where  Riemann  zeta  function  ((5)  =  1  .037  •  •  •  .  The  negative  sign  for  Veff  shows  that 
the  effective  potential  is  attractive  causing  contraction  of  the  extra  dimension.  This 
result  is  reliable  only  when  LS  is  greater  than  Lp  as  loop  expansion  is  valid  up  to  this  scale 
only. 

In  what  follows,  the  mathematical  method  for  calculation  of  effective  potential 
(Casimir  energy)  for  gravity  in  (d  +  D)  -dimensional  space-time  Md  ®  MD  is  discussed 
[21].  The  action  is  taken  as 


Under  transformations  gMN  -»  gMN  +  hMN,  one  obtains 


(8.1) 
(8.2) 


where  first  variation  is 
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and  the  second  variation  is 

1  r  , 

,MN\ 

1        -tyi«(4+D)|  \\2&       n~' 

[T-Q^MW  +  9 


-  \hRShRS}(R  4-  2A),  (8.4) 

where  h  is  the  trace  /i^v,  D  =  V^Vjv  and  indices  are  raised  by  gMN.  If  gMN  are  physical 
fields  satisfying  the  gravitational  field  equations 

6S 


In  the  case  of  higher  dimensional  gravity,  Killing  symmetries  (isometrics)  of  the  internal 
space  provide  gauge  group  of  the  theory.  So,  the  gauge  transformations  are 

x*  -+xM  +  eM(x),  (8.5) 

where  eM(x)  are  components  of  the  Killing  vector  in  the  internal  manifold  MD.  Here 
|eM(*)|  <C  1.  As  theory  is  covariant,  S,8S  and  62S  are  invariant  under  gauge 
transformations  given  by  (8.4).  Using  Fourier  transformations  of  h  and  hPQ,  one  finds 
that  the  term 

({gMNh  -  hMN}[frMvNh  -  i/fi(VpVN^e  +  VAfVA^e)] 

yields  eigenstates  with  vanishing  eigenvalues.  To  employ  the  method  of  Feynman  path 
integrals,  these  terms  should  be  removed.  For  doing  so,  a  suitable  gauge-fixing  term 
should  be  added  which  is  given  as 


d+D  MN 


(8.6a) 


where  GM  is  defined  as 

GM  =  gPQ  VPSQM  -\^M(SPQSPQ}-  (8.6b) 

Terms  to  be  eliminated  from  S[g  +  h]  appears  in  the  one-loop  quantum  term  82S[g  +  h]. 
So,  one-loop  term  of  SGF  is  also  required,  which  is  given  as 


(8-7) 
Adding  (8.4)  and  (8.7),  one  obtains 


-  (2hMphNp  -  hhMN}} 
x  RMN  -({h2-  ±hRShRS](R  +  2A)  +  hMNhpQRPMQN] 


2,  (8.8a) 
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where  the  operator  \/p  v<2(MA/  is  given  as 

^P^Q^MN  _  ^lgPQgMN  _  gPMgQN^i  _  2(gPN  RMQ  - 

(8.8b) 

with 

D'  =  n-fl-2A.  (8.8c) 

Here  gauge  condition  has  not  been  used.  Instead  of  it,  gauge  fixing  term  has  been  added. 
In  such  a  case,  Fadeev-Popov  method  is  very  convenient.  Now  it  remains  to  calculate 
Fadeev-Popov  ghost  matrix  M^  defined  as 

dDx'^\g]M^P(X,X'}6P(X'}  =  8eGQ.  (8.9) 

Under  gauge  transformations,  given  by  (8.5),  change  in  gpQ  can  be  calculated  as  follows. 
It  is  known  that 

dxM 


CP,Q  ~  tQ,P  ~  eRgPQ,R,  (8.10a) 

where  terms  containing  higher  orders  of  e  are  neglected.  Equation  (8.10a)  yields 

8*8PQ  =  V^e/1  +  Vpffi-  (8.10b) 

The  result,  given  by  (8.10b),  implies  that 

SfGM=^eM  +  RpMep.  (8.11) 

Now  the  effective  action  F(g)  is  given  by  [60] 


D(hMN]  exp(-&)  det  ,  (8.12) 

where 

SE  =  [52(Scl  +  SGF}}E  = 

.   (8.13a) 
and 


Thus 

rfe)  =  S\g]  +|lndet  vV^^  ~  IndetM^.  (8.14) 

For  evaluation  of  the  integral  in  (8.12),  one  can  refer  to  Appendix  D. 
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Determinants  in  (8.14)  can  be  evaluated  on  choosing  a  particular  manifold.  Chodos  and 
Myers  [21]  have  considered  the  manifold  Md  ®  SD  (Md  is  ^-dimensional  Mmkowski 
space-time  and  SD  is  D-dimensional  sphere)  with  components  of  the  metric  tensor 


gMN  -  riMN  +  rKMN  ,  (8.15) 

where 


and 

O       form,n  = 


Here  ?yafc  are  Minkowski  metric  components  and  «y-  are  metric  components  on  SD. 

In  the  manifold  Md®SD,Md  has  no  curvature.  Since  5D  is  maximally  symmetric, 
curvature  terms  are  given  as 


RMNPQ  =  r-2[KMNKPQ  __  ^Q  ^  ( 

RpQ  =  r-2(D-l}KPQ,  (8.16b) 

R  =  r-2D(D-\).  (8.16c) 

If  H  is  the  eigenvalue  of  the  operator  £MNpQt  one  can  write 

SA**.  (8.17) 

/i/>2  are  components  of  a  second  rank  symmetric  tensor.  So,  in  the  language  of  differential 
forms,  it  can  be  treated  as  1-form  (p-form  is  a  covariant  anti-symmetric  tensor).  Now 
using  Hodge's  decomposition  theorem  (refer  to  Appendix  E),  HPQ  can  be  decomposed 
into  exact  form  (longitudinal  component),  co-exact  form  (transverse  component)  and 
harmonic  form.  For  SD,  Betti  number  bo  and  b\  are  equal  to  1  and  other  Betti  numbers 
vanish.  So,  harmonic  components  of  hpQ  will  vanish  as  b\  =  0  (it  is  so  because  hPQ  are 
treated  as  1  -forms).  On  the  basis  of  the  above  discussion,  one  can  write 

hPQ  =  PPQ  +  $gPQ  +  WPQ  ,  (8-  18a) 


where  pPQ,  being  exact  form,  is  the  longitudinal  component  and  (QgpQ  +  XKPQ}>  being 
co-exact  form,  is  the  transverse  component.  So 


=  0. 

But  $  and  x  a*6  linearly  independent,  so 

gPQpPQ=Q  =  Kp0.pPQ.  (8.18b) 

Connecting  (8.8),  (8.17)  and  (8.18), 

-H'p™-  r~2(D  -  l)[««yQ  +  ^MgNP]pPQ  +  2r-2KMQKNPPPQ  =  EpMN  \ 

(8.19a) 
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~2^  =  EX.  (8-19c) 
Here  Q  is  the  Laplacian  on  Md  <S>  SD,  so 

D  =  Ck  +  r-2ns,  (8-20) 

where  Dm  is  the  Laplacian  on  Md  and  Ds  is  the  same  on  SD.  Obviously,  the  operator  Dm 
has  eigenvalues  -K2.  Moreover,  coupled  equations  (8.19b)  and  (8.19c)  yield 

(D  +  d  -  2)D$  -  2[(D  +  d  -  2)  A  +  ~]$ 

+  [D(Z>  -  1)(D  -  2)r~2  +  DSJX  =  0,  (8.21a) 


-  [(D-  l)(D  +  </-4)r-2]$  =  0.  (8.21b) 

Combining  these  equations,  one  obtains 

(D  +  d  -  2)[D2  -  (2A  +  2(D  -  1)(D  -  2)r~2  + 


(D  -  1)(D  +  </  -  4)r~2[(D  -  1)(D  -  2)r~2  +  S]$  =  0.  (8.22) 


pMN  are  scalars  on  .S"0  when  M  =  m  and  N  =  n.  These  are  vector  components  when 
M  =  i  (internal  index)  and  N  =  n  and  tensor  components  when  M  =  i  and  N  =  j. 
Corresponding  to  different  nature  of  pMN  in  three  different  cases,  (8.19a)  can  be 
written  as 

[-  D  +  2A  +  D(D  -  l)r~2  -E]f/m=  0,  (8.23a) 

[-  D  +  2A  +  (D  -  1)V2  -  E]pin  =  0,  (8.23b) 

(using  Kln  —  0)  and 

[-  D  +  2A  +  (D2  -  3D  +  4)  (D  -  l)r~2  -  E]  pij  =  0.  (8.23c) 

Eigenvalue  of  the  operator  in  (8.23a)  is  obtained  using  (4.12)  as 

E  =  K2  +  2A  +  [I2  +  (D  -  !)(/  +  D)]r~2 
with  determinant  given  by 

2  +  (D-l)(l  +  D}}r~2  +  2A  +  «2](i/2)(-f+iHf(0)         (8_24a) 

K      1=0 

where  rf5(/)  is  given  by  (4.13).  The  vector  components  pin  on  SD  can  be  decomposed 
using  Hodge's  decomposition  theorem  as 
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where  Win  is  the  co-exact  form  'and  \/lan  ™  an  exact  form  (crn  are  scalars).  The 
eigenvalue  of  the  operator  in  (8.23b)  corresponding  to  Win  is 

E  =  K2  +  2A  +  [I2  +  (D  -  !)(/  +  D  -  1)  -  l]r-2 
with  determinant 

D2  =  nft^/2  +  (D  -  !)('  +  £  -  2)}r~2  +2A  +  «2]^(/),  (8.24b) 

K      /=! 

where  dy(l)  is  given  by  (4.15).  Moreover, 

/<7n 

2]  yV"  +  (D  -  l)r~2vV" 
=  [-K2  -  {/2  +  /  -  1)(D  -  l)r 
Now  H  for  vlcr"  is  given  as 

E  =  K2  +  2A  +  [I2  +  (D  -!)(/  +  D  -  2)]r~2. 
So,  the  determinant  is 


K      /=! 


Three  cases  are  possible  for  tensor  components  p**  .  Using   (4.16)   in   (8.23c)  for 
divergenceless  tensor, 


£>4=          |[{/2  +  (D-l)(/  +  D-2)}r-2  +  2A  +  K2fTW.  (8.24d) 
The  other  two  cases  yield  determinants 

D5  =  ff  TT  K/2  +  P  -!)(/  +  D  -  3)}r~2  +  2A  +  K2]dv(l\  (8.24e) 

•«2]*w.  (8.24f) 


K  ;=2 
The  determinant  of  eigenvalues  for  the  operator  in  (8.22)  is  given  as 


K      1=1 

2 


+  2(D  -  1)(D  -2}(d-  2)r~4}.      (8.24g) 
The  ghost  determinant  detAf(G)  assumes  a  similar  form  with  eigenvalue  equation 
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which  can  be  rewritten  as 


+  (D-  1K24)%  =  SGe^  (8.25) 

When  N  =  n,  en  is  scalar  on  SD.  So,  the  determinant  of  eigenvalue 


When  W  =  i,  e,-  are  components  of  a  vector  on  5D,  which  can  be  decomposed  into  exact 
and  co-exact  forms  using  Hodge's  decomposition  theorem  as  above.  Now  the  determinant 
of  eigenvalues  are 


K      1=1 

and 


K      /=! 


One  can  notice  that  all  these  determinants,  given  by  (8.24)  and  (8.26),  have  a  general 
form 


D  =  [[[[{{I2  +  l(D  -  1)  +  (D  ~  2)  +  c(x,D}}r-2  +  K2}d(l).  (8.27) 

K     l=lg 


As  a  result 

InZ)  =  --^ 


s=0 


Now  C(-s)  is  evaluated  in  the  region  where  s  is  large  and  the  result  is  analytically 
continued  to  s  =  0.  For  evaluation  of  ((s),  one  can  refer  to  Candelas  and  Weinberg  [26] 
as  well  as  Chodos  and  Myers  [21]. 

As  explained  above,  evaluation  of  these  determinants  yields  one-loop  quantum 
correction  VQ  given  as 


V   = 


,27T2n5     Trn"*      «J  /      TT 

x  ; 

(8.29) 

In  1990,  Buchbinder  et  al  have  calculated  2-loop  effective  action  on  the  background 
geometry  Md  ®  TD  [61]. 

9.  One-loop  quantum  correction  and  induced  gravity 

In  1983,  using  5-dimensional  space-time  with  topology  Af4  ®  S1  and  line-element,  given 
by  (3.2),  for  (j>(x)  =  1,  Toms  [62]  obtained  induced  gravitational  action  as  well  as 
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Maxwell's  action  through  one-loop  quantum  correction  to  scalar  and  spinor  fields.  The 
action  for  the  scalar  field   >  is  taken  as 


where  £  is  the  non-minimal  coupling  constant,  Sl  is  a  non-simply  connected  manifold.  So 
4>(x,y)  can  be  twisted  or  untwisted  field.  Untwisted  field  is  periodic  in  y  and  twisted  field 
is  anti-periodic  in  y  [63,64].  cj>(x,y)  can  be  decomposed  as 


(9.2a) 

rt=—  OO 

where 

0  for  untwisted  field  /r.  _.  N 

1  *     *   •  *  ^  *•  ij  (9.2b) 

v        ' 


i      *     *   •  *  ^  *•  ij 
5      for  twisted  field. 

Connecting  (9.1)  and  (9.2)  and  integrating  over  y 


1    °°     /" 

=^  E  / 

— 


where 


)L-1.  (9.3b) 

The  one-loop  effective  action  can  be  written,  in  this  case,  as 


detAw,  (9.4a) 

-oo 

where  the  operator 

AW  =  g^D^D^  +  M2n)  +  e«  -  K«2  V  ^-  '  (9-4b) 


Toms  has  computed  F       using  the  heat-kernel  method  where  kernel  K^s^x^xf)  is 
defined  for  the  operator  A(n)  [56].  As  a  result 


•       OO          f 

=  ~^E 

^  -oo  J 


/'OOJe 

/     -tr*T(n)(W'),  (9.5a) 

JO       s 

where  tr  stands  for  the  trace.  The  Schwinger  DeWitt  expansion  of  trKn(s,x,xr)  yields 

aPW,  (9.5b) 
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where  IJL  is  a  parameter  of  mass  dimension  and  N  is  a  parameter  for  dimensional 
regularization  such  that  one  gets  the  actual  4-dimensional  theory  on  taking  the  limit 
N  — >  4.  Connecting  (9.5a)  and  (9.5b)  one  can  find  that  the  first  three  terms  in  the  series 
yields  divergence  in  the  integral 

r°°  A* 

I       OS  .    4_w/j     .  \-N/2         t     -1*2  \ 
JQ        S 

x  [ao(x,x!)  +  (w)fli(jc,y)  +  (is)2a2(x,x1}  H ].  (9.5c) 

All  other  terms  are  convergent  for  a  4-dimensional  theory.  So,  the  coefficients  <zo>  #1  and 
a-i  are  crucial.  On  taking  the  limit  x  —>  x1,  these  coefficients  are  given  as 


+  ...t  (9.5d) 

From  (9.5),  one  obtains  for  NQ  untwisted  fields 


Other  terms  are  not  calculated  here,  because  the  purpose  is  to  obtain  induced  gravity  and 
induced  Macwell's  term. 
For  the  NQ  twisted  fields  (a  =  i), 


For  calculation  of  these  terms,  one  can  refer  to  Appendix  F. 

Including  N^2  untwisted  Dirac  spinors  and  N^2  twisted  spinors  also  in  the  theory,  the 
total  one-loop  effective  action 

r  -«,»  -jfw  -«r/ 
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This  result  shows  that  the  induced  cosmological  constant  can  vanish  provided  that 

In  1984,  Candelas  and  Weinberg  [26]  have  calculated  induced  cosmological  constant, 
induced  gravity  and  fine-structure  constant  using  the  background  geometry  of  (4  +  N}- 
dimensional  space-time  with  topology  M4  ®  BN.  Moreover  they  have  calculated  one-loop 
effective  potential  and  discussed  stability  problem. 

Yoshimura  [51]  has  computed  the  one-loop  quantum  effective  action  at  finite 
temperature  in  the  background  geometry  of  higher-dimensional  Robertson-Walker  type 
model  with  topology  R1  ®  Sdl  ®  Sdl.  The  line-element  is  taken  as 

dS2  =  dr2  +  fl^rh^Wd/  +  a&T^^&pAf ,  (9.9) 

where  r  =  it  (t  is  the  cosmic  time),  the  scale  factor  at  is  periodic  i.e.  a; (r  -(-/?)=  ai(r) 
with  f3  —  T~l.  Here  scale  factors  are  slowly  varying  to  maintain  thermal  equilibrium  up 
to  a  good  approximation. 
The  effective  4-dimensional  gravitational  constant  Geff  is  obtained  here  as 

(9.10) 


where  GA,  is  the  Newtonian  gravitational  constant.  It  is  interesting  to  note  that  Geff  <  0 
above  the  critical  temperature  given  as 

i;r~ 


I       <-  \     —     -         /        i  *-i  j         •    i  \      *         / 

Physically,  it  means  that  gravity  becomes  repulsive  when  T  >  rcr.  In  natural  units 
(n  =  c  =  1)G4  ~  Mp2(Mp  is  the  Planck  mass),  so  Tcr  will  be  much  below  Planck  energy 
if  ck  is  large. 

Assuming  infinitely  many  cycles  of  expansion  and  contraction  of  the  universe, 
Yoshimura  has  discussed  that  temperature  might  have  raised  above  the  critical 
temperature  during  contraction  and  due  to  anti-gravity  effect  of  Geff  <  0,  the  present 
expansion  might  have  started.  He  has  also  suggested  that  a  huge  amount  of  entropy  might 
have  produced  due  to  many  cycles  of  the  universe  possibly  solving  horizon  and  flatness 
problems  of  the  standard  cosmology. 

In  1985,  Gleiser  and  Taylor  [38]  have  obtained  time-dependence  of  coupling  constants 
in  the  six-dimensional  cosmological  models  with  topology  M4  ®  S2.  Thus,  first  time 
dynamical  model  was  used  for  these  kinds  of  investigations. 

In  [41],  a  gauge-dependent  model  with  topology  M4  ®  TD  has  been  considered  and 
solutions  of  higher-dimensional  Einstein's  equations  have  been  obtained  with  energy 
momentum  tensor  of  scalar  as  well  as  Maxwell's  fields.  Using  the  background  geometry 
of  these  solutions,  time-dependence  of  gravitational  constant,  cosmological  constant  and 
fine-structure  constants  are  obtained  through  dimensional  reduction  and  one-loop 
quantum  correction  to  scalar  fields.  Some  mathematical  details  of  this  approach  is  given 
as  follows. 

The  line-element  for  the  underlying  model  is  given  by  (6.5)  with  solution  of 
Einstein's  equations,  given  by  (6.15).  Using  the  horizontal  lift  basis,  discussed  in  §  3  in 
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the  case  of  5-dimensional  theory,  the  action  for  pure  gravity  can  be  written  as 


(9-12) 


where  Ricci  scalar  vanishes  on  TD. 
Components  of  the  metric  tensor  gMN  °n  the  manifold  M4  <8>  TD  can  be  written  as 


(9.13) 

where  g^  =  diag  (1,  —R2,  -R2,  -R2}  on  M4  and  gMN  are  metric  tensor  components  on 
TD.  Now  conformal  transformation  yields 


(9.14) 


where  f  ^  =  diag  (1,  -RfR\,  -Rp2R22,  -^52«i). 

On  using  conformal  transformations,  given  by  (4.2),  in  (4.1)  double  divergence  terms 
for  b  will  appear.  Using  Gauss's  divergence  theorem  on  such  terms,  one  can  realize  that 
these  terms  do  not  contribute  to  the  theory.  As  a  result,  one  obtains  4-dimensional  action 
for  gravity  alongwith  Maxwell's  term  as 


3)      ± 


(9.15) 


on  integrating  over  y. 

Conformal  transformations,  given  by  (9.14),  were  used  for  mathematical  convenience. 
So,  to  come  back  to  the  original  system  another  conformal  transformation  is  done  to  undo 
the  earlier  one  which  are  given  as 


(9.16) 


Using  these  transformations,  S^  (given  by  (9.15))  is  written  as 


(9.17) 

where  G4  =  G4+z)/(27r)2p1  p2  •  •  -po- 

The  action  for  scalar  field  }  is  given  by  (6.6).  Further  it  is  decomposed  into 
homogeneous  part  <£0  and  inhomogeneous  part  0  as  given  by  (6.1 1).  For  convenience,  one 
can  write 


(9.18a) 


354 
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and 


(n)  eXP 


(9.18b) 


where  a  is  given  by  (9.2b)  and  <£(„)=  0n,W2...no.  Connecting  (6.6)  and  (9.18)  and 
integrating  over  y,  it  is  obtained  that 


where 


and 


where 


and 


with 


and 


-CU  + 


E 


3D/M  (RD 
2  \R3J  \RD 


RD\2    Dd^fR^ 


PH 


7=1 


(9.19a) 


(9.19b) 


(9.19c) 


(9.19d) 


(9.19e) 


Recognizing  KM  as  e,  one  finds  q^  as  charge  of  scalar  field  4>^  being  integral 
multiple  of  e. 
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In  curved  spaces,  operator  regularization  method  is  very  convenient,  because  it  leads  to 
finite  results  [65,66].  Using  this  method,  one-loop  quantum  correction  to  <j)tn)  is 
computed  and  the  series  is  summed  up.  Up  to  adiabatic  order  4,  the  effective  action  with 
one-loop  quantum  correction  is  given  as 


d_ 

Ts 


). 


M* 


D 


which  reduces  to 


180 


r  =5(0)  +    dx(R3 


s=Q 


3m4     m2 


For  summation  of  series,  one  can  refer  to  Appendix  F. 
Equations  (9.17)  and  (9.20)  yield  the  effective  Maxwell's  term  as 


647rG4         12 
Using  normalization  of  electromagnetic  fields,  one  obtains 

=  1, 


647rG4 
as  the  standard  Maxwell's  term  in  the  action  is 


Since  K  =  e/M  =  epH/2K,  (9.21)  implies  that 


f 

4?r 


-1 


(9.20) 


(9.21) 


TT    |l67rG4     3 

Equations  (9.17)  and  (9.20)  yield  the  effective  action  for  4-dimensional  gravity  as 
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(9.22) 


(9.23) 
^  vvu/         -r         ^  j  j 

which  implies  that 

1  (RD)D     m2     m2     ,  9  ,    9N 

=  ^^-  +  — -  +  -rln(At /"»)  (9.24a) 

66  v 


and 

Aeff 


(9.24b) 

Vv£>/  -r  z,  j 

Renormalization  at  ft  =  m2  leads  to  the  following  results  from  (9.22)  and  (9.24) 
given  as 

e          167pG,i 

7-  =      ,,     Tn,  (9.25a 

4?r      T)n   ( K   1 

1            (/?D)D      m2 
—  >•  u>      I /q  7<u"| 

167rGeff      167rG4      6  {         } 

and 

(9.25c) 


87TG 


eff 

Using  solutions  of  Einstein's  field  equations,  given  by  (6.15),  one  obtains  time- 
dependence  of  e2/47r,  Geff  and  Aeff.  It  is  interesting  to  note  that  when  t  —  >  oo,  time- 
dependence  of  these  terms  ceases  to  be  effective.  In  [42],  time-dependence  of 
fundamental  constants  has  been  discussed  in  singularity-free  5-dimensional  Kaluza- 
Klein  cosmological  model.  In  this  paper,  heat-kernel  method  has  been  used  for 
calculation  of  one-loop  correction.  In  [67,68],  (1  +  1)  -dimensional  as  well  as  (1  +  2)- 
dimensional  cosmological  models  have  been  obtained  using  these  methods. 


Appendix  A 

Dimensional  reduction  of  Dirac  spinors 

In  a  space-time  with  topology  Md~D  <S>  KD  where  KD  is  a  compact  manifold  with  space- 
like  coordinates  ya  and  Md~D  is  the  (d  —  D)  -dimensional  Minkowskian  space-time  with 
coordinates  x^.  Dirac  lagrangian  for  a  spinor  tp(x,y]  is  given  as 


M  +  7°  Vj  +  mdty  +  h.c.  (Al) 
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•0  can  be  expanded  as  [21,  22,  66] 


AffcM/iO'),  (A2) 

where  A  =  I  ,  .  .  .  ,  A  and  M  =  1  ,  .  .  .  ,  M  such  that  AM  =  2^/2'  .  The  appropriate  choice  for 
the  ^-dimensional  Dirac  matrices  7^  =  (7^,  ff]  are  given  by  [69] 


(A3) 

with  SAS-A  =  IA,  S^SM  =  la,  S\  =  S-A,  St  =  %  and  {S-A,  Ta}  =  0,  fe,  F"]  =  0  or 
fo,  r]  =  0,  {5^,  F"}  =  0.  If  (d  -  D)  is  even,  one  can  choose  A  =  2^~D^2,  M  =  2^/2, 
SA=IA,  ^  =  77r0r1-.-r^-1.If(^-D)isodd,r^are2trf-D-1]/2mnumberand% 
is  the  last  TM  i.e.  r^-0"1  which  implies  that 

%  =  r,r°  r1  -  -  -  rd-D~l  =  r?r°  r1  •  •  •  rd-D-2% 
=  r?r°  r1  -  -  -  r^-2^0  r1  •  •  •  rd-°~2  =  ia. 

Thus  SM  commutes  with  all  TM  in  case  (d  -  D}  is  odd.  If  D  is  odd,  S-A  =  h  with 
A  =  2ED-'l/2. 

In  (A2)  ,  ^(y)  satisfy  the  equation 

raVflV'M(y)  =  Af^Cy)>  (A4) 

where  M  is  the  mass  matrix  .  Connecting  (Al),  (A2)  and  (A4) 

]^M  +  h.c.  (A5) 


It  is  difficult  to  handle  the  mass  term  obtained  here.  So,  for  convenience,   a 
transformation  is  used  which  is  given  as 


Vto.  (A6) 

Also, 


=  cos  a  +  z5^  sin  a.  (A7) 

From  (A6),  one  obtains 

$M  =  A  T°  =  ^^  (cos  a  -  iSgj  sin  a)  .  (A8) 

Now 


=  -0^(cos  a  -  iSju  sin  a)  (cos  a  +  %  sin  a}T^^' 

+  A[(m<*  cos  2a  +  M  sin  2a)  +  J5W(M  cos  2a  - 
•^^rV.  +  am^+M2)1/2]^,  (A9) 

as  tan2o;  =M/md. 
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Appendix  B 

Complex  projective  space 

If  zfc,  k  =  1  ,  2,  .  .  .  ,  W  +  1  are  complex  numbers  and  A  is  another  complex  number  such 
that 


the  resulting  space  is  the  complex  projective  space  CPN.  It  is  a  simply  connected  compact 
manifold.  In  case  N  =  1, 


which  gives  CP1  or  S2.  We  have 


in  case  N  —  2,  which  gives  CP2.  The  coordinates  on  CP2  are  z1  /z3  and  z2/z3.  Thus 
(z1/^3)  z1/^3)  cover  all  points  on  CP2  barring  points  for  which  z3  =  0,  such  regions  are 
homeomorphic  to  /?4  (deformable  to  /?4).  Points,  for  which,  z3  =  0  may  be  regarded  as 
points  at  infinity.  Such  points  belong  to  CP1  .  If 


i   Ti 

+|z3|  =^, 
the  line-element  on  CP2  is  given  as 


where  £!  =  z1/^3  ^^  ^2  =  ^2/23- 
Appendix  C 
Adiabatic  regularization 

Adiabatic  regularization  method  was  developed  by  Parker  et  al  for  regularization  in 
Robertson-Walker  space-times, 

dS2  -  dt2  -  a2(?)dx2  -  «2(r)dv2  -  «2(0dz2.  (Cl) 

The  matter  field  is  provided  by  neutral  scalar  field  <p  with  the  lagrangian 

L  =  \  V\S\{g^d^d^  -  ±R</>2  -  m2^2},  (C2) 

which  yields  the  field  equation  for  ^  in  the  background  geometry,  given  by  (Cl),  as 


=0'  (C3) 
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where  V  =  \/\g\  =  a\aia-$  and  dot  denotes  partial  differentiation  with  respect  to  time  t. 
The  equal-time  canonical  commutation  relations  are 


,  0,  <Kx',  t}}  =  KX,  0,  T(X',  0]  =  0, 


where  TT  =  dL/d<j)  —  V<j>. 

Components  of  the  energy-momentum  tensor  are  given  by 


(C4a) 
(C4b) 


(C5) 


Equation  (C5)  yields 


TO  —T/-2 

1Q-V 


(C6a) 


and 


-f.  =  V~2/3 


where  x  =  V1305^  =  int 


-      12  ^  \ai     ajj  ' 
The  field  equation  (C3)  is  written  as 


,       (C6b) 
and  prime  (/)  denotes  differentiation  w.r.t.  77  and 

(C6c) 


=  0. 

Equation  (C7)  is  a  h'near  equation,  so  its  solution  can  be  written  as 

X  =  (27r)-3 
where  XkC7?)  satisfies  the  equation 


(C7) 

(C8) 
(C9a) 


360 
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with 

V  *-—^   /7^  /  * 

\  I  / 

If 

*',,       ».*..,' 


(CIO) 
using  (C4) 

[AkA'l  =  lALAi>}  =  °>  (C.I  la) 

'    [Ak,AJc/]  =  5(k-k').  (C.llb) 

The  vacuum  state  ]OA)  is  defined  as 

Ak|0A)  =  0.  (C12) 

Connecting  (C6),  (C8)  and  (C9),  one  obtains 


'-}         (C13a) 
J 

and 


4- 


(C13b) 


One  can  easily  find  that  po  and  OP/)o  are  divergent.  There  exist  two  methods  to  obtain 
suitable  finite  observables:  (1)  regularization  and  (2)  renormalization.  Regularization 
means  replacement  of  divergent  quantities  by  well-defined  expressions  in  a  manner 
consistent  with  the  physical  basis  of  the  theory.  In  renormalization,  infinities  are  either 
absorbed  in  physical  constants  such  as  charge  and  mass  or  cancelled  by  counter-terms. 

Adiabatic  regularization  is  a  subtraction  scheme.  The  essential  point  in  this  method  is 
the  identification  of  contributions  of  the  vacuum  state.  But  it  is  difficult  to  define  physical 
vacuum  in  curved  space-time  which  really  corresponds  to  'no  particle  state'.  The  reason 
is  change  in  gravitational  field  which  feeds  energy  to  perturbed  mode  of  scalar  fields.  In 
Robertson-Walker  type  space-times,  one  has  special  advantage  of  having  a  priviledged 
class  of  observers,  called  co-moving  observers,  who  see  the  universe  precisely  isotropic. 
This  is  why  this  regularization  method  is  applicable  to  Robertson-Walker  type  space- 
times  only  as  four  velocity  for  co-moving  observers  are  given  as  (1,0,0,0).  Still  there 
remains  one  problem  which  is  time-dependence.  To  get  time-independent  physical 
vacuum  state  (which  is  a  must  to  get  'no  particle  state'),  the  universe  should  expand 
adiabatically. 

To  ensure  adiabaticity,  Parker  and  Fulling  [54]  introduced  a  parameter  T  in  the  scale 
factors  flj(0(i=  1,2,3)  replacing  t  by  t/T.  In  the  limit  of  large  T,  afafT)  and  its 
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derivatives   will  necessarily  be   slowly   varying  functions   of  t,   because   d/dt  — »• 
T~l(d/d(t/T}).  Thus  7""1  and  its  powers  appear  in  every  equation.  However,  original 
equations  can  be  obtained  by  putting  T  =  1.  The  limit  T  — >  oo  yields  the  static  case. 
This  procedure  requires  two  important  conditions. 

(i)  The  operators  /4k  and  Ak  must  be  annihilation  and  creation  operators  in  the  adiabatic 
limit  (arbitrarily  slow  time  variation  of  components  of  the  metric  tensor).  Moreover, 
identification  of  physical  particles  should  be  valid  up  to  T4. 

(ii)  Regularization  of  infinite  quantities  like  PQ  and  (Pj)0  should  be  done  using  mode  by 
mode  subtraction  in  the  integrands.  Expanding  the  integrand  in  powers  of  T~l,  three 
leading  terms  are  sufficient  to  subtract  to  get  non-divergent  quantities.  Thus, 
adiabatic  regularization  is  a  misnomer  of  subtraction  scheme. 

To  carry  out  the  programme  of  adiabatic  regularization,  higher  order  WKB 
approximation  is  needed  which  was  obtained  by  Parker  [57]  through  iterative  process. 
Later  on,  Chakravorty  [70]  obtained  WKB  solution  of  the  (C9a)  to  all  orders  in  an  explicit 
form.  According  to  Chakravorty's  result  positive  frequency  solution  of  (C9a)  can  be 
written  as 


-i  I     Vi/J(r/)Wk(7/)dr/    ,          (C14a) 

J 

where 

with 

f-  —  _y~3/4/)  (Y~ll'1ft  y1/4")  (r-\At-\ 

—2  7JV  'JT\i          j  Iv-'l'+CI 

and 

—  T/~l/2/i     j        ^  """-V^  £)    f  fvYl  _i_  £•  M —  /   R   T/1     /        \ ^/^l T  //^  1  xt^iN 

_4  "~~       •*      .      \ -L    i    j^2/  T? \ L     V     "^  — 2/ J  ^77  v       i~  ^9  /  i  i  (^ i-  •  Cl  j 

Y  being  given  as 

7  =  ^  +  2.  (C14e) 

Using  definition  of  fi2,  given  by  (C9b)  and  Y  by  (C14e)  in  (C14b)  we  have 

•(CIS) 
The  definition  of  Q,  given  by  (C6c)  yields 

Q  =  0(T~2).  (C16) 

Using  these  definitions 


£4  =  0(T~4}  +  0(T~6} 
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So,  up  to  order  4  of  T 


where 


and 


>-2 


(C17a) 
(CITb) 
(C17c) 


Defining  en(m)  as  a  term  of  en  which  is  of  the  order  7"~m,  one  obtains  up  to  order  T~4, 
\xf  =  (2ft)-1  {l  -1  e2(2)  +5  [£2(2)f  -I  62(4)  -I  64(4)|, 


1       2        1 

2     +4\n 


+      ^  e2(4) 


-  fi2£4(4)  ~  g  ^2[e2(2)]     -  o  (  77  1    e2(2)  +  7  (  7T     4(3)  f  >       (C18b) 
/  o  o   yii/  ^+  V  ii  y          ;| 


;2(3) 

Using  results,  given  by  (CIS),  in  (C13)  divergent  terms  in  £>o  and  (P,-)o  are  obtained  as 

Wdiv.-^3)-^^ ^ 


n 

4     ft 


(ci9a) 


-1   6V2/3 


In 

e2(2)  I  s  i 


O/  1       T        \  Ort/fc/\2/ 

Q2  e2(4)+e4(4)--4  >    -3V2/3    -       e2(4) 
\  ^       /  \"'/    \ 


1 

2*2(2) 

l-e>     (4-*. 

9  2(3)  I  OT/ 

z       v  a,     3  v 


(C19b) 


Regularized  (po)reg  an£^  (j^zo)reg  are  obtained  by  subtracting  these  divergent  terms  from 
and  (Pj-)0  respectively  i.e. 

(Po)reg  =  PQ~  (Pfl)div. 
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and 


Appendix  D 

Path  integration 

The  Gaussian  integral  f™  dxe"*2  can  be  evaluated  as  given  below.  Suppose  that 


1=1     dxe 

'-00 


-X1 


Now 


/OO  /»OO  /-OO        f 

•oo  J —oo  J  —oo  J  — 


—  oo     —oo 


Using  A;  =  r  cos  6  and  y  =  r  sin  5 

72  = 


which  implies  that 
7=  V5F. 
Using  this  idea  [57] 


where 


1/2 


(Dl) 
(D2) 


fc2      1 

2a  +  2 


Taking  the  form  of  <2(jc)  for  n  variables  {jci,jc2, . . .  ,*„}  as 


-^  '      2  ^_ 

^  /,;=!  i=i 

the  generalized  form  of  the  result  (D2)  can  be  obtained.  In  the  matrix  form  Q(x)  can  be 
written  as 


GW=i 
m 

Ai\ 


~xQ)-i  bTA~lb, 


(D3) 


where  A  is  a  n  x  n  non-suigular  matrix  with  elements  Ay,  XQ  =  A~lb,xT  is  the  transpose 
of  jc, 
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and 


b  = 


Now 


./  — 


=  (27r)w/2(det 


(D4) 


where  det  A  =  a\a2  •••  an,  at(i  =  1  ,  2,  .  .  .  ,  n)  being  eigenvalues  of  the  matrix  A. 
The  effective  action  T  is  calculated  as 

/[  f  1 

(Zty)  exp(i/ft)  50  [0]  -  f  /  d4x£0(jc£)  J(JCB)  , 
L  J  J 


(D5) 


where  N  is  the  normalization  constant,  D<j)=  (27r)~'l/2d01(^£)  x 
and 


=  ^  / 


(suffix  £  shows  Euclideanized  form  of  the  variable  after  Wick's  rotation)  and 


To  employ  the  above  method  of  integration,  Euclideanization  is  needed.  The  operator 
(_p2  +m2)  on  0^)  yields  eigenvalues  corresponding  to  every  element  of  the  column 
matrix  $  forming  a  n  x  n  diagonal  matrix.  So,  from  (D5) 

exp(*T/7i)  =]V(det  A)-1/2exp  ~  [JT(-O2 
which  implies  that 


n     2h 


(D6) 
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Appendix  E 
Cohomology,  Betti  numbers  and  Hodge  's  decomposition  theorem 

It  is  possible  to  distinguish  between  2-dimensional  non-homeomorphic  spaces  (two 
spaces  are  called  homeomorphic  if  both  are  deformable  into  each  other  without  cutting. 
Technically  speaking,  two  spaces  Si  and  £2  are  homeomorphic  if  there  exists  a  map 
/  :  Si  —  >  52  such  that  (I)/  is  one-one  and  onto  (2)/  and/"1  are  continuous)  in  an  intuitive 
manner.  But  this  method  is  not  effective  to  distinguish  between  higher-dimensional  non- 
homeomorphic  spaces.  Homology  and  cohomology  groups  serve  this  purpose  [71]. 

p-dimensional  subspaces  of  an  n-dimensional  space  X  forming  abelian  groups  Cp  with 
an  infinite  sequence 

SP+*  ap+i  dp  92  do 

•  •  •  -  >  L.p+i  -  >  Cp  -  >  L,p-\  •  •  •  -  >  Ci  -  *  (J 

are  called  to  constitute  a  chain  complex  denoted  by  C*.  Here  dp  are  differentials  or 
boundary  operators  such  that  dp-\dp  =  0  for  p  >  1.  Moreover  dp  is  a  map  such  that 


The  set  Ker  dp  =  {c  6  Cp  :  dpc  =  0}  forms  a  subgroup  in  Cp  called  a  group  of  p- 
dimensional  cycles.  The  set  Imdp+i  =  {c  G  Cp  :  c  =  dp+\u}  forming  subgroup  in  Cp  is 
called  a  group  of  ^-dimensional  boundaries.  The  factor  group  Ker  <9p/Im  <9p  is  called  p- 
homology  group  of  C*.  Thus  p-homology  group  contains  p-cycles  which  are  not 
boundaries.  Dual  space  of  p-homology  group  is  called  p-cohomology  group.  It  is  also 
called  pth  de  Rahm  cohomology  denoted  as  HP(X}. 

A  general  space  X  is  not  necessarily  a  Hausdorff  space  (A  space  is  Hausdorff  if 
open  sets  around  any  two  distinct  points  are  disjoint).  If  X  is  not  Hausdorff,  it  may 
contain  elements  with  torsion  as  well  as  torsion-free  elements,  pth  Betti  number  is  the 
dimension  of  pth  cohomology  group  of  torsion-free  elements,  because  only  torsion-free 
elements  form  a  linear  space  (vector  space)  as  linearity  is  lost  in  presence  of  elements 
with  torsion. 

Manifold  is  a  space  which  is  locally  Euclidean  and  Hausdorff.  So,  all  elements  of  a 
manifold  are  torsion-free.  If  manifold  is  real  and  differentiable  (analytical),  p-forms  can 
be  defined  on  it.  Using  differentiable  p-forms,  pth  de  Rahm  cohomology  group  Hp  (M)  of 
a  real  manifold  AT  can  be  defined  as  the  quotient  space  of  the  real  vector  space  of  closed 
p-forms  which  are  not  exact. 

A  p-form  uj  is  closed  if  do;  =  0  and  it  is  called  exact  if  u  =  da,  where  a  is  (p  -  1)- 
form.  Similarly,  a  /?-form  is  called  co-closed  if  Su  =  0  and  co-exact,  if  w  =  8/3,  where  J3 
is  (p  +  l)-form. 

The  operator  d  is  defined  as 


where  /  is  0-form  (scalar)  and  d/  is  1-form.  Thus  operator  d  raises  the  form  by  1  i.e. 
d  :  Fp(M]  -»  F^+1)(M),  where  FP(M]  is  the  space  of  p-forms.  The  Hodge  operator  is 
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given  as  *  :  FP(M)  -+  F^-A  (M),  0  <  p  <  n.  If  a  is  a  p-form  given  as 

CK  =  air..ipdxk  A  dx'2  A  •  •  • 


*o;  =  af,...icbti''+l  A  dxip+2  A  •  -  •  A  dA 


f,...ip 


The  operator  8  is  given  by  the  map  8  :  FP(M) 
0-form  on  M3, 


.  Thus,  5  =  -  *  rf  *  .  If  /  is  a 


ox1  dx2  ox3 

df  =  J^-ck2  A  cbc3  +  J^rdjc3  A  dx1  +  J^d*1  A  dx2 
ox1  dx2  ax3 


+  • 


+  • 


•  + — ~  + 


as  dx1  A  dx;  =  —  dxj  A  dx1.  Now, 
— 8df  =  *  d  *  df  = 


d(x3}2_ 

,     92f 


dx1  Adx2  Ad^:3, 


which  is  a  0-form. 

A  p-form  is  an  anti-symmetric  covariant  tensor.  A  p-form  is  called  harmonic  if 
DW  =  0  (where  Q  =  d<5>  +  5d)  which  implies  that  dw  =  0  and  <5w  =  0.  Moreover,  dui  =  0 
and  8(jj  =  0  imply  Qw  =  0.  Each  cohomology  class  on  a  compact  Riemannian  manifold 
HP(M]  contains  a  unique  harmonic  representative  i.e. 


Hp(M]  = 


=  0}. 


To  be  more  specific,  HP(M]  does  not  contain  exact  and  co-exact  forms. 

Using  these  results,  Hodge  proposed  a  theorem  of  p-forms  which  states  that  on  a 
compact  orientable  Riemannian  manifold  Mn,  FP(M)  of  differentiable  /?-forms  can  be 
decomposed  into  harmonic  and  non-harmonic  forms  as  [72] 


=  (d8-\-8d}Fp(:M)@Hp(M} 

=  dFp~l  (M)  0  SFp+l  (M)  9  HP(M). 

Here  0  <  p  <  n  (p  is  an  integer)  and  HP(M]  is  finite  dimensional.  In  other  words,  if  u  is  a 
p-form  on  a  compact  orientable  Riemannian  manifold,  it  has  a  unique  representation 

u  —  da  -h  5/3  +  7, 

where  a  is  a  (p  —  l)-form,  /5  is  a  (p  +  l)-form  and  7  is  a  harmonic  p-form.  Here,  it  is 
clear  that  da  is  an  exact  form,  8/3  is  a  co-exact  form. 

As  discussed  above,  pth  Betti  number  bp  is  the  dimension  of  finite  dimensional  vector 
space  HP(M}.  So,  if  bp  is  zero  on  Mn,  p-forms  can  be  the  sum  of  exact  and  co-exact  forms 
only. 
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In  the  language  of  a  physicist,  exact  1-form  is  longitudinal  component  and  co-exact  1- 
form  is  transverse  component  of  a  vector.  In  tensorial  notation,  a  co-exact  1-form 
component  AM  can  be  recognized  if  it  satisfies  A'fi  =  0  and  exact  1-form  component  as 
a  scalar). 


Appendix  F 

Riemann  zeta  Junction 

Using  binomial  expansion,  one  can  write 


n=Q 


for  |jc|  <  1 .  This  kind  of  expansion  is  not  possible,  when  \x\  >  1 ,  because  in  this  case 
X^o-*"  is  divergent.  The  above  expansion  yields 


-1         oo 


1  \  n 


where  s  >  \  and  p  is  a  prime  number.  It  should  be  noted  that  1  is  not  a  prime  number. 
Multiplying  (Fl)  for  all  prime  numbers,  one  obtains 

j-r^        IV1        All  \A        1 


—   >    —     v  ^>  1  ('F?^ 

~~  zLM*'     -^  ^  ) 

n=l  " 

This  identity  was  found  by  Euler  who  had  taken  s  as  a  real  number,  which  sets  a  link 
between  the  series  Y^i  (l/nJ)  ^d  prime  numbers.  Riemann  discussed  that  deepest 
features  of  prime  numbers  can  be  realized  taking  s  as  a  complex  number  with  Re  s  >  1. 
So,  when  s  is  complex,  Y^L\  (I/71*)  is  called  Riemann  Zeta  function  written  as 


The  series  is  convergent  for  Re  5  >  1  only.  Integral  representation  of  this  function  is 
given  as 

°°      f~l 

''^T'  (F4) 

showing  that  £(.?)  can  be  analytically  continued  and  it  is  single  valued  for  all  s  except 
s  =  I .  A  consequence  of  (D4)  is  given  as 

368  Pramana  -  J.  Phys.,  Vol.  49,  No.  4,  October  1997 


n  —  m  - 

C(s  -  1)  =  21-*7T*cos(l/27™)r(j)C(s).  (F5) 

Another  important  result  of  analytical  continuation  of  this  function  is  given  as 

lim  C(—m  +  e)  =  (-I)"1     m+    ,  (F6) 

where  m  is  a  natural  number,  #n's  are  Bernoulli  numbers,  5o  =  1,  B\  =  —  |,  .62  =  g, 
fi3  =  0,  B4  =  -i,  BS=Q-'-.  Thus, 

=  -«.     C(-2n)=0,     C(l-2n)  =  --r^ 
2  2n 

2n     (n=l,2,3,...).  (F7) 
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Abstract.  We  give  an  elementary  treatment  of  the  defining  representation  and  Lie  algebra  of  the 
three-dimensional  unitary  unimodular  group  5C/(3).  The  geometrical  properties  of  the  Lie  algebra, 
which  is  an  eight  dimensional  real  linear  vector  space,  are  developed  in  an  ££7(3)  covariant  manner. 
The/  and  d  symbols  of  SU(3)  lead  to  two  ways  of  'multiplying'  two  vectors  to  produce  a  third,  and 
several  useful  geometric  and  algebraic  identities  are  derived.  The  axis-angle  parametrization  of 
SU(3)  is  developed  as  a  generalization  of  that  for  517(2),  and  the  specifically  new  features  are 
brought  out.  Application  to  the  dynamics  of  three-level  systems  is  outlined. 

Keywords.    5t/(3)  matrices;  octet  algebra;  octet  geometry;  517(3)  axis-angle  parameters. 
PACS  Nos    02.20;  03.65 

1.    Introduction 

The  unitary  unimodular  group  517(2)  in  two  complex  dimensions  is  the  simplest 
nontrivial  example  of  a  nonabelian  compact  Lie  group.  Its  many  uses  in  physics-spin  of 
the  electron,  proton,  neutron,...,  isotopic  spin  of  nucleons,  description  of  two-level  atoms 
and  two-level  quantum  systems  in  general  are  very  well  known.  At  the  same  time  its 
adjoint  representation  coincides  with  the  three-dimensional  real  proper  rotation  group 
50(3),  with  its  associated  concepts  of  three  dimensional  vectors  in  13?  and  their  algebra. 
The  Pauli  matrices  &j,j=  1,2,3  mediate  in  a  natural  way  between  the  defining  two- 
dimensional  and  the  adjoint  three-dimensional  representations.  Being  the  generators  of  the 
defining  representation,  the  expression  of  a  finite  517(2)  element  as  the  exponential  of  a 
generator  in  closed  form  is  also  well  known.  Thus  one  has  the  familiar  collection  of 
results: 

[cr,-,  CTk]  =  2i€jki  CT/, 

{arj,ork}=28Jk\  (l.la) 

a  •  qb_  •  a  =  a  •  b  +  ia    b  •  a;  (1-lb) 

a(oi,  9}  =  exp(id&  •  cr)  =  cos  0  +  ia  •  g_  sin  9  e  5t/(2), 

=1,     0<0<27r.  (l.lc) 
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Here  a,b  are  (real)  three-dimensional  vectors,  e/&  is  the  Levi-Civita  symbol  (structure 
constants  of  5£7(2)),  and  (a,  9)  are  axis-angle  coordinates  for  the  general  element 
a(&,  ff)  €  517(2).  The  two-to-one  homomorphism  517(2)  -»  50(3)  determines  an  element 
R(a)  6  SO(3)  for  each  a  6  SU(2}: 


R(a')R(a)=R(a'a],     a',a65£7(2).  (1.2) 

The  next  group  after  517(2)  in  the  classical  unitary  family  is  the  eight-dimensional  group 
517(3)  of  unitary  unimodular  matrices  in  three  complex  dimensions.  Many  representation 
theoretic  complications  expected  for  compact  Lie  groups  in  general,  but  not  yet  seen  with 
517(2),  do  show  up  with  5£7(3),  making  it  quite  nontrivial  in  comparison.  Its  use  in 
elementary  particle  physics  [1,  2]  often  exploits  the  canonical  subgroup  chain 
517(3)  D  £7(2)  D  5/7(2)  D  £7(1),  while  its  use  in  the  nuclear  physics  context  involves 
the  chain  5£7(3)  D  50(3)  D  50(2).  The  description  of  three-level  systems  [3-5]  in 
general  quantum  mechanics  (atoms,  for  instance)  also  involves  5£7(3). 

The  purpose  of  this  paper  is  to  present  a  generalization  of  relations  of  the  forms  (1.1, 
1.2)  from  5£7(2)  to  5£7(3),  bringing  out  the  algebraic  and  geometric  features  of  the  eight- 
dimensional  octet  or  adjoint  representation  of  517(3).  In  doing  so  we  describe  the 
minimum  and  unavoidable  new  features  in  both  algebraic  and  geometric  aspects  that  one 
must  accept  in  the  5C7(2)  —  >  5£7(3)  transition.  Among  real  eight  component  vectors  in 
7£8,  apart  from  the  Euclidean  inner  product,  two  kinds  of  bilinear  products  of  vectors 
leading  again  to  vectors  -  one  antisymmetric  and  the  other  symmetric  -  play  important 
roles,  and  are  essential  in  developing  a  formula  generalizing  equation  (l.lc).  One  of  our 
results  will  indeed  be  an  axis-angle  description  of  5£7(3)  elements,  namely  a  closed-form 
expansion  of  the  exponential  of  a  general  matrix  in  the  Lie  algebra  5£7(3)  of  5£7(3) 
yielding  a  general  finite  5£7(3)  matrix.  This  will  be  seen  to  be  considerably  more 
complicated  than  the  5C7(2)  result  (l.lc).  In  general  our  aim  is  to  develop  useful  identities 
which  help  in  getting  closed  form  expressions,  and  to  build  up  geometric  pictures  in  some 
situations. 

The  contents  of  this  paper  are  arranged  as  follows.  Section  2  recalls  the  definition  of 
the  group  5£/(3)  and  the  generators  -  the  A-matrices  -  in  the  defining  representation. 
From  their  commutation  and  anticommutation  relations  the  structure  constants  frst  and 
symmetric  invariant  tensor  drst  can  be  read  off.  Their  independent  nonzero  components 
are  listed.  Section  3  discusses  the  eight-dimensional  adjoint  or  octet  representation  of 
5£7(3).  Based  on  the  available  invariant  tensors  /„,,  drst,  two  kinds  of  vector  products 
among  octet  vectors  -  elements  of  "ft8  -  are  defined:  an  antisymmetric  wedge  product  and 
a  symmetric  star  product.  Both  are  5£7(3)  covariant.  Apart  from  the  geometric  expression 
of  the  trilinear  Jacobi  identity  using  wedge  products,  several  other  identities  involving 
these  products  and  the  Euclidean  scalar  product  on  ft8  are  developed.  In  §  4  we  take  up  a 
detailed  analysis  of  the  algebraic  properties  of  a  single  generator  matrix  in  the  defining 
representation  of  517(3).  The  geometric  tools  of  §3  are  used  to  get  convenient  forms  for 
products,  inverses,  powers,  determinants  and  the  minimal  equation  for  a  general  three 
dimensional  generator  matrix.  A  convenient  way  of  characterizing  the  eigenvalue  spec- 
trum of  a  (suitably  normalized)  generator  matrix,  and  the  notion  of  its  'rest  frame'  or 
specific  diagonal  form,  are  developed.  At  all  stages  the  5£7(3)  covariance  of  the 
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procedures  is  kept  in  view.  Section  5  introduces  the  concept  of  axis  and  angle  parameters 
for  5t/(3).  This  is  a  way  of  describing  general  one-parameter  subgroups  in  the  group.  The 
essential  differences  compared  to  SU(2)  are  emphasized.  We  also  obtain  a  closed  form 
expression  for  a  general  element  of  517(3)  expressed  as  the  exponential  of  a  generator 
matrix;  for  this  the  method  of  going  to  the  'rest  frame'  is  exploited.  Section  6  briefly 
describes  the  features  of  Hamiltonian  dynamics  for  three  level  quantum  systems,  based 
on  a  generalization  of  the  Bloch  spin  equation  familiar  from  two  level  systems.  Section  7 
contains  some  concluding  remarks. 

2.  The  defining  representation  of  S(7(3)  and  the  A-matrices 

The  defining  representation  of  the  group  5t/(3)  is  given  by  [6,  7] 

517(3)  =  {A  =  3  x  3  complex  matrix  |AU  =  1,  det  A  =  1}.  (2.1) 

This  is  an  eight-parameter  compact  Lie  group.  The  £7(2)  and  50(3)  subgroups  are 
identified  (up  to  conjugation)  by  [8] 


f.-i  (2.2a) 

(detw)     J  } 

50(3)  =  {A  =  3  x  3  real  matrix  |  ATA  =  1,  det  A  =  1}  c  SU(3).       (2.2b) 

The  generalization  of  the  Pauli  matrices  ay,  in  a  form  adapted  to  the  17(2)  subgroup,  leads 
to  the  eight  hermitian  traceless  generators  Ar,  r  =  1,2,  .  .  .  ,8  defined  as  follows  [6,7]: 


A2  = 


A4  =      0    0    0     ,     A5  = 


A7=      0    0    -i    ,     A8=-^     0    1      0      .  (2.3) 


These  are  trace-orthonormal  in  the  sense 

)=25w>r,j=l,2>...>8.  (2.4) 


The  commutators  and  anticommutators  among  the  A's,  lead  to  the  completely  anti- 
symmetric structure  constants  fm  of  SU(3)  and  to  the  completely  symmetric  ^-symbols 
(for  which  there  are  no  517(2)  analogues): 

[An  Xs]  =  2ifrst  \t  , 

\t;  (2.5a) 
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x/3 

/123  =  1;   /456  —  /678  —  ~y  ! 

/147  =  /246  =/257  =/345  =/516  =  /637  =  1/2;  (2.5b) 

^118  =  ^228  =  ^338  =  ~^888  =  I/  V  3; 

d\46  =  ^157  =  —^247  =  ^256  =  ^344  =  ^355  =  ~  ^366  =  ~  ^377  =  1/2; 

^448  =  4,58  =  dm  =  d17%  =  -  1  /2  V3.  (2.5C) 


(Here  only  the  independent  nonvanishing  components  of  /„/  and  drst  are  given).  The 
product  of  two  A's  involves  three  kinds  of  terms: 


The  17(2)  subgroup  generators  are  AI,  A2,  A3  (for  517(2))  and  A8,  while  those  of  50(3)  are 
A2,  \5  and  A?. 

3.  The  adjoint  representation  of  SU(3)  and  the  geometry  of  octet  vectors 

The  adjoint  representation  of  SU(3)[1]  arises  upon  conjugation  of  the  A's  by  general 
A  E  517(3)  and  expressing  the  result  in  terms  of  the  A's.  It  is  a  faithful  representation,  not 
of  517(3),  but  of  the  quotient  SE/(3)/23,  where  Z3  is  the  centre  of  517(3): 

Z3  =  {A  =  e'w  •  l|w  =  0,27r/3,47r/3}  c  5C7(3).  (3.1) 

Thus  we  have  a  three-to-one  homomorphism  S£7(3)  -»  517(3)  /Z3.  Each  A  e  5C/(3)  is 
mapped  onto  an  eight  dimensional  real  orthogonal  matrix  D(A)  =  (D(A)rs)  £  5O(8), 
whose  matrix  elements  are  easy  to  calculate: 


A  e  SC7(3)  -»  AA4'1  =  i>(A),r  As, 


(3-2) 

Thus  these  matrices  D(A]  form  a  very  small  part  of  the  full  twenty-eight  dimensional 
group  50(8).  hi  comparison,  the  adjoint  representation  of  517(2)  is  the  same  as  50(3). 
Let  us  denote  general  real  eight  component  vectors  in  7£8  -  octet  vectors  -  by  a,  {3, 
7,  —  Among  them  we  have  the  usual  Euclidean  inner  product 

a-/3  =  ar/3,.  (3.3) 

We  now  define  two  'vector  products',  one  an  antisymmetric  wedge  and  the  other  a 
symmetric  star,  both  of  which  lead  to  octet  vectors  again: 

0,0  e  ft8:  (aA£)r  =frstas(3t, 


a*/5  =  /3*a.  (3.4) 
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The  basic  SU(3)  covariant  properties  of  these  products  follow  from  the  fact  that/m  and 
drst  are  invariant  tensors: 


*§.  (3.5) 

To  express  the  components  of  a  A  /3  and  a  *  /3  in  convenient  forms  in  terms  of  those  of 
a  and  /?,  it  is  useful  to  assemble  the  components  04,  0:5,  cug,  a?  of  a  into  a  two- 
component  complex  column  vector  1^(0): 

(3.6) 
v      ' 

(This  is  related  to  the  fact  that  the  A's  are  adapted  to  the  J7(2)  subgroup  (2.29)  of  SU(3}}. 
Then  we  have  these  expressions  for  the  components  of  aA/3: 


if      a\  ,,  v      ,          m  ,0  ~x 

•0(0!  p)=-  ,_        wa)  —  (oi  <->  p).  (3.7) 

V  —  A—  '  91         /3       i     .'/3  /3       i         /T/Q       /         —  '  V  —  —  '  V  ' 

^  ^    Pi  +  ZP2         -P3  + 

Similarly  for  the  components  of  a  *  ft_  we  have 

/Q 

(a  *  0).  =  a&/3j 


£_/  O    I         /^T/xO       i 

2     V3A  4- 


Now  we  consider  some  cubic  relations,  identities  involving  triple  vector  products,  with 
wedges  and  stars  in  various  combinations.  The  first  of  these  is  just  a  statement  of  the 
Jacobi  identity  for  the  structure  constants  frst  and  involves  two  wedge  products: 


Other  relations  arise  by  calculating  the  triple  product  a  •  A  ^  •  A^y  •  A  in  two  ways  and 
comparing  the  results.  We  have  the  equality 

2  2i  [2  1 

---     =  —  —*3-j  +  —  aA^«7+    -a  -^  7  +  -(<a  *yS)  *  7 
~     -j  L^  -^ 

l  'A 
J 

2  2z  [2  1 

-a:-p'  7+   -/?  •  7«  +  -a*  (^*  7) 
—  - 


3V3  ~      3^  ~A-      [3-  -        3" 

•A.  (3.10) 
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The  A-independent  terms  lead  to  the  obvious  results 

a-£A7  =  <*A£-7,  (3.1  la) 

(3. lib) 


similar  to  properties  of  the  triple  scalar  product  of  vectors  in  7£3.  The  A-dependent  terms, 
upon  separation  of  real  and  imaginary  parts  and  some  rearrangement,  lead  to  further 
relations  at  the  vector  level: 

a  *  (/3  *  7)  —  7  *  (j3  *  a)  =  2(a  •  /3  7  —  7  •  j3a)  +  3/3  (#A7),  (3.12a) 

These  are  respectively  antisymmetric  and  symmetric  in  the  pair  a,  7. 

The  relations  (3.9,11,12)  are  the  basic  SU(3]  covariant  cubic  vector  relations  involving 
three  independent  octet  vectors. 

4.  Algebraic  relations  for  SU(3)  generator  matrices 

A  general  traceless  hermitian  three  dimensional  matrix  is  of  the  form  a  •  A,  a  e  7£8.  For  a 
pair  of  such  matrices  we  have  from  eq.  (2.6)  the  product  (and  square)  rules 

2  1 

a  •  A^  •  A  =  —  a  •  /3  H — -~a  *  j3  •  A  +  ia A/3  •  A_> 

—          3       ~     A/3       ~  ~ 

2  1 

(a-  A)2  =-  a2+— -a* a  •  A,  (4.1) 

\ —      — /  o    —  /—  —       —      1  \  / 

~>  V-J 

which  generalize  eq.  (Lib). 

Now  we  develop  the  properties  of  a  single  matrix  a  •  A  in  some  detail.  The  determinant 
is  easily  worked  out  in  terms  of  the  star  product: 

2 
det  a- A  =  — /=»•«*£*.  (4.2) 


If  ao  is  a  ninth  'scalar',  from  the  SU(3)  covariance  property 
A(a0  +  a  •  \}A~l  =  a0  +  a'  •  A, 

a'  =  D(A)a,  (4.3) 

and  invariance  of  the  determinant  we  see  that  we  must  necessarily  have 

2 

det  (a0  +  a  •  A)  =  Qfg  +  ca0a2  H  --  -=  a  •  a  *  a,  (4.4) 

3v3 

with  no  term  quadratic  in  ao,  and  with  some  constant  c.  Let  us  now  diagonalize  a  •  A 
using  a  suitable  SU(3)  transformation.  We  shall  refer  to  this  as  'putting  a  •  A  into  its  rest 
frame',  and  will  refine  this  notion  in  the  sequel.  Then 


det(a0  +  a  •  A)  =  aJ5  -  a0(af  +  aj)  +  -^(^  -  a|/3).  (4.5) 

v3 
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This  fixes  c  =  —  1 ,  so  we  have  the  general  relation 


det(o;o  +  a  •  A)  =  a0  —  O.QO.  + 


3v3 


*  a 


(4.6) 


valid  in  any  'frame'. 

Turning  to  matrix  inverses,  and  assuming  ceo  is  not  an  eigenvalue  of  —a  •  X,  again 
5C/(3)  covariance  dictates  the  general  structure 


+  a  •  A}"1  = 


c2a:2  +  c3a0a  •  A  +  c4a  *  a  •  A)/det(ao  +  a  •  A), 

(4.7) 


for  some  constants  ci,  .  .  .  ,  €4.  Using  eq.  (4.6)  and  transposing  terms  we  have 

a-  A)  =  det(cK0  +  a-A).      (4.8) 


Comparing  powers  of  CKQ  gives  c\  =  1,  02  =  —1/3,  £3  =  —  1,  Q.  =  l/\/3  and  also  the 
relation 


a*  (a*  a)  =  a  a  —  iv3(a  *  a)  Aa 


(4.9) 


which  we  shall  understand  in  another  way  in  a  moment.  So  for  matrix  inverses  we  have 
the  SU(3)  covariant  result 

(ceo  +  a-  A)"1  =  fan  --a2  —  aoa  •  A+— -=.0.*®.  •  A  )  /det(o!oH-a  •  A). 
V  °     3~  V3~  // 

(4.10) 
From  the  determinant  relation  (4.6)  we  see  that  the  minimal  (cubic)  equation  for  a  •  A  is 


(a-A)3  =  aVA-|- 


(4.11) 


If  we  substitute  (4.1)  here  for  (a  •  A)2  and  compare  coefficients  we  get  the  two  relations 


aA(a*a)  =  0, 
a  *  (a  *  a)  =  c/a, 


(4.12a) 
(4.12b) 


which  explain  the  earlier  result  (4.9).  Incidentally  the  first  result  above  is  obtainable  from 
eq.  (3.12b)  by  setting  a  =  fi_  =  7.  We  also  obtain  the  following  useful  property  of  octet 
vectors,  which  generalizes  the  result  in  three  dimensions  that  a  A£  vanishes  only  if  b  is 
parallel  to  a: 

(4-13) 


a,/3  67^,aA;5  =  0<^i5  =  Cia  +  c2a*  a,  c\^  constants. 

That  there  are  no  more  terms  here  follows  from  the  relationship  of  octet  vectors  to 
traceless  hermitian  matrices  in  three  dimensions. 

Let  us  now  trace  the  consequences  of  the  minimal  equation  (4.11)  in  more  detail.  For 
brevity,  denote  a  *  a  by  of  for  the  moment.  Then  eqs  (4.1),  (4.1  1)  read 


r,  s 
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-al.  (4.14) 

Now  we  substitute  the  first  relation  here  into  the  second  and  keep  simplifying  till  we  have 
only  linear  terms  in  a  •  X  and  a'  •  X: 


=  3 (a  •  A)4  -  4a2(a  •  A)2  +  -  (a2)2 
•^  /  2\2  .    **        i     \     QL     i   \  f  A  i  z\ 

—  ~\Q  )    H — 7=^'^0'A T^—  '  —  (^•*---)) 

3  V3  v3 

This  implies  as  consequences  for  any  a,  upon  substituting  a'  =  a  *  a: 


(a*a02  =  (a2)2,  (4.16a) 

(a  *  a)  *  (a  *  a)  =  2a  •  a  *  a  a  —  a2a  *  a.  (4. 16b) 

This  last  relation  is  to  be  contrasted  with  the  result  of  taking  the  star  product  of  (4.12b) 
with  a,  which  is 

a*  (a  *  (a*  a))  =  a2a*  a.  (4-17) 

We  are  now  in  a  position  to  deal  in  more  detail  with  the  eigenvalue  spectrum  of  a  single 
generator  a  •  X,  and  in  the  process  refine  the  idea  of  the  'rest  frame'  form  of  a  •  A.  Let  us 
hereafter  assume  a  is  a  unit  vector,  a2  =  1.  Then  the  eigenvalues  of  a  •  X  are  p,\ ,  /^,  ^3 
obeying 

=  0, 

=  Tr(a-A)2  =  2.  (4.18) 

We  can  easily  see  that  they  can  be  ordered  according  to  fj,\  >  (j,2  >  ^3  and  the  ranges  can 
be  fixed  as  follows: 


A  convenient  parametrization  of  all  three  eigenvalues  is  by  an  angle  (p  in  the  range  [?r/6, 
7T/2]  as  follows: 

22  2 

Mi  =  -y=sm</>,     /^2  =  -^sin(^+27r/3),     /^3  =  -Fsin(^+47r/3).      (4.20) 

The  three  angles  occurring  here  are  in  strictly  non-overlapping  regions.  We  now  define 
the  'rest  frame'  of  a  •  X  to  be  that  unique  diagonal  form  in  which  we  have 
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a.  •  A  =  diag  — F  (sin  </?, 
V3 

QS  =  cos((p  +  47T/3),  dg  =  -  sin(</?  +  4?r/3), 

0!i  =  0:2  =  ^4  =  <*5  =  &6  =  Oil  —  0,       7T/6"  <(fl<  7T/2.  (4-21) 

In  this  'frame'  for  a,  we  find  that  a  *  a  has  similar  nonzero  components  and  is  by 
eq.  (4.16a)  also  a  unit  vector,  but  is  not  in  its  own  'rest  frame': 

2 
a  *  a  •  A  =  diag  — -^(sin(2<£>  -  Tr/2),  sin(2c/?  +  57T/6),  sin(2c/p  +  Tr/6)), 

(a  *  o:)3  =  2o!3Q;8  =  —  sin(2(/)  -+-  2?r/3), 
(a  *  d)8  =  a\  -  a\  =  cos(2p  +  2?r/3), 
(a*a)r  =  0  for  r=  1,2,4,5,6,7.  (4.22) 

The  angle  <£>  can  be  inferred  from  the  value  of  the  invariant  £  =  6t-a*a  =  —  sin  3(p: 
since  —  !<£<!  and  -n/1  <3ip<  37r/2,^  fixes  the  value  of  ip  uniquely. 

5.  Axis-angle  parameters  and  finite  elements  of  SU(3) 

In  this  section  we  derive  the  SU(3)  analogue  of  eq.  (Lie)  for  SU(2).  It  is  easily  seen,  for 
instance  by  going  to  the  diagonal  form,  that  every  A  6  517(3)  can  be  obtained  by 
exponentiating  a  suitable  traceless  antihermitian  matrix.  We  now  compute  in  closed  form 
the  matrix 

A(a,0)  =  exp(i^d  •  A)  (5-1) 

set  up  in  analogy  to  eq.  (Lie)  for  SU(2).  The  unit  octet  vector  a.  is  the  axis,  and  0  is  the 
angle,  for  the  element  A(a,  6}.  The  range  for  9  is  discussed  below.  The  sole  SU(3]  scalar 
we  can  form  from  a  is  the  angle  (p  given  by 

7T/6  <  (p  <  7T/2.  (5.2) 

Upon  expanding  the  exponential  in  eq.  (5.1)  and  using  (4.1,  4.12b),  we  see  that  the 
only  terms  that  arise  are  multiples  of  the  unit  matrix,  of  a  •  X  and  &  *  &  •  A.  We  therefore 
write 

A(Q,  6}  =  —j=c(6,  (p)  +  a(9,  (p}&  •  A  +  b(0,  (p}a  *  a  •  A,  (5-3) 

V3 

and  proceed  to  determine  the  three  5/7(3)  scalar  coefficients.  For  diis  we  go  to  the  rest 
frame  (4.21)  of  a  •  X  -  then  a  *  a  •  X  is  also  diagonal  (cf.  eq.  (4.22))  and  so  is  A  (a,  (9). 
Equation  (5.3)  reduces  to 

/  /  \         \ 

/         exp  ( -=7=  •  i  sin  (p }          \ 

V^  -  * 

=  ~2~ 

\' 
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sin  ip  sin(2(p  -  n/2)      1 

sin(y  +  27r/3)     sin(2</>  +  57T/6)     1     .  (5.4) 

in(y  +  47T/3)      sm(2ip  +  ?r/6) 


The  determinant  of  A(y)  is 


O      y^T 

(5-5) 


so  A(<p)  is  nonsingular  for  ir/6  <  V  <  ^A  In  this  ranSe  we  nave 


-  sin  2y     sin(2y  +  Tr/3)      sin(2y  -  Tr/3) 

-cosy      sin(y  +  7r/6)      -  sin(<p  -  7T/6)   j,      (5.6) 


and  the  solution  for  the  coefficients  a(9,  </?),  b(6,  y),  c(0,  y)  is 

a(0,  y)  =  |  -  exp  (  -p  •  i  sin  y  )  •  sin  2tp  -f  exp  (  —=  •  i  sin(y  +  2?r/3)  J 
[  \v3  /  \v3  / 

flQ  \ 

7r/3)+  exp  I  -r=  •  i  sin(<p+  4?r/3)  sin(2y-  vr/ 
Vv3  / 


(/?)  =  {  -  exp  (  —=  •  i  sin  </?  )  •  cos  99  +  exp  (  —=  •  i  sm(tp  +  2?r/3)  J 
[  \V3  /  \V3  / 

/2Q  \  I     / 

x  sin(y  +  7T/6)  -  exp  I  —=  •  i  sin(y  -I-  4?r/3)  I  sin(</>  -  ?r/6)  >  / 
W  3  /  J  / 


/  ^a  \  /  9fl  \ 

exp(-p-  isincp  )  +exp(—p-  i  sin(y>  +  2?r/3)  I 

VV3  /  Vv3  / 

(5-7) 


v  3 

With  this  the  computation  of  A(d,0)  in  closed  form  in  the  generic  case  is  complete. 

The  two  limiting  cases  y  =  7r/6  and  y  =  Tr/2  correspond  respectively  to  a  *  a  =  — 
and  o:  *  o;  =  a..  In  these  cases  we  find  after  some  algebra: 

<p  =  7T/6  :  A(d,  0)  =  -/=c(0,  7T/6)  +  a(0,  ?r/6)d  •  A, 
v3 

•        fl(0,  7T/6)  =  {etf/^  -  e-2W 
c(0,  7T/6)  =  {2e* 


=  7r/2:  A(&,  9)  =  ~c(6,  Tr/2]  +  a(0,  7r/2)d  •  A, 
v3 
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c(0,  7T/2)  =  {2e-        +  e2!'6}/2V3.  (5.8) 

Now  we  consider  the  question  of  the  range  of  the  angle  variable  9.  Here  the  situation  is 
more  intricate  than  in  the  577(2)  case.  With  Pauli  matrices,  a  •  cr  always  has  eigenvalues 
±1  independent  of  a,  so  in  eq.  (l.lc)  we  have  a  fixed  range  0  <  9  <  2ir.  Equivalently,  all 
£7(1)  subgroups  of  577(2)  are  conjugate  to  one  another.  With  577(3),  however,  there  are 
infinitely  many  inequivalent  17(1)  subgroups  available.  This  means  that  while  every 
A  e  577(3)  lies  on  some  one-parameter  subgroup  and  can  be  written  as  A  =  A  (a,  9}  for 
some  a  and  6,  the  range  of  0  depends  on  a,  more  specifically  on  the  577(3)  invariant 
angle  <p  associated  with  a.  The  determining  factor  is  the  nature  of  the  eigenvalues  pi,  /^j, 
jus  of  a.  •  A.  The  case  ^2  =  0,  p,\  =  —  /^  =  1  leads  to  the  range  0  <  9  <  2n,  which  occurs 
for  (p  =  7T/3.  For  /^  ^  0,  we  need  to  distinguish  between  the  cases  of  rational  and 
irrational  ratios  n\/f42.  For  rational  pi/fa,  when  (13/^2  is  also  rational,  the  elements 
A  (a,  &)  lie  on  a  cyclic  £7(1)  subgroup  in  577(3)  and  0  can  be  taken  to  be  in  some  finite 
interval  from  zero  to  a  maximum  determined  by  /j2.  For  irrational  jui//^.  when  1^3  /(J.2  is 
also  irrational,  the  character  of  the  one-parameter  subgroup  is  very  different  -  it  is  the  real 
line  72.,  not  a  cyclic  £7(1),  so  d  £  (—00,  oo).  This  then  is  an  essentially  new  feature  with 
axis  angle  parameters  for  577(3)  as  compared  to  577(2). 

6.  Hamiltonian  dynamics  of  three-level  systems 

Consider  a  three-level  quantum  system  whose  state  is  represented  by  a  density  matrix  p. 
The  properties 


l  (6.1) 

allow  us  to  expand  p  in  terms  of  the  A's,  bringing  in  a  scalar  c  and  a  unit  octet  vector  n: 


/o 
c  <  —  cosec((£  +  7T/3),  (6.2) 

jL 

where  the  angle  (p  e  [Tr/6,  7r/2]  is  determined  by  eq.  (5.2):  h  •  h  *  n  =  —  sin  3^>.  The  pure 
state  case  corresponds  to  </?  =  Tr/2  and  c  =  \/3:  then  h  *  h  =  h  and  the  eigenvalues  of  p 
are  (1,0,0). 

Let  H  be  a  general  (time-independent)  Hamiltonian  which  we  express  in  terms  of  an 
octet  vector  h  and  a  scalar  ho: 

H  =  i(hQ  +  h-X}.  (6.3) 

The  equation  of  motion  for  p  (with  c  and  h  regarded  as  functions  of  time), 


is  independent  of  /ID  and  at  first  leads  to 

ch  +  ch~  ch^h.  (6-5) 
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However  since  h  and  h^h  are  both  orthogonal  to  h,  we  get  c  =  0  as  expected,  and  the 
equation  of  motion  for  h  becomes: 

h  —  k/\h-  (6-6) 

This  is  the  three  level  version  of  the  Bloch  equation  for  the  spin  vector  familiar  from  two- 
level  systems.  One  can  now  use  some  of  the  identities  derived  in  earlier  sections  to  verify 
that  h  •  h  *  h  is  a  constant  of  motion: 

d  • 

—  n-n*n  =  n-n* 
dt 

—  hh  •  «  *  n  +  2n  •  n  * 


=  2h    ^ 

=  0.  '"  (6.7) 

Here  we  used  eqs  (3.1  la,  4.12a)  and  eq.  (3.12b)  with  a  =  ^  =  n,7  =  Ato  simplify  terms 
at  various  stages.  Thus,  as  expected,  both  the  scalar  c  in  p  and  the  SU(3)  scalar  angle  (p 
characteristic  of  h  are  constant  in  time.  This  is  consistent  with  the  fact  that  h(t]  evolves 
essentially  according  to  the  octet  representation  matrix  D(A(t,  h}}  where  in  the  notation 
of  eq.  (5.1)  the  time  t  is  the  angle  and  the  vector  h  the  axis  of  'rotation'. 

7.  Concluding  remarks 

We  have  presented  a  set  of  practical  tools  for  carrying  out  calculations  with  finite 
matrices  of  SU(3)  as  well  as  with  its  Lie  algebra,  exploiting  both  algebraic  and  geometric 
aspects  of  the  situation.  The  space  of  octet  vectors  bears  the  same  relation  to  SU(3)  as 
does  ordinary  Euclidean  three-dimensional  space  to  517(2).  The  constructions  we  have 
given  for  working  with  these  vectors  should  prove  useful  in  dealing  with  three  level 
system  dynamics.  The  existence  and  interpretation  of  the  cubic  invariant  a  •  a  *  a  and  the 
general  solution  (4.13)  to  a^Q  =  0  are  noteworthy.  We  have  also  brought  out  the  fact  that 
in  contrast  to  5  £7  (2),  there  are  infinitely  many  distinct  kinds  of  one-parameter  subgroups 
in  5  £7(3),  and  this  shows  up  in  the  axis-angle  description  in  this  case. 

The  main  new  feature  in  the  5C7(3)  situation,  absent  with  SU(2),  is  the  occurrence  of 
the  rf-symbols.  However,  for  all  groups  5£7(n),n  >  4,  nothing  new  apart  from  such  a  d- 
symbol  is  expected  since  one  cannot  in  any  case  go  beyond  the  commutators  and 
anticommutators  of  the  generators  in  the  defining  representation.  It  therefore  is  to  be 
expected  that  the  methods  of  this  paper  can  be  systematically  extended  to  these  higher 
dimensional  groups  as  well. 
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Accurate  energy-levels  of  the  sextic-double-well  oscillator 
V(X)  =  X6— 3X4  using  modified  Hill  determinant  approach 
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Abstract.  Using  scaled  harmonic  oscillator  wave  functions,  accurate  energy  levels  of  the  sextic- 
double-well  oscillator  V(X)  =  X6  -  3X4  are  calculated  through  modified  Hill  determinant  method. 
Present  groundstate  energy  remains  the  same  as  reported  by  Tater  and  Turbiner,  /.  Phys.  A26,  697 
(1993). 

Keywords.  Sextic-double-well  oscillator;  scaled  wave  function;  groundstate  energy;  modified 
Hill  determinant  approach. 
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The  one  dimensional  anharmonic  oscillator  potential  has  been  used  extensively  in  nuclear 
physics,  particle  physics,  solid  state  physics  and  atomic  and  molecular  physics.  This 
potential  has  the  characteristics  of  being  a  rather  simple  model  where  many  non-trivial 
features  essential  to  understanding  quite  complicated  system  may  be  implemented.  Their 
exact  solutions  for  arbitrary  couplings  are  hard  to  find.  This  has  culminated  into  the 
development  of  many  fascinating  approximation  techniques,  both  perturbative  [1-4]  and 
non-perturbative  [5-10].  The  most  commonly  used  oscillator  is 

H  =  P2+X2  +  XX4.  (1) 

Accurate  energy  levels  of  the  oscillator  have  been  calculated  [1-8]  using  perturbation 
series  and  Hill  determinant  approach.  However  perturbation  theory  has  not  been  used 
successfully  for  double  well  oscillator.  It  is  worth  mentioning  that  original  Hill 
determinant  method  of  Biswas  et  al  [5]  has  undergone  many  modifications  for  sextic  well 
oscillator.  In  this  context  it  was  pointed  out  by  Tater  and  Turbiner  [10]  that  Hill 
determinant  approach  fails  to  yield  correct  groundstate  energy  of  the  sextic  double  well 
oscillator  characterized  by  the  Hamiltonian  [10] 

H  =  P2+X6-3X4.  (2) 

Hence  the  aim  of  this  communication  is  to  calculate  groundstate  as  well  as  excited  energy 
levels  of  the  sextic-double-well  oscillator  characterized  by  the  Hamiltonian  in  (2)  using 
modified  Hill  determinant  approach.  The  procedure  is  as  follows. 

385 


The  Hamiltonian  in  (2)  is  written  in  terms  of  creation  and  annihilation  operator  using 
the  co-ordinate  transformation 

(3.) 


/2W 
and 

IW 


-a}.  (3b) 

Further  parameter  W  is  obtained  by  making  the  coefficient  of  a2  or  (a+}2  to  zero  so  that 
the  matrix  element  (0 1 H  \2}w  vanishes.  This  procedure  has  been  applied  for  a  long  time 
in  nuclear  physics  [11]  to  find  out  the  most  effective  Hamiltonian.  Recently  this 
procedure  was  suggested  for  parameter  calculation  in  anharmonic  oscillators  either  using 
perturbative  approach  [12]  or  non-perturbative  approach  [13, 14].  One  can  see  that  W 
satisfies  the  following  equation 

4W4  -  36W  -  45  =  0,  (4) 

which  has  only  one  positive  definite  root.  Now  we  solve  the  Schrodinger  equation 

by  assuming 


m=0 

whose  \m}w  are  the  scaled  harmonic  oscillator  function  which  satisfies  the  relation 

\m}w.  (7) 


Now  substituting  ^  =  EmAm\m)w  in  (5)  we  find  the  A^s  satisfies  the  following  seven- 
term  recursion  relation 


-2    i    ^mAm  ~r  •lmAm+2  ~r  t/mAm+4    r  VmAm+6  —  ^: 

(8) 

where 

1 

18  1 

Sm  =  mW  -  ^^m(m  +  1)  +  —  (20m3  +  30m2  +  40m) 

15  -E, 
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Table  1.    Energy  levels  of  the  sextic-double-well  oscillator  V(X)  =X6  -  3X4. 


Present  calculation 

Previous 

[10] 

Even  parity  ( 

n  =  0) 

Odd  parity 

(»  =  1) 

Exact             Hill  approach 

-0.660 

546 

0.103 

079 

-0.660        5       -1.672 

3 

3.423 

833 

7.586 

637 

12.574 

054 

18.409 

220 

24.989 

883 

32.249 

273 

40.138 

756 

48.619 

117 

Table  2.    First  two  even  states  of  the  V(X)  = 


A 

Present 

Previous  [10]  Exact 

3 

1.935 

482 

1 

1.935483 

11.680 

970 

8 

0 

1.144 

802 

4 

1.144802 

9.073 

084 

5 

-3 

0.000 

000 

0 

0 

6.298 

495 

9 

-11 

-8.000 

000 

0 

—8 

0.000 

000 

0 

0 

Um  =  <2m+4, 
Urn  =  Pm+6- 


(9e) 
(9f) 
(9g) 


The  eigenvalue  condition  of  the  modified  Hill  determinant  in  the  limit  of  large  N  is 


(10) 


where 


"     Sn 

Tn 

un 

Vn 

0 

Rn+2 

Sn+2 

Tn+2 

Un+2 

Vn+2 

Qn+4 

Rn+4 

Sn+4 

Tn+4 

Un+4 

_Pn+6 

Qn+6 

Rn+6 

Sn+6 

Tn+6 

and  where  n  —  0  for  even  parity  and  n  =  1  for  odd  parity.  The  zeros  of  D^  as  a  function 
of  the  parameter  E  give  the  energy  eigenvalues  of  the  problem. 

The  first  five  convergent  odd  levels  («  =  1)  and  even  level  (n  =  0)  are  tabulated  in 
table  1 .  It  is  seen  that  the  present  groundstate  energy  yields  the  correct  agreement  with  the 
groundstate  energy  (up  to  four  decimals)  calculated  earlier  by  Tater  and  Turbiner  [10]. 
However  there  are  no  results  for  comparison  with  the  present  excited  values.  It  is  worth 
mentioning  that  the  previous  [10]  convergent  groundstate  energy  using  Hill  determinant 
approach  is  —1.6723. 

In  this  approach,  the  method  is  very  simple  and  our  choice  of  W  reduces  the 
Hamiltonian  to  its  effective  value.  The  method  can  be  extended  to  any  parity  invariant 
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oscillator.  Lastly  we  give  some  results  for  specific  double  well  in  table  2  and  details  will 
be  reported  elsewhere. 
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Abstract.  We  study  a  doubly  resonant  optical  parametric  oscillator  where  the  pump  can  feed  two 
pairs  of  signal-idler  modes.  We  assume  the  presence  of  gain  at  the  pump  frequency.  We  investigate 
the  various  oscillation  states  of  interest,  namely,  when  only  the  first  pair  oscillates  with  the  other 
pair  having  null  amplitudes  and  vice  versa.  We  demonstrate  the  exchange  of  dynamics  between  the 
mode  pairs  when  the  relevant  parameters  of  the  cavity,  namely,  the  phase  mismatch  factors  or  the 
decay  rates  switch  because  of  fluctuations.  The  exchange  of  dynamics  is  shown  to  be  independent 
of  the  nature  of  dynamics,  i.e.  independent  of  whether  the  motion  is  n-periodic  or  chaotic.  We  also 
investigate  the  case  where  both  the  pairs  can  exhibit  chaotic  dynamics  though  these  states  are 
difficult  to  realize  because  of  fluctuations. 

Keywords.    Parametric  oscillation;  chaos;  switching. 
PACS  No.    42.65 

1.  Introduction 

The  problem  of  mode  hopping  in  optical  parametric  oscillators  [1]  has  attracted  a  lot  of 
attention  in  the  past  few  decades  [2, 3].  The  doubly  resonant  oscillator  (DRO)  would  be 
the  ideal  source  of  tunable  radiation,  if  they  were  without  any  mode  hopping  and  cluster 
jumping  phenomenon  [4],  leading  to  frequency  instability.  Very  recently  a  dynamical 
model  which  can  account  for  the  major  observed  effects  in  DROs  was  presented  by 
Agarwal  and  Dutta  Gupta  [5].  It  was  demonstrated  that  when  the  relevant  cavity 
parameters  (in  this  case  they  are  phase  mismatch  factors  and  cavity  decay  rates)  are 
changed  there  can  be  an  exchange  of  stability  between  the  on-states  of  the  down- 
converted  modes.  Since  any  realistic  system  is  bound  to  have  fluctuations  of  the  cavity 
parameters  the  dynamics  has  to  switch  from  one  pair  of  frequencies  (one  mode  pair) 
to  another.  In  fact  a  change  in  the  cavity  length  or  the  refractive  indices  can  lead  to 
different  modes  spacings  at  the  signal  and  idler  frequencies  which  may  result  in  a 
new  pair  of  modes  having  a  larger  gain,  thus  making  the  new  pair  the  preferred  one. 
On  the  other  hand,  phase  fluctuations  can  lead  to  renormalized  decay  rates  and  alter 
the  dynamics  of  evolution.  Phase  fluctuations  of  the  pump  can  be  accounted  for  in  the 
theory  by  a  redefinition  of  the  decay  rates  [6].  From  a  different  angle,  the  physics  of  the 
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down-conversion  process  becomes  extremely  rich  when  there  is  gain  at  the  pump 
frequency.  It  was  shown  by  Wersinger  et  al  [7]  that  when  the  pump  with  gain  feeds  only 
one  signal-idler  pair,  the  system  can  exhibit  a  very  rich  dynamics  which  changes  from 
regular  to  chaotic  (via  a  period-doubling  bifurcation)  as  the  decay  rate  of  the  down- 
converted  modes  increases.  Besides,  period-three  oscillations  were  also  observed  in  the 
system  for  larger  values  of  decay  rates  beyond  the  chaotic  window.  Keeping  the  aforesaid 
in  mind  in  this  paper  we  address  the  question:  what  happens  when  the  pump  has  gain  and 
the  cavity  is  doubly  resonant?  We  consider  the  situation  analogous  to  the  case  of  mode 
hopping  except  that  now  there  is  an  inverted  medium  at  the  pump  frequency  such  that 
pump  grows  with  a  constant  growth  rate  while  propagating  in  the  intracavity  medium.  To 
simplify  the  model  we  restrict  ourselves  with  only  two  competing  signal-idler  pairs  which 
'  are  fed  by  the  pump  via  a  nonlinear  interaction  due  to  the  presence  of  a  x^  material  in 
the  cavity.  We  show  that  switching  of  the  relevant  parameters  (i.e.,  phase  mismatch  factor 
and  decay  rates)  does  lead  to  'chaos  hopping'  for  appropriate  choice  of  other  parameters. 
In  other  words,  one  mode  pair  exhibiting  regular  or  chaotic  dynamics  can  go  to  the  off- 
state  while  the  other  starts  off  from  the  off-state  to  show  the  same  response.  Thus  there 
can  be  an  exchange  of  dynamics  irrespective  of  whether  it  is  regular  or  chaotic. 

The  organization  of  the  paper  is  as  follows.  In  §  2  we  present  the  model  and  recall  the 
results  pertaining  to  the  stability  of  the  off-states.  In  §3  we  present  the  results  of 
numerical  integration  of  the  dynamical  system  and  discuss  the  results.  Finally  in  §  4  we 
conclude  the  paper. 

2.  Mathematical  formulation 

We  consider  a  pump  mode  with  amplitude  d  at  frequency  0^3  and  two  pairs  of  signal-idler 
modes,  namely,  a\,a2  and  bi,b2,  respectively.  The  frequencies  of  the  modes  a\  and  a2 
(b\  and  £2)  are  uja\  and  uja2  (ubi  and  04,2)  respectively.  The  equations  of  motion  for  the 
complex  amplitudes  are  given  by 


dj  =  -Kajaj  +  j3fa 

bj  =  -Kb 

d  =  Kdd-  (3f*  exp(iAwaf)flia2  -  /%*  exp(iAwfcf)fei&2>  (3) 


where  K^KQ),  j  =  1,2,  are  the  damping  constants  for  the  modes  aj(bj),  Aa>j  =  cj3— 
Wji  -  ata,  (s  =  a,  b)  is  the  frequency  detuning  and  ^(j  =  a,  b)  is  the  phase  mismatch 
factor  for  the  5th  mode  pair.  We  assumed  the  presence  of  an  active  medium  at  the  pump 
frequency  and  Kd  gives  the  growth  rate  of  the  pump  mode  d.fs,  /%•  and  /3  are  given  by  the 
following  expressions: 

*  =  ^^«P^W/2),  (4.) 

7TC  , 

/%'  =  (J=sa»*;./  =  1»2)'  (4b) 


,2 
P  =  —  ~RJ~^    V^Ji^^Wd,  (4c) 
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where  A^  =  kj  —  ks\  —  £&,  s  =  a,b;  Fs  and  ns  are  the  finesse  and  the  refractive  index  at 
the  frequency  ujs  •  KSJ(S  =  a,  b\j  =  1,  2)  are  the  decay  rates  of  the  down  converted  modes. 
V  and  rfeff  are  the  mode  volume  and  the  effective  nonlinear  coefficient,  respectively.  We 
assume  that  all  the  relevant  frequencies  are  far  off  from  any  resonances  of  the  intracavity 
medium.  Hence  we  have  used  the  same  nonlinearity  parameter  j3  in  eqs  (l)-(3).  Hereafter 
we  will  refer  to  flti,  02(^1,^2)  as  the  a-(fc-)pair.  By  making  use  of  the  following 
transformations 

fl,=A,e-*V,     fy  =  fiye-'"*',  (5) 

with 

fial  +  &a2  -  Awfl,       Qfci  +  £)w  =  Actfo,  (6) 

eqs  (l)-(3)  can  be  rewritten  in  the  following  form 

Aj  =  (~Kaj  +  ittaj}Aj  +  (3fadAl_j,  (7) 

Bj  =  (-*bj  +  ittbj}Bj  +  PfbdB*3_j,  (8) 

(9) 


The  set  of  equations  (7)-(9)  is  analogous  to  the  set  for  a  doubly  resonant  oscillator 
investigated  by  Agarwal  et  al  [5]  except  for  the  fact  that  in  [5]  the  pump  was  assumed  to 
decay  with  the  decay  rate  KJ  and  there  was  a  drive  to  compensate  for  the  decay  of  the 
pump.  However,  some  of  the  features  remain  the  same  even  in  presence  of  the  active 
medium  at  the  pump  frequency.  The  set  of  equations  (7)-(9)  allow  for  different  sets  of 
solutions,  namely  when  one  pair  oscillates  with  the  other  pair  in  the  off-state  or  when 
both  the  pairs  oscillate.  We  first  look  at  the  case  when,  say,  the  a-pair  is  oscillating  with 
the  ft-pair  having  null  amplitudes  in  the  long  time  limit.  Nontrivial  solutions  for  the  a-pair 
is  possible  if  and  only  if  the  pump  amplitude  satisfies  the  following  relation: 


S2  =  1+  00) 


with 

o.  =  — ^5L.  (11) 

J  If      ,     -I-    If     n 

n/al  ~T  i^a.2 

The  linear  stability  of  the  null  (off)  states  of  the  &-modes  can  be  carried  out  in  a  way 
analogous  to  that  of  ref.  [5]  leading  to  the  following  result.  The  inequality 

f        /  \ 1//2 

is  to  be  satisfied  for  the  null  state  of  b  to  be  unstable.  Thus  for  equal  decay  rates 
(«ai  =  Ka2  =  Kbi  =  Kbi],  \fb\  >  \fa\  implies  the  instability  of  the  B\=Bi  —  0.  The 
symmetry  of  eq.  (12)  with  respect  to  the  mode  indices  implies  the  exchange  of  stability 
(exchange  of  dynamics)  whenever  |/&|/|/a|  crosses  the  value  unity.  Similarly  for  a  system 
with  I/, |  =  \fb\, KS\  =  KS2  =  KS(S  =  a,b],  the  inequality  (12)  reduces  to  Kb  <  KU-  Thus, 
whenever  KI,  <  Ka  the  &-mode  will  take  off  from  trivial  values  to  have  a  finite  amplitude. 
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In  short  a  mode  pair  with  larger  value  of  the  phase  mismatch  factor  |/|  or  higher  life  time 
(lower  decay  rate)  will  have  preference  and  will  dominate  in  the  long  run.  Note  that  in  a 
realistic  system  fluctuations  are  unavoidable.  Fluctuations  in  length  or  the  refractive 
indices  leads  to  the  renormalization  of  the  phase  mismatch  factor  (see  eq.  (4a))  whereas 
phase  or  frequency  fluctuations  can  cause  a  rescaling  of  the  decay  rates.  Thus  a  random 
change  in  the  physical  characteristics  can  cause  a  random  switching  of  the  dynamics  from 
one  pair  to  the  other. 

It  may  also  be  noted  that  on-states  for  both  the  pairs  are  possible  provided 


However,  such  states  are  extremely  unlikely  and  any  fluctuation  leading  to  the  violation 
of  eq.  (13)  destroys  the  nontrivial  state  for  one  of  the  modes  and  finally  the  system  settles 
down  on  the  mode  pair  which  has  a  larger  |/|  value  or  a  lower  decay  rate.  Keeping  in 
view  the  above  analysis  we  now  go  over  to  the  calculation  of  trajectories  in  the  next 
section. 

3.  Numerical  results  and  discussions 

In  this  section  we  investigate  numerically  the  set  of  equations  (7)-(9).  This  set  can  be 
reduced  to  a  set  of  real  equations  by  introducing  the  real  amplitudes  and  phases  as  follows 

Aj  =  A/e1'^,     Bj  =  Bjjw,  (14) 

/,  =  |/,|e*»,     (J  =  a,fc),  (15) 

d  =  de^.  (16) 

Making  use  of  the  equations  (14)-(16)  in  (7)  and  (8)  one  can  obtain  the  following 
relations: 


(B   -  B]  =  -2(«H5   -  KwB2),  (18) 

where 

KSJ  =  Kq/Kd,    j  =  1,  2;  s  =  a,  b.  (19) 

For  example,  for  «fll  -  Ka2  =  Ka  and  «fcl  =  Kfe2  =  «z,,_the  quantities  (A2  -  A2)  and 
(5i  ~  ^2)  decrease  exponentially  in  time.  Thus,  if  AI  =A2(Bi  =  B2)  initially,  then  they 
remain  the_same_for  all  subsequent  times.  Let  the  initial  conditions  be  such  that 
AI  =  A2  =  A  and  B\  =82=6.  Thus  the  set  of  seven  equations  (7)-(9)  reduces  to  a  set  of 
five  equations  as  follows 

A  =  -KaA  +  ^|/fl|5Acos((9a)5  (20) 

B  =  -KbB  +  PlhldBcostfb),  (21) 

3  =  rf-^|/a|A2cos(^)  -^|B2cos(^),  (22) 
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where 


a  +  p\fa 
=  -Aw* 


-  (<P 


bl 


2d2}/d  +  p\fb\B2  sm(0b}/d, 


2d2}/d 


sin(0a)/2, 


(23) 
(24) 

(25) 
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In  eqs  (20)-(24)  time  t  is  scaled  by  «</.  In  writing  eqs  (20)-(24),  we  have  used  eq.  (6). 
Note  that  in  the  absence  of  one  of  the  modes  a  or  b,  the  set  of  equations  (20)-(24)  reduces 
to  eq.  (1)  of  ref.  [7],  which  for  suitable  choice  of  parameters  exhibits  regular  or  chaotic 
behavior.  In  the  same  paper  a  detailed  analysis  (including  that  of  the  Poincare  section  and 
the  power  spectra)  for  this  system  for  J3  =  1  and  |/|  =  1  was  carried  out.  It  was  shown 
that  the  nature  of  dynamics  had  a  strong  dependence  on  the  decay  rate  K  of  the  down 
converted  mode.  For  example,  for  1  <  K  <  3,  the  motion  was  unbounded.  In  the  range 
3  <  K  <  13.16,  even  period  bifurcations  were  observed.  The  range  13.16  <  K  <  16.8  was 
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Figure  1.    The  temporal  evolution  of  the  mode  amplitudes  A,  B  and  d  for  (a)  R.  =  3, 

(b)  K  =  9  and  (c)  K  —  15  when  \fa\  —  0.95  and  \fb\  is  switched  as  per  eq.  (27)  at 
t1  =  200.  The  other  parameters  are  £  =  1, 8  =  0.01  and  Awa  =  AuJb  —  2.  The  inset 
shows  |/a  |  and  \fj,\  as  functions  of  time. 


characterized  by  lack  of  limit  cycles  and  was  chaotic,  while  larger  values  of  K  led  to 
period-3  bifurcation.  In  this  paper  our  goal  is  to  investigate  whether  the  dynamics  can 
switch  from  one  pair  to  the  other  when  the  relevant  parameters,  namely,  the  phase 
mismatch  parameter  and  the  decay  rates  of  the  down  converted  modes  switch  at  a  given 
time,  say  at  t  =  tf.  We  have  carried  out  the  numerical  integration  for  the  following  two 
cases: 


(i) 


«a  =  «*  =  «i  l/a |  =  0-95, 


(27) 


(ii) 


I/-I  =  \h\  =  1, 

-J[l  + 


Kb  = 


-  S  +  \ 


(28) 
(29) 


In  eqs  (28)  and  (29),  «a  and  Kb  are  varied  such  that  the  ratio  Kb/Ka  assumes  the  value 
1  —  8(1  4-  8)  before  (after)  switching.  In  all  our  calculations  we  have  chosen  t1  =  200  and 
8  =  0.01,  Au)a  =  Ao3fc  =  2,/3  =  'fl/Kj  =  1.  Note  that  such  a  large  value  of  j3  can  be 
achieved  by  a  suitable  choice  of  the  pump  gain,  the  nonlinear  material  or  by  switching  to 
micro  cavities  with  small  quantization  volume. 

We  now  present  the  results  for  case  (i).  The  results  for  the  temporal  evolution  of  the 
mode  amplitudes  A,B  and  d  for  three  values  of  K,  namely,  K  =  3, 9  and  15  are  shown  in 
figures  la,  Ib  and  Ic,  respectively.  The  inset  to  figure  1  shows  the  switching  patterns  for 
|/a |  and  \fb\.  In  each  of  these  plots  we  have  shown  the  temporal  evolution  of  the  mode 
amplitudes.  Though  investigation  was  performed  for  t  ranging  from  0  to  600  we  have 
shown  a  smaller  segment  in  figures  la  and  Ib  in  order  to  show  the  period  one  and  period 
two  oscillations.  It  is  clear  from  figures  la,  Ib  and  Ic  that  as  in  ref.  [7]  the  dynamics  is 
regular  for  K  =  3  (period  one),  K  =  9  (period  two)  while  for  «  =  15  the  motion  is  chaotic 
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Figure  2.    The  phase  portrait  for  the  mode  amplitudes  d  (i.e.,  d  vs.  d )  for  (a)  K  =  3, 
(b)  K  —  9  and  (c)  K  =  15.  The  other  parameters  are  as  in  figure  1. 


(figure  Ic).  This  is  depicted  by  the  phase  portraits  of  d  which  is  shown  in  figures  2a,  2b 
and  2c.  It  is  also  clear  from  figure  1  that  before  switching,  |/a|  >  \fb\  and  the  a-mode 
shows  nonzero  oscillations  while  the  6-mode  is  off.  The  dynamics  switches  from  a  to  b- 
mode  once  \fb\  becomes  larger  than  |/fl|.  The  switching  of  the  dynamics  is  independent  of 
whether  the  motion  is  with  one-period,  two-period  or  chaotic  in  nature.  It  may  also  be 
noted  that  the  exchange  of  dynamics  is  also  independent  of  how  switching  takes  place. 
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Figure  3.  The  temporal  evolution  of  the  mode  amplitudes  A,  B  and  d  when  Ka  and 
Kb  are  switched  as  per  (28)  and  (29)  for  KQ  =  15,  \fa\  =  \fb\  =  1  and  t  =  200.  The 
other  parameters  are  as  in  figure  1. 


For  example,  instead  of  a  step  function  (eq.  (27))  one  could  have  chosen  an  exponential 
switching. 

We  now  look  at  case  (ii)  when  |/fl|  and  \fi,\  are  held  fixed  at  unity  while  Ka  and  Kt,  are 
switched  at  t  =  tf  such  that  Kb/na  is  1  -  6(1+  8)  before  (after)  switching  as  per  eqs  (28) 
and  (29).  We  have  performed  the  investigation  for  three  values  of  KQ,  namely,  KQ  =  3,9 
and  15  which  correspond  to  period  one,  period  two  and  chaotic  motion.  We  present  the 
results  only  for  KQ  =  15  (see  figure  3).  It  is  clear  from  figure  3  that  for  the  same  value  of 
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and  both  of  them  can  show  nontrivial  oscillations  (not  shown).  However,  as  mentioned 
earlier,  on-states  for  both  the  modes  are  extremely  unlikely.  Any  fluctuation  leading  to  the 
violation  of  the  second  equality  in  eq.  (13)  will  lead  to  a  situation  when  only  one  mode 
pair  survives. 

4.  Conclusion 

We  have  studied  a  doubly  resonant  parametric  oscillator  where  a  pump  with  gain  can  feed 
two  pairs  of  signal-idler  modes.  We  have  demonstrated  both  theoretically  and 
numerically  that  there  can  be  an  exchange  of  dynamics  between  the  down-converted 
mode  pairs,  when  the  relevant  parameters  like  phase  mismatch  factor  or  cavity  decay 
rates  change  due  to  fluctuations.  The  switching  of  dynamics  from  on-to-off  or  from  off- 
to-on  for  the  pairs  takes  place  even  when  the  dynamical  system  exhibits  chaotic  behavior. 
Moreover,  there  can  be  a  state  where  both  the  down  converted  pairs  exhibit  chaotic 
motion  though  because  of  ever  present  fluctuations,  this  state  is  highly  unlikely. 
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Abstract.  We  have  studied  the  effect  of  environment  induced  pure  decoherence  on  the 
generalized  Jaynes-Cummings  model  (JCM).  This  generalized  JCM  is  introduced  to  take  into 
account  both  atom-field  interaction  and  a  class  of  spin-orbit  interactions  in  the  same  framework.  For 
generalized  JCM  with  atom-field  interaction,  it  is  shown  that  along  with  the  suppression  of  the 
oscillatory  behaviour  of  the  atomic  and  field  variables,  in  the  steady  state,  atomic  energy  is 
transferred  to  the  field  or  vice  versa  through  the  dressed  state  coherence  depending  on  the  initial 
condition  of  the  atom-field  system  and  the  model  under  consideration.  It  is  also  shown  that  initial 
Poissonian  field  acquires  a  sub-Poissonian  character  in  the  steady  state  and  thus  all  the  nonclassical 
properties  are  not  erased  by  the  decoherence  in  JCM.  An  interesting  effect  of  this  decoherence 
mechanism  is  that  it  affects  the  population  and  coherence  properties  of  the  individual  subsystem  in 
a  different  way.  As  an  example  of  generalized  JCM  with  spin-orbit  interaction,  the  dynamics  of  spin 
of  the  hydrogen  atom  in  a  magnetic  field  is  studied  to  show  the  effect  of  decoherence. 

Keywords.     Decoherence;  Jaynes-Cummings  model;  generalized  JCM. 
PACS  Nos    42.50;  03.65 


1.  Introduction 

The  Jaynes-Cummings  model  (JCM)  is  a  two-state  system  interacting  with  a  single  mode 
field  in  the  rotating  wave  approximation  (RWA)  [1].  This  model  was  first  used  to  examine 
the  classical  aspects  of  spontaneous  emission  but  it  was  subsequently  discovered  that  in  the 
JCM  atomic  population  histories  presented  direct  evidence  for  the  discreteness  of  photons. 
Also  many  nonclassical  features  of  photon  statistics  were  discovered  through  this  model. 
More  recently,  JCM  has  been  used  to  elucidate  quantum  correlation  and  the  formation  of 
macroscopic  superposed  quantum  states.  Apart  from  exact  solutions  of  different  variants  of 
JCM,  the  remarkable  advancement  in  cavity  quantum  electrodynamics  experiments  [2] 
involving  single  atoms  within  single  mode  cavities  have  made  the  model  a  very  good 
testing  ground  of  the  quantum  phenomena  of  the  atom-field  entangled  system. 

It  is  well-known  that  the  surroundings  have  profound  effects  on  the  evolution  of  a 
system  of  interest.  In  particular,  quantum  noise  due  to  the  surroundings  may  result  in 
nonunitary  evolution  of  the  system  resulting  in  decoherence  and  relaxation.  One  can 
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naturally  ask  the  question  what  will  be  the  effect  of  decoherence  on  the  atom  and  field 
variables  which  are  interacting  through  the  JCM.  Here  unlike  the  normal  case  of 
spontaneous  emission  we  are  looking  at  a  situation  where  there  is  no  energy  dissipation 
but  only  a  decoherence  from  the  composite  system,  i.e,  a  case  of  pure  decoherence. 
Although  in  many  cases  the  effect  of  decoherence  is  studied  for  single  systems  of  interest 
[3-5],  it  may  be  worthwhile  to  understand  the  effect  of  decoherence  on  the  joint 
subsystems  [6].  We  examine  the  fate  of  the  individual  atom  and  field  variables  when  the 
decoherence  acts  on  the  composite  atom-field  system. 

In  this  work  we  have  given  a  solution  for  generalized  JCM  undergoing  environment 
induced  pure  decoherence  in  terms  of  the  atom-field  dressed  states.  By  this  approach  one 
can  observe  that  the  decoherence  does  not  affect  the  dressed  state  population  but  affect 
only  the  coherence  of  the  dressed  state  levels.  But  when  one  looks  at  the  individual 
atomic  or  field  population  it  decays  to  a  steady  state  and  in  the  steady  state  depending  on 
the  initial  condition  and  specific  model  under  study,  atomic  energy  is  transferred  to  the 
field  or  vice-versa.  This  is  due  to  the  fact  that  the  dressed  state  coherence  has  an  effect  on 
the  atomic  and  field  population  and  as  the  decoherence  model  is  energy  conserving,  the 
total  energy  is  distributed  in  this  way. 

We  have  also  shown  that  the  nonclassical  properties  of  the  field  get  affected  by  the 
decoherence.  Although  squeezing  and  other  phase  related  nonclassical  properties  are 
suppressed  by  the  decoherence,  the  sub-Poissonian  [7]  nature  of  the  field  is  not 
completely  suppressed  by  the  decoherence.  This  is  exemplified  with  some  variants  of 
atom-field  interaction  models. 

We  have  pointed  out  that  in  JCM  with  atom-field  interaction,  the  decoherence 
mechanism  as  proposed  affects  the  population  and  coherence  properties  of  the  individual 
subsystem  in  a  different  way. 

We  have  also  introduced  a  more  generalized  JCM  which  not  only  accounts  for  the 
atom-field  interaction  but  also  for  a  class  of  spin-orbit  interactions.  As  an  explicit 
example,  it  is  shown  that  a  hydrogen  atom  in  a  magnetic  field  can  also  be  solved.  This 
system  undergoing  decoherence  can  also  be  studied  using  dressed  states.  The  charac- 
teristic spin  dynamics  is  studied  for  a  particular  value  of  orbital  angular  momentum. 

The  paper  is  organized  as  follows:  In  §  2(a)  we  present  the  master  equation  for  pure 
decoherence  and  its  effect  on  generalized  Jaynes-Cummings  (JC)  model  with  atom-field 
interaction.  The  effect  of  decoherence  mechanism  on  the  transient  atom-field  dynamics  is 
discussed  in  §  2(b).  Taking  a  particular  nonlinear  JC  model  in  §  3  we  show  how  the 
nonclassical  properties  of  the  field  and  and  atom  evolves  in  time.  In  §  4  we  have  given  a 
more  general  Hamiltonian  which  describes  not  only  the  atom-field  interaction  but  also  a 
class  of  spin-orbit  interactions,  in  general.  Section  5  is  devoted  to  show  how  the  dynamics 
of  spin  is  affected  by  the  decoherence  in  the  case  of  hydrogen  atom  in  presence  of  a 
magnetic  field.  In  §  6  we  conclude  the  paper. 


2a.  Master  equation  for  pure  decoherence  and  its  effect  on  the  generalized  JCM 
with  atom-field  interaction 

To  start  with,  we  allow  an  interaction  between  the  system  and  its  environment  reservoir 
which  gives  only  a  decoherence  in  the  system  but  no  energy  dissipation  from  the  system. 
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HR  =       tiUjbbj,  (2.2) 

j=0 

where  Uj  is  the  frequency  and  fcj(fy)  is  the  creation  (annihilation)  operator  for  they'th 
reservoir  mode.  We  consider  the  interaction  part  V  as  a  quantum  non-demolition  coupling 
satisfying 

[H,  V]  =  0.  (2.3) 

Such  couplings  have  been  previously  examined  by  others  and  the  examples  include, 
optical  four-wave  mixing  [8],  many  particle  bosonic  systems  [9]  etc. 

Equation  (2.3)  implies  that  V  is  a  constant  of  motion  generated  by  H  and  V  can  be 
taken  as  some  function  of  H.  We  take  for  example, 

V  =  Atf  to)*  +  K*(uj)bj],  (2.4) 


where  K(U)J]  is  a  c-  function. 

Thus  one  can  write  the  Liouville  equation  for  the  system  and  the  bath  in  the  interaction 
picture  (IP)  as 


where  r](t)   and  Vf(t]  are  the  joint  system-bath  density  and  coupling  term  in  IP 
respectively  and  V/(r)  is  given  by 


Vj(t)  =  exp[i(H  +  HR)t/ti\Vexp[-i(H  +  HR)t/ti\.  (2.6) 

After  integrating  eq.  (2.5)  and  iterating  twice  one  can  write 


(2-7) 

The  first  term  in  the  RHS  of  eq.  (2.7)  will  not  contribute  due  to  the  random  initial 
condition  of  the  bath  which  is  often  used.  Now  we  make  a  number  of  approximations  as 
follows  [10]. 

(i)  We  integrate  eq.   (2.7)   with  respect  to  t  thereby   making  a  coarse  graining 

approximation. 
(ii)  We  take  r](t)  =  r)s(t}i%(t}  where  s  and  b  correspond  to  system  and  bath.  Further 

assume  the  bath  is  in  thermal  equilibrium  and  thus  we  can  write  r^(t)  =  77$,  (at 

equilibrium). 
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(iii)  We  use  the  Born-Markov  approximation  whereby  we  take  ?7s(0  =  ?7s(0  i-e>  truncate 
the  series  after  second  order  and  make  the  limits  of  integration  up  to  infinity. 

Now  taking  trace  over  the  bath  varibles  one  arrives  at  the  equation  of  motion  of  the 
reduced  system  density  operator  r)s(t)  in  IP  as 


/> 

HH]  £  \K(u>j)\2  J 


Thus  returning  back  to  the  Schrodinger  picture  (SP)  we  can  write 


X 

'o 


,  p]  -  \  [HHp  -  2HpH  +  pHH]  £  |«(w,-)|2 
I  j 

/oo 
df'{V!>  exp[zWf  -  r')]  +  [H/fp  -  2#ptf  +  pffif] 
. 

t  '    1 

J  I 


where  p  is  the  reduced  system  density  operator  in  SP 

Now  the  survival  of  the  integrals  in  eq.  (2.9)  within  the  Markovian  approximation 
means  that  approximately  zero  frequency  bath  modes  are  important  and  very  often  the 
characteristic  frequency  of  the  system  is  much  larger  than  that.  Thus  to  attain  a  finite 
relaxation  constant  one  needs  to  have  the  thermal  average  number  density  of  bath  at 
approximately  zero  frequency  modes  high  enough  which  is  possible  only  at  high 
temperatures.  A  typical  integral  can  be  shown  as 

/« 

=Y^ 

j        JQ 

(2.10) 

Now  converting  the  sum  into  an  integral  and  assuming  a  continuous  spectral  density  of 
reservoir  modes,  s(uj]  and  taking  the  thermal  average  excitation  number  in  the  bath  as 


-i]-1- 

The  RHS  of  eq.  (2.10)  can  be  written  as 
RHS  of  eq.(2.10)  =  (1+  n(u] 


where  k  is  the  Boltzmann  constant  and  7  =  ]imu->o(2ir\K(u}\2s(uj)}/uj  and  is  assumed  to 
be  finite,  i.e.,  7  >  0.  We  have  taken  the  high  temperature  limit  i.e,  n(ui)  «  kTfhu  and 
thus  neglecting  the  zero  temperature  term  in  eq.  (2.9),  we  arrive  at  the  desired  master 
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equation  for  the  reduced  system  as 

^  =  -l-[H,p}-c\HHp  +  pHH-2HpH}.  (2.11) 


Here  c  is  given  by  ^kT/h.  The  frequency  shift  term  is  neglected  here. 

We  first  note  that  eq.  (2.11)  is  a  typical  model  for  studying  decoherence.  The  deco- 
herence  arising  due  to  the  assumption  that  there  exists  a  classical  measurement  apparatus 
during  which  the  measurement  process  destroys  quantum  coherences  [4]  has  also  been 
considered.  Another  approach  relies  on  the  assumption  in  addition  to  conventional 
quantum  mechanics  that  in  a  sufficiently  short  time  scale,  the  quantum  system  does  not 
evolve  continuously  under  a  unitary  transformation  but  in  a  stochastic  sequence  of 
identical  unitary  transformation  [5,  11].  In  that  case  the  rate  of  decoherence  does  not 
depend  on  temperature  but  on  the  inverse  of  the  time  scale  of  stochastic  perturbation. 

In  what  follows  we  consider  a  two  state  system  with  levels  \b)  (ground)  and  \a)  (excited) 
coupled  to  a  single  mode  field.  A  basis  for  the  whole  Hilbert  space  is  given  as  {\nb}, 
\na),  n  =  0,  1,  2,  .  .  .},  where  \nb}(\na}}  denotes  a  state  with  n  photons  with  the  atom  in 
its  ground  (excited)  state.  We  assume  that  the  atomic  transition  is  mediated  by  k  photons; 
i.e,  the  Hamiltonian  in  terms  of  this  basis  is  given,  in  the  RWA,  by 


n=Q  n=0 

(2.12) 

where  bn  and  an  are  the  energies  of  the  state  \nb)  and  \nd)  respectively  and  Rn  describes 
the  coupling.  This  Hamiltonian  is  diagonalized  as  follows: 


H\nb}  =  bn\nb},     n<k,     and    H\^}  =  *£|*J),     n  >  fc,  (2.13) 

where 


and 

^  =  (An/2)2-H*n|2;  (2.15) 


with  detuning   An  =  an  -  bn+k-  The  eigenstates    |*J)   are  the  well-known  dressed 
states  [12] 


n),  (2.16) 

with  9n  given  as 

tan0n=  .     **    _   .  (2.17) 

An/2  +  fin 

This  structure  of  the  Hamiltonian  and  its  solution  are  valid  for  many  variants  of  the  atom- 
field  interaction  models.  This  model  Hamiltonian  can  be  further  extended  to  describe  a 
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hydrogen  atom  in  an  arbitrarily  strong  magnetic  field  and  also  for  systems  where  the  field 
or  the  atom  can  be  replaced  by  a  finite  dimensional  multilevel  system  which  is  discussed 
in  §4. 

Here  we  show  that  the  equation  of  motion  (2.11)  is  exactly  solvable  for  the 
Hamiltonian  of  generalized  JC  model.  To  solve  the  equation  of  motion  we  used  the 
dressed  state  density  matrix  elements  as 

P\nm  =  (+n\p\  +  m),     p4nm  =  (-n\p\  -  m), 

P2nm  =  (+n\p\  -  m),     p^nm  =  (~n\p\  +  m}  .  (2.18) 

The  population  and  coherence  of  the  dressed  state  elements  evolve  as 

Plnn  =  0  =  p4m 

and 

P2nm  =  H«  -  H-}  -  C(H+  -  H-)2]P2nm, 

P3*m  =  \-i(H-  -  H+)  -  c(H~  -  H+)2}P3nm, 

Plnm  =  HW  -  /£)  ~  C(H+  -  #+)2]plnm, 

P4nm  =  [-i(H~  -  H-}  -  c(H~  -  H-}2]p4nm.  (2.19) 

It  is  immediately  apparent  that  the  decoherence  does  not  affect  the  dressed  state 
populations  but  only  induces  a  decay  in  the  dressed  state  coherence.  Nevertheless  the 
decay  of  dressed  state  coherence  terms  depends  on  the  free  evolution  of  the  composite 
system. 

A  variety  of  initial  conditions  of  the  atom-field  system  can  be  studied  but  here  we 
restrict  ourselves  to  simple  initial  conditions  that  the  atom  is  initially  in  the  excited  state 
and  the  field  is  in  a  coherent  state 


Cn|n},  (2.20) 

«=o 

where 

Cn  =  expH^XVv/p),  (2.21) 

with  \x\   as  the  average  number  of  photons.  Initial  conditions  in  terms  of-the  dressed  state 
elements  can  be  written  as  follows: 


)  =sin0J,sin0mCnC£, 

P4nm(0)  = 


P3«m(0)  =  COS  &a  SU1  0mCnC*  .  (2.22) 

We  define  the  atomic  density  matrix  as 

«  =  Tr/[p]  (2.23) 
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and  for  the  field 

f=Tra[p].  (2.24) 

Using  the  above  initial  conditions,  atomic  inversion  W(t)  is  given  by 


W(t)  =  Kaa  -Kbb  =        [cos2  26n\Ca    +  sin2  20n\Cn\  cos(Hat)  exp[-c#2?], 

n=0 

(2.25) 
and  population  distribution  in  the  field  is  given  by 

Pm(t)  =  \  [|CB|2  +  |CB_k|2  +  cos2  26n\Cn\2  -  cos2  20n_*|CU|2 
+  sin2  29n\Cn\2  cos(Hnt]  exp[-cH2t]  -  sin2  20n_*|CB_k  2 
xcos(#n_^)exp[-cH2_fcf]],  (2.26) 

where  Hn  is  given  by 

Hn  =  H^-H-.  (2.27) 

Off-diagonal  elements  of  the  atomic  and  field  density  matrix  can  also  be  obtained 
similarly.  For  example  atomic  coherence  properties  can  be  studied  if  we  know  the  off- 
diagonal  density  matrix  Kab, 

go 

Kab  =(1/2)  £){[sin(0B+Jt  -  6n]  +  sin(^  +  On)]pln  n+k(ty  exp[A+m+jkf] 


+  [cos(^n+fc  -  On}  +  cos(0njt  +  0n)]p2n  n+Jfe(0) 
+  [-  cos(0B+*  -  0B)  +  cos(0nfc  +  en}}p3n  n+k(0]  e^p[B-m+kt}},     (2.28) 
where 


-  ^)  -  c(/tf  -  /fj2.  (2.29) 

Field  coherences  can  also  be  evaluated  similarly  as  follows: 

Pnm(f)  =(l/2)[{[cos(0m_fc  -  0n_jfc)  +  COS(0m_fc  +  0n-fc)]pln-ft  m-jfc(0, 
+  [C0s(6»w_fe  -  0n_fe)  -  C0s(0m_fc  H-  0n-ifc)]p4n-fc  m-fc(0> 
+  [-  Sin(0m_fc  -  ^n_fc)  -  Sin(0m_jt  +  0B-Jk)]p2n-fc  m-Jt(0> 

-f  [-  sin(0m_fc  -  ^ra_fc)  +  sin(0m_fc  +  0n_fc)]p3n_jt  m_ft(0}, 
+  similar  terms  with  m  —  k-^m  and  n  —  k  —  *  n].  (2.30) 

From  eq.  (2.25)  it  is  evident  that  the  population  inversion  in  the  generalized  JC  model 
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decays  to  a  steady  state  value 

CO 

W(oo)  =  ^cos220n|Cn|2.  (2.31) 

n=0 

Depending  on  the  model,  cos2  29n  assumes  some  finite  value.  For  the  ordinary  JCM  at 
exact  resonance,  W(oo)  =  0. 

As  the  decoherence  model  is  energy  conserving,  the  loss  of  atomic  energy  is  gained  by 
the  field  and  thus  the  average  energy  of  the  field  is  saturated  to  a  higher  value.  Average 
photon  number  evolves  as 

00 

n(t)  =  ]T  |Cn|2{(n  +  k/2)  -  k/2  cos2  29n 

n=0 

-  k/2  sin2  29n  cos(Hnt)  exp[-c#2f]}.  (2.32) 

With  the  suppression  of  oscillation  in  the  average  photon  number  it  reduces  to  a  steady 
state  value 

oo 

H/VyVl  —  V^  \C  \2Un  -4-  kf)\  —]flr)  rn<52  9/9 
/ii  uu  I  —    /       ^n     1  \'*    i^  "v  "J        "•/  •"  *'""    ^"n 

n=0 

oo 

—  'V'lC  I2  cos2  26  (2.33) 

n=0 

To  investigate  the  sub-Poissonian  nature  of  the  field  we  need  to  know  the  average  of  the 
square  of  the  photon  number  in  the  field  which  can  be  expressed  as 

00 

n2(f)  =  ^  |Cn|2{(n2  H-  nk  +  &/2)  -(n  +  &/2)  cos2  29 n 

n=0 

-  (n  + 1?/2)  sin2  29n  cos(Hnt)  exp[-c#2f]}.  (2.34) 

The  sub-Poissonian  characteristics  of  the  field  is  exemplified  for  a  particular  Hamiltonian 
of  atom-field  interaction  which  is  presented  in  §  3. 

From  eq.  (2.28)  it  is  evident  that  atomic  coherence  decays  in  time  and  at  sufficiently 
large  times  it  goes  to  zero.  This  is  also  true  for  the  coherence  terms  of  the  field,  i.e., 

Pm(oo)  =  0,     for  n  ^  m.  (2.35) 

Quadrature  squeezing  properties  of  the  field  can  also  be  calculated  by  using  eq.  (2.30). 
The  degree  of  squeezing  can  be  measured  by  the  squeezing  parameter, 


where  Xi  can  be  defined  as 


X2  =  (1/20(06*  -  fl**).  (2.37) 
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A  quadrature  is  said  to  be  squeezed  if  S/  <  0.  In  terms  of  the  expectation  values  a,  a^  of 
S\    can  be  defined  as 


51  =  2(aa) 

52  =  2(Ja}  -  2Re(a2e2r'w'}  -  4(lm(ae^}}2.  (2.38) 
It  can  be  shown  easily  that  at  the  steady  state, 

Si=S2  =  2(a^a)  >  0.  (2.39) 

So  at  the  steady  state  the  generalized  JC  model  shows  there  is  no  squeezing  in  any 
quadrature. 

Finally,  we  would  like  to  point  out  that  decoherence  on  the  generalized  JC  model  acts 
as  a  relaxation  on  the  dressed  state  coherence  only.  But  it  does  not  affect  the  dressed  state 
populations  unlike  the  case  of  ordinary  spontaneous  emission  [10]  where  both  the  dressed 
state  population  and  coherences  decay  in  time  and  subsequently  all  the  energy  and 
coherence  of  the  atom  and  the  field  drain  out  of  the  system  at  the  steady  state. 

2b.  Transient  dynamics  of  atom  or  field  for  ordinary  JCM 

Here  we  explain  the  features  which  appear  in  the  transient  dynamics  of  atom  or  field  due 
to  this  particular  nature  of  decoherence.  We  take  the  ordinary  JCM  as  the  candidate  to 
describe  it.  As  the  decoherence  mechanism  affects  individual  subsystems,  e.g.,  the  atom 
or  the  field  in  an  almost  similar  manner  we  concentrate  only  on  the  dynamics  of  the 
atomic  properties. 

The  Hamiltonian  for  the  ordinary  JCM  describing  a  two-level  atom  interacting  with  a 
single  mode  field  confined  in  a  cavity  within  RWA  is  given  by 


H  -  huda  +  (4iujQ/2}az  +hg(da-  +  aa+},  (2.40) 


where  a  (a*}  is  the  annihilation  (creation)  operator  of  the  single  mode  cavity  field  with 
frequency  uj  and  cr+,  <j_  and  az  are  the  usual  spin  half  operators  for  the  two-state  atom 
with  characteristic  frequency  UQ.  g  is  the  coupling  strength  between  the  atom  and  the  field 
mode. 

To  explain  the  transient  dynamics  the  following  expressions  are  in  order  for  ordinary 
JCM.  Calculating  at  exact  resonance,  i.e.,  when  8  =  u  -  UQ  becomes  zero  and  taking 
fa  =  1  we  obtain  the  atomic  inversion  W(t)  as 
00  _ 

W(0  =  Y^  \cn\2  cQ*[2g^/&+T)t]  exp[-4c£2(n  +  1)*].  (2.41) 

n=0 

The  field  population  matrix  elements  evolve  as 

Pnn(t)  HCn|2{cosW(n 


c£2nf]}.  (2.42) 
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The  atomic  and  field  coherence,  i.e.,  off-diagonal  atomic  and  field  density  matrix 
elements  can  be  evaluated  as 


exp[A-+1r] 


n=0 


and 


where 


p[A^TOf]  4-  exp[Anmf]  —  exp[5^,r]  4- 
4-  terms  with  {n  — »  n  —  1  and  m  — >  m  —  1}, 

=  -  i[w(n  -  m)  ±  gy^ 
-c[w(n-m)±gv/(n 


(2.43) 


(2.44) 


-  c[uj(n 


An  interesting  aspect  of  the  decoherence  mechanism  for  ordinary  JCM  is  that  it  affects 
the  population  and  coherence  properties  of  the  individual  subsystem  in  a  different  way. 
For  the  ordinary  JCM,  we  have  shown  the  collapse  and  revival  dynamics  of  the  atomic 
population  for  a  parameter  value  of  eg  as  0.005,  and  photon  number  gets  erased 
instantaneously.  But  the  coherence  properties  of  the  atom  or  field  decay  at  a  slower  rate. 
We  show  the  time  evolution  of  atomic  population  inversion  and  atomic  coherence  and  the 
purity  of  the  reduced  atomic  density  in  figures  1,  2  and  3  respectively.  For  numerical 
purpose,  we  assume  uj/g  =  2.  Note  that  eg  fa2  is  a  dimensionless  quantity  and  here  we 
assume  h  =  1  . 
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Figure  1.  Population  inversion  W(t)  (eq.  2.41)  is  plotted  with  scaled  time  (gtx)  when 
the  field  is  initially  in  coherent  state  with  \x\  =  16  (thinner  line  is  pure  JCM  and 
thicker  line  is  with  decoherence  (cgfi2  =  0.005)). 
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Figure  2.  Atomic  coherence  K,^  (eq.  2.43)  is  plotted  with  scaled  time  (gtx}  when  the 
field  is  initially  in  coherent  state  with  \x\2  =  16  (thinner  line  is  pure  JCM  and  thicker 
line  with  decoherence  cgfa2  =  0.005)). 


1.0  -i 


0.5 


200 


400  600 

time 


800 


Figure  3.  Purity  of  the  atom  Tr  («2)  is  plotted  with  scaled  time  (gtx)  when  the  field 
is  initially  in  coherent  state  with  \x\2  =  16  (thinner  line  is  pure  JCM  and  thicker  line  is 
with  decoherence  eg  =  0.005)). 


In  figure  1  we  show  the  time  evolution  of  W(t)  in  eq.  (2.41)  with  the  value  of 
eg  =  0.005  and  \x\2  —  16.  It  is  seen  that  the  revival  of  atomic  inversion  gets  erased  and 
a  permanent  collapse  of  population  appears.  The  oscillation  in  atomic  inversion 
and  photon  number  is  well  studied  for  the  simple  JCM  system  [1].  The  oscillation 
appears  due  to  the  coherence  built  up  during  the  atom-field  interaction  and  thus  the 
individual  atom  or  field  population  depends  on  the  coherence  of  the  dressed  state  levels. 
Thus  when  a  decoherence  is  introduced  in  the  dressed  state  the  oscillation  disappears 
very  quickly. 
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We  show  the  atomic  coherence  evolution  eq.  (2.42)  in  figure  2  to  illustrate  that  the 
effect  of  decoherence  appears  more  slowly  compared  to  that  in  the  population  terms.  In 
the  long  time  limit  the  atomic  or  the  field  coherences  vanish. 

Gea-Banacloche  [13]  has  recently  given  a  recipe  for  the  preparation  of  atomic 
superposed  state  in  the  middle  of  the  first  collapsed  region  for  ordinary  JCM.  To  obtain 
the  macroscopically  superposed  state  of  an  atom  one  has  to  stay  in  the  pure  state  i.e., 
Tr(Kr)  =  1  which  is  the  necessary  and  sufficient  condition  for  a  pure  state.  This  is 
because  unlike  the  state  vector,  the  density  operator  does  not  really  describe  an  individual 
system  but  rather  an  ensemble  of  identically  prepared  atoms. 

Keeping  in  view  of  Gea-Banacloche's  observations  we  study  how  the  decoherence 
affects  the  purity  of  the  atom.  This  is  displayed  in  figure  3.  Here  it  is  quite  clear  that 
although  the  atom  is  almost  permanently  collapsed  for  a  low  value  of  the  decoherence 
parameter  c,  the  purity  of  the  atom  oscillates  between  1  (pure  state)  and  0.5  (maximally 
mixed  ensemble).  From  figure  (3)  it  is  apparent  that  the  purity  does  not  get  affected  much 
although  the  collapse  occurs  in  the  inversion  very  rapidly.  In  the  first  half-collapse-time 
of  JCM,  the  purity  is  not  far  from  one;  also  it  depends  on  the  average  initial  photon 
number.  In  the  long  time  the  purity  gets  decayed  sequentially  after  many  Rabi  cycles.  The 
only  effect  which  can  be  observed  due  to  decoherence  is  that  the  profile  of  time  evolution 
of  purity  gets  smoothened  over  large  oscillations  due  to  the  suppression  of  dressed  state 
coherences.  Thus  we  can  conclude  that  the  superposed  state  of  the  atom  in  a  JCM  system 
in  the  middle  of  the  first  collapse  time  is  robust  even  under  the  influence  of  environmental 
pure  decoherence  on  the  atom-field  composite  system  as  long  as  the  rate  of  decoherence 
is  not  large. 

When  the  JCM  system  undergoes  decoherence,  two  distinct  interference  effects 
arise.  The  first  one  is  the  ordinary  interference  of  dressed  state  coherences  in  pure  JCM 
which  is  dynamical  in  nature  and  is  reversible,  thereby  giving  recurrence  of  collapse 
and  revival  of  the  population  and  a  transient  oscillation  in  the  coherence  properties 
of  atom  and  field  over  a  slowly  varying  profile.  The  second,  interference  effect  is 
due  to  the  decay  of  coherence  of  dressed  states  which  is  irreversible  in  character. 
The  mechanism  of  decoherence  as  introduced  here  affects  the  population  and  the 
coherence  in  different  ways.  From  eqs  (2.41),  (2.42)  and  eqs  (2.43),  (2.44)  it  is  clear 
that  the  decay  rate  in  population  and  coherence  of  an  individual  subsystem  depends 
on  the  time  scale  of  oscillation  in  the  free  evolution  of  the  dressed  state  of  the  JCM 
system.  In  the  free  evolution  of  population  there  is  a  fast  oscillation  of  collapse 
and  revival  but  in  the  coherence  terms  of  an  individual  subsystem  there  is  a  slower 
time  scale  of  oscillation  along  with  a  fast  oscillation.  Thus  in  the  decay  rate  of  coherence 
these  two  components  will  arise  unlike  the  case  of  population  where  only  one  kind 
of  decay  rate  will  appear  which  is  fast.  So  when  the  decoherence  mechanism  is 
introduced  in  JCM,  it  first  kills  the  fast  oscillation  in  population  and  coherence  properties 
of  the  atom  and  field.  This  gives  steady  redistributed  energy  values  of  atom  and  field 
and  a  smooth  profile  of  slow  evolution  of  coherence  terms.  Then  the  decoherence 
mechanism  acts  slowly  to  wash  out  the  coherence  of  individual  subsystems  and  takes  a 
few  Rabi  cycles  to  reach  to  their  vanishing  values  in  the  steady  state.  The  diminishing 
curve  of  atomic  purity  in  figure  3  can  be  easily  understood  in  terms  of  the  number  of  Rabi 
cycles  needed  for  the  complete  wash  out  of  atomic  coherence  for  a  fixed  value  of  the 
parameter  c. 
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interaction  of  atom  and  field  with  Kerr  nonlinearity  in  the  cavity.  The  Hamiltonian  is 
given  by 


H  =  hu    a  +  hqa'a   +  (huQ/2)crz  +  hg(a-  +  fl0+).  (3.1) 

Here  q  is  the  nonlinearity  parameter  for  the  Kerr  medium  and  the  two-level  atom  is 
interacting  with  the  field  via  a  ^-photon  mediated  process.  For  k=\  and  q  =  0  this 
model  reduces  to  the  ordinary  JCM  in  eq.  (2.40). 

With  the  help  of  §2(a)  the  various  parameters  can  be  identified  as  follows: 


bn  —  —wo/2  +  nu  +  qn(n  —  !),«„  =  t^o/2  +  nu)  +  qn(n  —  1), 
An  =  8-q(2nk  +  k2  -  k\     6  =  w0  -  ku, 

R    - 

"  ~  n 

2  /2  -  k/2]  ±  {(A,,/2)2  +  R2n}}/2 

and 

tan  9n  = 

_  g((n  +  k}\/n^2  _ 
(8/2+q(nk+k2/2-k/2)}  +  {g2(n+k)\/n\  +  [8/2  +  q(nk  +  k2/2  -  k/2}}2}2  ' 

(3.2) 

For  k  =  1,  this  Hamiltonian  is  studied  in  detail  in  the  context  of  micromaser  [14], 
population  trapping  [15]  and  it  shows  beating  [16]  in  population  inversion  instead  of 
conventional  collapse  and  revival  due  to  its  intensity  dependent  detuning  [17].  For  8  =  0 
and  q  —  g/2  it  shows  an  interesting  behaviour  [15]  in  this  model  due  to  the  fact  that  the 
Rabi  frequency  in  this  case  becomes  g(n/2  +  1  )1/2  instead  of  g(n  +  1)1/2  in  conventional 
JCM. 

Due  to  the  intensity  dependent  detuning,  here  tan  6n  is  not  equal  to  1  even  if  6  =  0.  So 
the  population  inversion  in  the  steady  state  in  this  case  can  be  evaluated  as 

oo 

(3.3) 

So  depending  on  the  nonlinearity  parameters  q  and  k,  atomic  inversion  can  be  saturated  to 
a  value  higher  than  0.5.  Thus  in  the  presence  of  nonlinearity,  the  transfer  of  energy  from 
atom  to  field  is  less  than  that  in  the  normal  JCM. 
The  Mandel  Q  parameter  which  is  defined  as 


Q  =  ^—^  (3-4) 

n 
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can  be  obtained  from  the  steady  state  values  of  n(oo)  and  n2(oo)  as 

oo 

n(oo)  =  ]P|C,j|2{(«  +  A:/2)  -  k/2cos226n},  (3.5) 

n=0 


^2(00)  =  ]£  |Cn  2{(n2  +  nfc  +  J^/2)  -  (n  +  k2  /2]  cos2  20M}.  (3.6) 

n=0 

So  even  if  q  =  0  and  5  =  0,  cos  29n  is  equal  to  zero  and  thus 

(3'7) 


If  q/g  =  0.5,  6  =  0  and  k  =  1,  in  this  case  also  cos  29n  =  0  and  the  value  of  <2(oo)  is  the 
same  as  above. 

Now  if  tan0w  <  1,  for  q  7^  0,  S  ^  0,  k  ^  1,  the  steady  state  Q-parameter  is  always  less 
than  0,  which  means  that  the  sub-Poissonian  nature  is  not  erased. 


4.  More  generalized  JC  models 

Here  we  present  a  more  generalized  JCM  which  not  only  accounts  for  the  various 
ordinary  JCM  of  atom-field  interactions  as  described  in  the  earlier  sections  but  also  the 
models  describing  a  class  of  spin-orbit  interactions. 
Here  we  write  the  total  Hamiltonian  of  the  spin-orbit  system  as 

nm  nm-l 

H=  Y^bn\nb}(nb\+an\na)(na\  +  ^Rnna}(n+lb\  +  R*n\n  +  lb}(na\, 

n=riQ  #=HQ 

(4.1) 

where  |0)(|fc})  represents  the  upper  (lower)  spin  state  and  n  is  the  label  for  the  angular 
momentum  states.  Unlike  the  ordinary  JCM  states  |n)  where  n  runs  from  0  to  oo,  for  the 
angular  momentum  states  n  runs  from  -/  to  +/  with  /  the  orbital  angular  momentum.  In 
this  case  «0  =  — /  and  nm  =  +/.  For  simplicity,  we  assume  one  quantum  of  energy  is 
transferred  at  a  time  from  spin  to  orbit  states  or  vice  versa.  Rn  is  the  coupling  constant 
depending  on  the  algebraic  property  of  the  operators,  ^l"1  |n)  (n  +  1 1,  Y^i1  \n  +  1)  (n\ 


Unlike  the  ordinary  JCM,  this  Hamiltonian  has  two  zero  point  energy  states  which  do 
not  couple  with  other  states.  These  states  are  \nQb}  and  \nma).  These  two  states  are 
diagonal  in  H  as 

H\nQb)=bno\n0b}, 

H\nma)  =anm\nma).  (4.2) 

For  all  other  states  with  n  ^  n0,nm,  H  can  be  diagonalized  as 

=^l^),  (4.3) 
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where 

±      bni+i  +QMl   ,  0 
**«!  -  -  2  -        '" 

and 

^-(A^/^  +  KI2;  (4.5) 

with  detuning 

An,   =  fln,  -&ni  +  i.  (4.6) 

The  eigenstates  j-0*)  are  given  by 


flni},  (4.7) 

with  0n,  obtained  from 

* 


A  /2+n  ' 

*-»/ti  /  -^  T  i  &m 

With  these  discussions  in  mind  one  can  generalize  the  above  Harniltonian  H  for 
multistate  spin  systems  instead  of  two  state  spin  system.  A  more  general  Harniltonian  in 
that  case  can  be  written  as 


n-k  nm-k 


(4.9) 

where  k  quantum  is  exchanged  between  the  spin-orbit  interacting  system  and  this 
Harniltonian  is  also  diagonalized  in  a  similar  way.  Here  we  will  not  dwell  on  further 
applications  of  this  Harniltonian  (4.9). 

5.  A  hydrogen  atom  in  presence  of  a  magnetic  field  undergoing  pure  decoherence  — 
effect  on  spin  dynamics 

Here  we  present  a  special  case  of  spin-orbit  interaction  discussed  in  the  previous  section  - 
a  model  of  hydrogen  atom  in  presence  of  a  constant  magnetic  field  [18,  19].  The 
Harniltonian  can  be  written  as 

H  =  H0+Hl,  (5.1) 

where 

HQ=p2/2m  +  V(r}  (5.2) 

is  the  usual  free  part  of  hydrogen  atom  with  V(r)  the  central  potential  and  p  and  m  are  the 
momentum  and  mass  of  the  electron.  The  interaction  term  HI  can  be  written  as 

H!  =  /3(LZ  +  az]  +  a  L.S 

=  J3LZ  +  [(a/2)Lz  +  0\trt  +  (a/2)(L_o+  +  I+<r_),  (5.3) 
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where  /3  is  the  strength  of  the  magnetic  field  applied  in  the  z-direction  and  (LZ,L+,L_) 
and  (<rz,  <7+,  er_)  are  the  usual  orbital  and  spin  angular  momentum  operators  respectively. 
a  is  the  spin-orbit  coupling  constant  which  depends  on  the  central  potential  V(r).  We 
solve  here  only  H\  for  a  fixed  value  of  /. 
From  the  previous  section  one  can  immediately  identify  that 

£„,  =  -/3  +  /3«,-cm,/4,  (5.4) 

and 

ani=p  +  pni  +  oaii/4.  (5.5) 

A,,,  is  defined  as 

An,  =  fln,  -  £„,  =/3  +  a(2n/  +  l)/4  .  (5.6) 

and 


where  /  is  the  orbital  angular  momentum  quantum  number,  and  9n,  is  given  by 


In  this  case  HQ  =  —  /  and  nm;  =  +  /. 

Using  the  above  results  one  can  obtain  exactly  the  energy  levels  of  any  state  of 
hydrogen  atom  in  presence  of  a  magnetic  field  by  avoiding  the  approximations  which  are 
commonly  made.  One  such  approximation  is  the  Zeeman  approximation,  where  the 
magnetic  field  is  assumed  to  be  so  weak  that  the  terms  with  magnetic  field  can  be  treated 
as  perturbation.  The  other  approximation"  is  the  Paschen-Back  limit  when  the  magnetic 
field  is  so  strong  that  the  spin-orbit  interaction  is  taken  as  perturbation. 

Now  we  consider  the  Hamiltonian  of  a  hydrogen  atom  in  a  magnetic  field  as  the  system 
Hamiltonian  and  assume  a  model  of  decoherence  as  in  §  2(a)  for  this  particular  system. 
We  discuss  the  dynamics  of  spin  in  presence  of  magnetic  field  and  investigate  the  effect 
of  pure  decoherence  on  the  spin  motion  of  hydrogen  atom  in  a  magnetic  field. 

Using  the  same  notations  as  used  in  §2(a),  the  Liouville  equation  (2.11)  for  this 
Hamiltonian  can  be  solved  to  obtain  the  spin  inversion  W(t]  as 


(5.9) 

this  expression  is  valid  for  any  /. 

We  take  the  orbital  angular  momentum  value  /=  1,  so  the  magnetic  quantum  number 
HI  can  assume  three  values  -1,0,+1.  The  initial  condition  of  the  spin-orbit  system  is 
taken  as 


K)  +  |n-i))(|fl)  +  |&».  (5-10) 
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Now  for  1=1,  the  initial  condition  can  be  rewritten  in  terms  of  the  dressed  state 
densities  as  follows: 

Pin,n,  =  (1  +  sin20n,)/6, 
ptnm,  =  (1  -sin20n/)/6, 

P2nin,  =  (cOS20n,)/6, 

P3n,n,  =  (cOS26»n;)/6.  (5.11) 

Finally  W(t)  can  be  expressed  as 


W(t}  = 


1/6  +  (1/12)  sin  40^  -  (1/6)  V  sin 40, 


-  (1/12)  sin40nm  exp(-cffw2mO  cos(Hnmt) 

+        (1/12)  sm40n;  exp(-cHjO  cos(JV),  (5-12) 


rt;=«o 

where  #„,  is  defined  as 

Hni=H+-H~.  (5.13) 

So  for  c  =  0,  that  is  when  there  is  no  decoherence,  W(t)  has  an  oscillatory  pattern 
composed  of  interference  of  cos(Hn,t)  terms  and  may  show  a  collapse  and  revival  type 
behavior  as  in  atom-field  JCM  case.  But  when  decoherence  is  present,  i.e.,  c  ^  0,  the  spin 
inversion  relaxes  with  time.  At  the  steady  state  the  value  of  W(oo)  depends  on  the 
strength  of  the  magnetic  field  and  spin-orbit  coupling  strength  which  is  apparent  from 
eq.  (5.12). 


6.  Summary  and  conclusion 

We  have  investigated  the  effect  of  environment  induced  pure  decoherence  on  the 
generalized  Jaynes-Cummings  model  in  the  atom-field  interaction  case.  It  is  shown  that 
at  the  steady  state,  transient  oscillations  in  atom  and  field  observables  are  suppressed  but 
all  the  nonclassical  properties  are  not  erased  by  the  decoherence.  For  example,  it  is  seen 
that  an  initial  Poissonian  field  acquires  a  nonclassical  character  in  the  steady  state.  Steady 
state  observables  are  shown  to  be  model  dependent.  This  is  shown  with  an  example  of  a 
multiphoton  JCM  in  presence  of  a  Kerr  nonlinearity  in  the  cavity. 

It  is  also  shown  that  pure  decoherence  affects  the  population  and  coherence  properties 
of  the  individual  subsystem  in  a  different  way.  For  ordinary  JCM  we  have  shown  that  for 
a  small  value  of  the  parameter  c,  atomic  population  inversion  collapses  very  fast  but  the 
purity  and  other  phase  related  quantities  of  atom  take  a  few  Rabi  cycles  to  reach  their 
steady  state.  Thus  the  atomic  superposition  in  the  middle  of  the  first-half-collapse  time  is 
robust  even  under  the  influence  of  environment  induced  pure  decoherence. 

We  have  studied  the  effect  of  decoherence  on  more  generalized  JC  models  which  not 
only  account  for  the  atom-field  interactions  but  also  a  class  of  spin-orbit  interactions  in 

Pramana  -  J.  Phys.,  Vol.  49,  No.  4,  October  1997  415 


Gautam  Gangopadhyay  and  S  H  Lin 

the  framework  of  JCM.  As  a  particular  example,  the  dynamics  of  spin  is  studied  for  the 
hydrogen  atom  in  presence  of  a  magnetic  field  undergoing  decoherence.  A  more 
generalized  JCM  Hamiltonian  and  its  solution  are  also  proposed  which  can  account  for 
multiple  spin  states. 

It  is  interesting  to  note  that  the  pure  decoherence  can  not  erase  all  nonclassical  features 
of  atom  and  field  unlike  the  case  of  spontaneous  emission,  where  along  with  the 
decoherence,  an  energy  dissipation  guarantees  the  steady  state  with  no  nonclassical 
behaviour  in  either  subsystem. 

Nevertheless,  the  structure  of  the  Liouville  equation  (2.11)  has  some  general 
importance  because  various  mechanisms  of  stochastic  interactions  with  the  system  in 
the  Born-Markov  limit  lead  to  this  kind  of  equation.  We  hope  that  the  generalized  JCM 
undergoing  decoherence  may  be  worthwhile  to  investigate  whenever  a  stochastic 
modulation  of  energy  of  the  system  is  present. 
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Abstract.  We  prove  the  theorem:  A  necessary  and  sufficient  condition  for  a  spacetime  to 
represent  an  isothermal  fluid  sphere  (linear  equation  of  state  with  density  falling  off  as  inverse 
square  of  the  curvature  radius)  without  boundary  is  that  it  is  conformal  to  a  spacetime  of  zero 
gravitational  mass  ('minimally'  curved). 
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Except  for  Brinkman's  theorem  [1]  conformally  relating  two  Einstein  spaces,  only 
spacetimes  conformal  to  flat  spacetime  have  been  considered.  The  well-known  examples 
of  such  spacetimes,  that  are  also  of  great  astrophysical  and  cosmological  interest,  are 
the  Friedman-Robertson-Walker  (FRW)  flat  model  of  the  Universe  and  the  Schwarzs- 
child  solution  describing  interior  of  a  star  in  hydrostatic  equilibrium.  These  space- 
times  have  distinguishing  physical  properties,  like  isotropy  and  homogeneity  for 
the  former  and  uniform  density  for  the  latter.  In  this  note  we  shall  establish  a 
unique  association  between  isothermality  of  fluid  sphere  with  conformal  mapping  of 
spacetime.  Such  a  clear  characterization  of  physical  behaviour  with  geometric  property  is 
rather  very  rare. 

Here  the  base  spacetime  is  of  course  not  flat  but  can  be  thought  as  'minimally'  curved 
[2].  It  is  a  spherically  symmetric  spacetime  from  which  radial  acceleration  as  well  as  tidal 
acceleration  for  radial  motion  have  been  anulled  out  but  curvature  is  not  zero,  which 
manifests  only  in  tidal  acceleration  for  transverse  motion.  Though  it  is  not  a  solution  of 
the  Einstein  vacuum  equation,  it  presents  an  interesting  physical  situation  with  the 
property,  Rikuluk  =  0,  M'MJ  =  1.  This  means  spacetime  is  free  of  active  gravitational  mass. 
Further  it  has  all  but  one  curvature  zero,  which  is  also  an  invariant  for  spherical 
symmetry,  and  it  is  at  any  given  radius  proportional  to  curvature  of  sphere  of  that  radius 
[3].  This  is  why  we  have  termed  it  as  'minimally'  curved  spacetime  (MCS)  [2,4].  We 
have  very  recently  considered  metric  in  the  Kerr-Schild  (KS)  form  with  a  view  to  find 
perfect  fluid  solutions  [5].  It  is  however  well-known  that  perfect  fluid  is  not  compatible 
with  the  KS  form  and  hence  Senovilla  and  Sopuerta  [6],  and  Martin  and  Senovilla  [7] 
have  generalized  it  by  replacing  flat  metric  by  conformally  flat.  This  would  mean  that 
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metric  m  Ra  lorm  is  given  oy 

,  (1) 


where  H  is  a  scalar  field  and  /,•  is  a  null  vector  relative  to  both  gy  and  77,-,-.  For  spherically 
symmetric  vacuum  solution;  i.e.  the  Schwarzschild  solution,  H  satisfies  the  Laplace 
equation  V2H  =  0.  It  is  rather  interesting  to  note  that  spacetime  is  not  flat  unless  H  =  0; 
i.e.  H  =  const.  ^  0,  represents  a  curved  spacetime  and  this  is  the  MCS  discussed  above. 
Let  us  consider  a  metric  conformal  to  MCS  by  taking  H  constant.  Recall  that  for 
perfect  fluid  seed  metric  has  to  be  different  from  vacuum.  So  we  take  H  constant  and  write 


8tS  =  *2t/(%  +2Hlilj),H  =  const.  (2) 

which  for  spherical  symmetry  can  be  brought  to  the  orthogonal  form  to  read  [5] 

d/  =  ew(-tf  +  k2dr2  +  r2d02  +  r2  sin2  fldy?2).  (3) 

Here  U  =  U(r,t)  and  k2  =  (1  +  2H)2/(1  -  2#)  and  the  base  metric  is  MCS. 

First,  the  perfect  fluid  conditions  in  the  comoving  coordinates  («,-  =  eu8f}  imply 
U  =  t/(r),  and  they  yield  the  general  solution  for  unbounded  distribution  [5], 

eu  =  r~n  (4) 

with 

n«-2  n-2  . 


where  k2  =  1  +  2n(n  —  2)  and  removable  constants  have  been  transformed  away.  This  is 
the  general  solution  which  represents  isothermal  fluid  as  it  admits  a  linear  equation  of 
state  and  density  falls  off  as  inverse  square  of  the  curvature  radius,  R  —  r1"".  It  is 
important  to  note  that  the  metric  (3)  admits  this  unique  solution  (4)  representing 
isothermal  fluid  sphere  without  boundary  [5]. 

Thus  the  metric  ansatz  (3)  with  the  unique  solution  (4)  is  the  sufficient  condition  for 
isothermal  fluid  sphere  without  boundary.  We  shall  now  turn  to  the  necessary  condition. 
For  that  we  have  to  prove  that  all  unbounded  isothermal  fluid  sphere  solutions  can  always 
be  cast  in  the  metric  ansatz  (3).  Let  us  consider  the  general  spherically  symmetric  metric 

d52  -  -e^t2  +  eW  +  r2(d02  +  sin2  &V2),  (6) 


where  A  and  v  are  functions  of  r  only.  With  this  we  have  for  perfect  fluid  in  comoving 
coordinates  («/  =  e"/2^), 

i[l+e-A(rA'-l)],  (7) 

I[-l+*-V'  +  l)],  (8) 

2,,"  +  ^  -  AV  -  1  (v<  +  A')  +  1  (ex  -  1)  =  0,  (9) 
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where  A'  =  dX/dr.  Then  we  obtain  the  general  solution  for  a  regular  ex  at  r  =  0  [8], 
ex  =  const.  =  fcj,      e"  =  r~2m.  (10) 

This  belongs  to  the  Tolman  class  of  solutions  [9].  Thus  we  have  obtained  the  general 
solution  for  unbounded  isothermal  fluid  sphere  and  the  metric  (6)  will  read 

ds2  =  r-2m(-dt2  +  k2r2mdr2  +  ^l+m\de2  +  sin2  9d<p2}}.  (11) 

By  redefining  the  radial  coordinate  as  r  —  r1+m,  the  above  metric  on  dropping  overhead 
bar  takes  the  form 

dj2  =  r-2m/(]+m}  [-dt2  +  k2dr2  +  r2(dd2  +  sin2  6d(p2)}  (12) 

which  is  exactly  in  the  required  ansatz  form  (3). 

We  have  thus  proved  the  theorem:  A  necessary  and  sufficient  condition  for  an 
isothermal  fluid  sphere  without  boundary  is  that  its  spacetime  metric  is  conformal  to  the 
minimally  curved  spacetime,  characterized  by  vanishing  of  gravitational  mass 
(Rikuluk  =  0), 

ds2  =  dt2  +  k2dr2  +  r2  (d62  +  sin2  6dy2) ,  k  =  const..  (13) 

It  is  quite  remarkable  that  there  exists  a  one-to-one  association  between  isothermality 
of  fluid  sphere  and  conformally  MCS.  Isothermality  of  fluid  sphere  picks  up  uniquely 
the  geometric  property,  conformally  MCS.  This  is  really  very  interesting  because  it  is  a 
rare  case  of  a  specific  physical  property  singling  out  a  geometric  property.  Like  the 
isothermal  case,  stresses  generated  by  k  in  MCS  also  fall  off  as  TQ  =  T\  ~  r~2.  These 
stresses  have  been  identified  with  gravitational  global  monopole  [10].  Global  monopole  is 
an  exotic  object  which  is  supposed  to  be  created  when  global  O(3)  symmetry  is 
spontaneously  broken  into  £7(1)  in  phase  transitions  in  the  very  early  Universe.  The 
simplest  way  to  get  to  MCS  is  that  it  is  a  spacetime  corresponding  to  a  constant  potential 
[4].  Recall  that  H  in  (1)  satisfies  the  Laplace  equation  and  it  corresponds  to  the 
Newtonian  potential.  However  we  confess  that  its  interpretation  as  potential  may  not  be 
generally  agreed  upon. 

Viewing  MCS  as  a  small  departure  (as  it  differs  from  flat  spacetime  only  in  tidal 
acceleration  for  transverse  motion)  from  flat  spacetime,  it  is  interesting  to  note  that  for 
its  conformal  spacetime  it  does  not  permit  non-static  perfect  fluid  solution.  It  admits 
the  general  solution  having  three  free  parameters,  which  can  represent  bounded  fluid 
spheres  as  well  as  unbounded  isothermal  fluid  spheres  [5].  In  contrast  to  conformally  flat 
metric,  conformally  MCS  is  highly  constrained.  Even  though  MCS  may  be  a  small 
deviation  from  flat  spacetime,  their  conformal  spacetimes  have  very  different  physical 
properties. 

Isothermal  fluid  structures  have  been  considered  in  astrophysics  for  a  long  time  as  an 
equilibrium  approximation  to  more  complicated  systems  approaching  dynamical  relaxed 
state.  Recently  the  spacetime  (11)  has  been  argued  as  an  ultimate  end  state  of  the 
Einstein-deSitter  universe  [8].  It  is  envisioned  that  the  Einstein-deSitter  model 
asymptotically  tends  to  an  expansion  free  state,  and  then  it  condenses  into  a  stable 
isothermal  fluid  sphere. 
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Abstract.  A  detailed  numerical  analysis  of  the  boundary  value  problem  resulting  from  the 
most  general  Skyrme  type  lagrangian  containing  up  to  quartic  terms  in  field  gradients  is  presented. 
The  additional  parameters  in  the  lagrangian  can  be  related  to  pion-pion  scattering  lengths.  It  is 
found  that  solutions  to  the  boundary  value  problem  does  not  exist  for  all  values  of  the  parameters 
and  in  particular,  for  the  values  predicted  from  pion-pion  scattering  data.  Physical  quantities  of  the 
nucleon  are  calculated  for  the  highest  possible  values  of  the  parameters  admitting  a  solution  and  are 
compared  with  the  corresponding  values  for  the  Skyrme  model  and  experimental  values. 

Keywords.    Skyrmion;  Skyrme  lagrangian;  chiral  symmetry;  heavier  mesons. 
PACS  No.     12.35 

1.  Introduction 

The  Skyrme  model  [1,2]  has  emerged  as  an  attractive  model  of  baryons.  In  this 
model,  baryons  are  solitonic  solutions  of  non-linear  pion  fields.  Since  the  original  work 
of  Skyrme  and  the  work  of  Adkins  et  al  [3]  who  calculated  the  physical  quantities  of 
the  nucleon  from  the  model,  various  generalizations  have  been  attempted.  On  the 
one  hand  there  are  theories  involving  mesons  heavier  than  the  pion  [4-8],  on  the 
other,  terms  higher  order  in  field  gradients  have  been  included  [9, 10].  The  intimate 
connection  between  the  higher  order  terms  and  heavier  mesons  has  also  been  discussed 
[11,12].  Weinberg  [13]  has  written  down  the  most  general  Skyrme  type  lagrangian 
involving  quartic  terms  in  the  field  gradients.  In  this  paper  we  report  results  of  a 
systematic  investigation  of  the  boundary  value  problem  arising  out  of  the  Weinberg 
lagrangian.  We  also  throw  light  on  the  inter-relationship  of  various  Skyrme  type 
lagrangians.  Comparison  of  various  calculated  physical  quantities  with  experimental 
results  show  that  though  there  is  not  much  change  in  the  fitted  value  of  the  parameter  Fw 
(the  pion  decay  constant),  there  is  some  improvement  over  the  Skyrme  value  in  the  case 
of  other  physical  quantities. 

In  §  2  the  inter-relationship  of  various  Skyrme  lagrangians  is  discussed.  The  boundary 
value  problem  is  set  up  in  §  3  and  the  solution  of  the  boundary  value  problem  is  discussed 
in  §  4.  This  is  followed  by  §  5  which  contains  the  calculated  values  of  the  physical 
quantities  of  the  nucleon  and  their  comparisons  with  the  Skyrme  and  experimental  values. 
§  6  contains  the  concluding  remarks. 
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2.  Generalized  Skyrme  lagrangians 

The  Skyrme  lagrangian  density  is  given  by 

^+TrtL^L,]2.,  (1) 


where  L^  =  w+c^u,  u  being  a  517(2)  matrix  whose  elements  are  meson  fields  and  F^  is 
the  pion  decay  constant.  Donoghue,  Golowich  and  Holstein  [14]  (DGH)  modified  this  by 
adding  an  additional  term  quartic  in  fields  gradients; 

£DGH=£sk+^[Tr(a/iZ/i)]2.  (2) 

The  parameter  7  can  be  related  to  pion-pion  scattering  data. 

Weinberg  [13]  has  proposed  that  the  most  general  Skyrme  type  lagrangian  density 
involving  up  to  quartic  terms  in  the  field  gradients,  under  very  general  restrictions  of 
locality,  Lorentz  invariance,  chiral  symmetry  and  CPT  theorem  is  given  by 

L,,£.  (3) 


Other  combinations  of  L^LV  up  to  quartic  terms  in  field  gradients  can  be  reduced  to  the 
form  (3)  by  using  the  Maurer-Cartan  identity 

^-W/1  +  [L/iJII/]_=0.  (4) 

With  /3  =  0  and  7  =  0,  £  reduces  to  the  Skyrme  lagrangian  density  and  one  obtains  £DGH 
from  £  by  putting  (3  =  0  and  7  ^  0. 

The  first  term  in  (1)  constitute  the  non-linear  sigma  model  lagrangian.  The  other  terms 
in  (3)  are  quartic-derivative  corrections  to  the  model.  An  important  observation  by  Gasser 
and  Leutwyler  [15]  is  that  in  the  chiral  limit,  there  exist  only  two  independent  quartic- 
derivative  correction  terms  to  the  non-linear  sigma  model  lagrangian  viz.  [Tr(<9Mw<9M«+)]2 
and  [Tr^wd"^)]2. 

It  is  therefore  necessary  to  analyse  lagrangians  (1),  (2)  and  (3)  in  the  light  of  this 
observation.  £  in  (3)  can  be  expressed  in  terms  of  u  and  u+  using  the  identity 
=  -dw+w.  Thus 


(5) 

(6) 
and 

(7) 


since  in  the  chiral  limit  d^u  =  0.  The  last  steps  in  (5)  and  (6)  are  the  consequences  of 
SU(2)  trace  identities  [16].  Using  (5),  (6)  and  (7),  £  in  eq.  (3)  can  be  written  as 
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(8) 


This  shows  that  indeed  there  are  only  two  independent  quartic  terms  in  L. 


3.  The  boundary  value  problem 

By  using  the  hedgehog  ansatz 

a  =  exp(/T-?F(r)),  (9) 

where  T  are  the  Pauli  spin  matrices  and  F(r)  is  the  chiral  angle.  One  can  obtain  "from  the 
lagrangian  (3),  the  following  differential  equation  satisfied  by  F(r): 

f         8  sin^  F  1  9  4<jin9F 

1  +  ^LL (i  _  27)  -  12(0  +  27)F'2 \F"  +  i  F1  +  ^EfL 
L  r  \          r  rz 

,   ,      1      sin2F_      f 


(10) 


where  r  is  the  dimensions  variable  r  =  eF^r.  Equation  (10)  has  to  be  solved  subject  to  the 
boundary  conditions 

F(r}=TT    atr  =  0    and  F(r)  =  0    asr-^oo.  (11) 

The  static  mass  M  of  the  soliton  can  be  obtained  in  terms  of  F(r)  and  its  derivatives: 

2fir/2      2sin2F        .          .  sin2  F  Tsin2  F 


The  solitonic  solutions  obtained  from  (9),  (10)  and  (11)  are  not  eigenstates  of  spin  and 
iso-spin.  To  obtain  solutions  with  definite  spin  and  iso-spin  one  makes  the  transformation 
u(t)  =  A(t)uQA~l  (t)  where  u0  is  the  static  solution  and  A(t)  is  an  arbitrary,  time 
dependent  SU(2)  matrix.  With  this  transformation,  the  lagrangian  (3)  gets  transformed  to 

L  =   /  £d3*  =-M  + 
where  A  is  given  by 


(14) 
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The  corresponding  energy  eigenvalues  are  obtained  by  projection  to  the  proper  spin  and 
iso-spin  eigenstates  and  are  given  by 

i>  (15a) 

li  (15b) 

where  mn  and  m^  are  nucleon  and  delta  isobar  masses  respectively. 

4.  Solutions  of  the  boundary  value  problem 

Before  embarking  on  the  numerical  solution  of  the  boundary  value  problem  (BVP) 
defined  by  equations  (10)  and  (11)  it  is  useful  to  analyse  the  nature  of  the  solutions 
analytically  in  the  limits  r  =  0  and  r  — >  oo.  In  the  vicinity  of  r  =  0,  F(r)  can  be  expanded 
in  a  power  series  of  the  form 

Substituting  in  eq.  (10)  one  obtains 

Cr"~2[(n  -  l)(n  +  2)]  +  C3r3"-4[-12(0  +  27)n4  +  4(0  +  27)n3 

+  16(1  -  27)rc2  -  8(1  -  27)n  +  8(0  -f  47  -  1)]  +  •  •  •  =  0.  (17) 

For  n  =  I  both  the  first  and  second  terms  in  the  l.h.s  vanish  identically.  This  implies  that  a 

power  series  solution  for  F(r)  in  the  form  F(r)  =  TT  +  Cr  -\ is  possible  near  r  =  0  f or 

all  values  of  0  and  7. 

To  study  the  solutions  at  r  — >  oo,  eq.  (10)  is  first  transformed  by  the  substitution 
£  =  1/r  and  the  resulting  equation  studied  at  £  =  0.  One  obtains  the  following  equation: 


[1  +  8  sin2  K-?(\-  27)  -  12(0  + 

+  2[8  sin2  K  •  £2(1  -  27)  -  12(0  +  2j}?. 


=:05  (18) 

where  K(£)  =  F(l/^). 
As  before,  we  try  a  power  series  solution  of  (18)  of  the  form 

K(3  =  C'e  +  -...  (19) 

Substituting  (19)  in  (18)  and  equating  the  coefficient  of  £",  the  lowest  power  of  f  to  zero 
one  obtains 

C;[n(n-l)-2]=0.  '  (20) 

Equation  (20)  cannot  be  satisfied  for  n  =  0  and  n  =  1  (n  =  0  also  does  not  satisfy  the 
boundary  condition),  but  can  be  satisfied  for  n  =  2.  This  shows  that  eq.  (10)  admits  of  a 
power  series  solution  of  the  form  F(r)  =  C'/r2  -\  ----  at  r  -^  oo  irrespective  of  the  values 
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of  (3  and  7.  Thus  the  asymptotic  behaviour  of  F(r]  is  identical  with  those  for  the  Skyrme 
problem. 

The  boundary  value  problem  was  solved  numerically  by  the  shooting  procedure  for  the 
following  cases:  (a)  (3  =  0,  7  ^  0;  (b)  j3  ^  0,  7  =  0.  It  was  found  that  solutions  to  the 
BVP  exist  only  for  values  of  the  parameters  ft  and  7  lying  in  a  range.  The  stepsize  for 
numerical  integration  was  taken  to  be  0.1.  Since  the  interval  of  integration  extends  from  0 
to  oo,  a  cut  off  rmax  for  the  upper  limit  has  to  be  introduced.  We  have  chosen 
^max  =  150.1.  This  choice  of  rmax  is  reasonable  as  it  is  about  38  times  the  pion  Compton 
wavelength  and  r2F(r)  becomes  almost  constant  in  this  range  of  r  as  is  expected  from  the 
asymptotic  behaviour  of  F(r)  as  r  —  >  oo. 

(a)  Case  (3  —  0,  7  ^  0.  The  lagrangian  (3)  with  &  =  0  was  investigated  by  DGH  [14]  by 
treating  the  term  proportional  to  7  as  a  perturbation.  The  unperturbed  solution  of  (10) 
corresponding  to  J3  =  0,  7  =  0,  when  substituted  in  (12)  and  (14)  yields  [14] 


.>.  (22) 

By  partial  wave  analysis  of  the  T-matrix  for  TTTT  scattering,  the  parameters  Fw,  e  and  7  can 
be  expressed  in  terms  of  scattering  lengths  and  slopes  [14].  In  particular  7  is  given  by 

(23) 


where  a]  is  the  scattering  length  corresponding  to  partial  wave  I  and  iso-spin  channel  I. 
Using  the  experimental  values  of  the  TTTT  scattering  parameters,  the  value  of  7  is  found 
[14]  to  be  0.16.  M  and  A  can  be  obtained  from  (21)  and  (22)  which,  when  substituted  in 
(15a)  and  (15b)  yields  the  values  of  nucleon  and  A-isobar  masses. 

Instead  of  the  perturbative  approach,  we  have  solved  the  full  boundary  value  problem 
(10)  and  (11)  for  various  values  of  7.  The  chiral  angle  F(r)  obtained  this  way,  when 
substituted  in  (12)  and  (14)  gives  M  and  A  for  each  value  of  7.  The  nucleon  and  A-isobar 
masses  can  then  be  obtained  in  an  analogous  manner.  It  was  found  that  the  solution  to  the 
boundary  value  problem  (10)  and  (11)  does  not  exist  for  7  >  0.11.  In  a  non-linear 
boundary  value  problem,  the  addition  of  even  a  small  non-linear  term  may  drastically 
affect  the  nature  of  the  solution  and  perturbative  methods  may  not  work. 

(b)  Case  (3  ^  0,7  =  0.  In  this  case  solutions  to  the  BVP  exist  only  for  /?  lying  in  the 
range  0  to  0.29.  As  in  the  previous  case,  the  parameter  0  was  expressed  in  terms  of  TTTT 
scattering  parameters  by  partial  wave  analysis  of  the  r-matrix.  We  obtain 

(24) 


Using  the  experimental  values  of  the  scattering  lengths  quoted  in  ref.  [14],  one  obtains 
(3  =  0.44.  However,  the  solution  to  the  BVP  for  this  value  of  jS  does  not  exist. 

One  might  suspect  that  the  instabilities  encountered  in  the  solution  of  the  BVP  for 
7  >  0.11(/3  =  0)  and  j3  >  0.29(7  =  0)  are  due  to  the  behaviour  of  the  static  mass  under 
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Derrick's  scaling.  From  eq.  (12)  the  static  mass  is  given  by 

M  =  MI  +  (1 
where 


A/2  =  4?r  • 


e  J  JQ 


dr, 


and 

,,r      A      fF«\    f°°l~2\^2     2sin2Fl 
Afi=47r-    —     /     7r2  F/2+      .,       dr. 
\eJJo     4      [  r2 

Under  scaling  r  — >  Ar,  eq.  (25)  transforms  to 


[(1 


(25) 

(26) 
(27) 

(28) 
(29) 


When  there  is  no  quartic  term  in  the  lagrangian  (non-linear  sigma  model),  the  term  in 
square  brackets  in  (29)  is  zero  and  M  =  XM2.  This  does  not  have  a  minimum  with  respect 
to  A,  indicating  that  there  is  no  stable  soliton.  With  Skyrme  lagrangian  /3  =  7  =  0, 
MA  =  AA/2  +  M4  •  (I/A)  which  has  a  minimum  for  A  =  ^/M^jMi.  Since  A/4  and  MI  are 
positive  definitive,  there  is  always  a  stable  soliton  solution  for  the  Skyrme  model.  With 
/?,  7  ^  0  the  term  in  square  brackets  in  (29)  may  again  vanish  for  some  values  of  the 
parameters.  When  this  happens  M\  =  AM2  and  again  there  is  no  stable  soliton.  To  check 
whether  the  instabilities  encountered  for  7  >  0.11(/3  =  0)  and  (3  >  0.29(7  =  0)  are  due 
to  this  effect,  we  have  studied  the  variation  of  the  term  in  square  brackets  in  (29)  as  7 
approaches  0.1 1  for  /3  =  0  and  as  j3  approaches  0.29  for  7  =  0.  The  term  accounts  for  half 


(a) 


3.0 


2-0 


1.0 


0.5   10 


(b) 


P=0.29 


1.0 


2-0 


3.0 


5.0 


Figure  1.     (a)  and  (b)  show  plots  of  P  =  1  +  (8  sin2  F/f2)  (1  -  27)  -  1 2(/3  +  27)F'2 
as  a  function  of  r  for  various  values  of  /3  and  7,  P  is  the  coefficient  of  F"  in  eq.  (10). 
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the  static  mass  and  does  not  approach  zero  as  the  upper  limits  of  the  parameters  are 
reached  indicating  that  the  instabilities  are  not  due  to  Derrick's  scaling  behaviour. 

The  origin  of  the  instabilities  can  be  understood  from  the  differential  equation  (10).  For 
some  values  of  the  parameters  (3  and  7,  the  coefficient  of  F"  in  (10)  may  become  zero  at 
some  point  r.  Then  the  differential  equation,  at  this  particular  point  becomes  first  order 
and  the  numerical  method  breaks  down.  A  study  of  the  coefficient  of  F"  in  (10)  as  a 
function  of  f3  and  7  supports  this  conjecture.  Figures  l(a)  and  l(b)  show  plots  of  the 
coefficient  P  =  1+  (8  sin2  F/r2  (1  -  27)  -  12(/3  +  2j)F'2  of  F"  as  a  function  of  r  for  (a) 
7  =  0.08  and  7  =  0.1 1  with  0  =  0  and  (b)  j3  =  0.25  and  j3  =  0.29  with  7  =  0.  In  both  the 
cases  P  is  positive  throughout  the  interval  and  has  pronounced  minima  for  the  limiting 
values  of  the  parameters  {3  and  7,  the  minimum  values  of  P  being  close  to  zero.  Away 
from  the  limiting  values  of  /?  and  7  [e.g.  for  (a)  7  =  0.08,  /3  =  0  and  (b)  7  =  0,  J3  =  0.25] 
the  minima  are  rather  flat  and  the  minimum  values  are  higher.  It  is  interesting  to  note  that 
the  coefficient  of  F"  is  never  zero  for  the  Skyrme  problem. 


5.  Physical  quantities  of  the  nucleon 

Various  physical  quantities  of  the  nucleon  can  be  expressed  in  terms  of  the  chiral  angle 
F(r)  and  the  parameters  F^,  e,  /3  and  7.  The  analytical  expressions  are  given  in  ref.  [3]  for 
the  Skyrme  model  (j3  =  0,7  =  0).  For  (3, 77^0,  the  expressions  for  iso-scalar  mean 
radius  (^2})£0,  the  iso-scalar  magnetic  mean  radius  (r2)^ /=0,  the  proton  and  neutron 
magnetic  moments  are  unchanged  except  that  the  expressions  for  M  and  A  occurring  in 
them  are  changed  as  given  in  (12)  and  (14).  The  axial  coupling  constant  gA  is  given  by 

gA  =  __!!_£)5  (30) 

where 


r  r2 

2sin2F   .        \"|  ,_.,. 

+'  sm2F  (31) 

-r  J\ 

and  the  pion  nucleon  coupling  constant  g^m  is  related  to  #A  by  the  relation 

gA- 

-K 

Table  1  summarizes  the  calculated  values  of  the  physical  quantities  of  the  nucleon  for 
j3  =  0,  7  =  0.11  and  /3  =  0.29,  7  =  0  (the  highest  values  for  which  solution  exists).  The 
corresponding  values  for  the  Skyrme  model  and  the  experimental  values  are  quoted  for 
comparison.  It  is  found  that  the  pion  decay  constant  decreases  a  little  from  the  Skyrme 
value  making  the  agreement  with  experiment  slightly  worse.  But  in  case  of  other  physical 
quantities  like  iso-scalar  mean  square  radius,  iso-scalar  magnetic  mean  square  radius, 
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lame  i.  v-aicmaieu  pnysicai  quanuues  01  me  nucieon  lor  ^aj  p  =  u.zy,7  =  u  aim 
(b)  0=  0,7  =  0.11.  The  values  of  the  parameter  e  in  eq.  (1)  are  found  to  be  4.87  and 
4.32  respectively  in  cases  (a)  and  (b). 


Our  calculation 

Quantity 

0  =  0.29,  7  =  0 

0  =  0,  7  =  0.11 

Skyrme  model 

Experiment 

Nucleon  mass  (»IN) 

Input 

Input 

Input 

939  Mev 

A-isobar  mass  (m&) 

Input 

Input 

Input 

1232  Mev 

Pion  decay  constant  (Fff) 

126.2  Mev 

126.6  Mev 

129  Mev 

186  Mev 

Iso-scalar,  mean  radius 

0.60  fm 

0.60  fm 

0.59  fm 

0.72  fm 

Iso-scalar  magnetic  mean 
radius 


0.86  fm 


0.87  fm 


0.92  fm 


0.81  fin 


Proton  magnetic  moment  (/Up) 

1.89 

1.89 

1.87 

2.79 

Neutron  magnetic  moment  (p^) 

-1.32 

-1.32 

-1.31 

-1.91 

|A«p/Mn| 

1.43 

1.43 

1.43 

1.46 

Axial  coupling  constant  (#A) 

0.69 

0.67 

0.61 

1.23 

Pion  nucleon  coupling 

10.20 

9.96 

8.9 

13.5 

constant  (^NN) 

proton  magnetic  moment,  axial  coupling  constant  and  pion  nucleon  coupling  constant 
,  the  agreement  with  experiment  improves  as  compared  to  the  Skyrme  value. 


6.  Conclusion 

We  have  given  a  detailed,  systematic  numerical  analysis  of  the  boundary  value  problem 
resulting  from  the  most  general  Skyrme  type  lagrangian  containing  quartic  terms  in  field 
gradients.  From  our  discussion  in  §2  it  is  clear  that  in  the  chiral  limit,  either  the 
lagrangian  with  J3  =  0,  7  ^  0  or  the  one  with  P  ^  0,  7  =  0  can  be  taken  as  a  suitable 
quartic  generalization  of  the  Skyrme  model.  In  both  the  cases,  solutions  to  the  BVP  do 
not  exist  for  values  of  the  parameters  /3  and  7  predicted  from  pion-pion  scattering  data.  In 
the  case  0  =  0,  Lacombe  el  al  [17]  have  pointed  out  that  the  term  proportional  to  7  in  the 
lagrangian  is  necessary  to  produce  the  right  nucleon-nucleon  potential  in  the  middle 
range.  With  0  ^  0,  7  =  0,  the  lagrangian  can  be  written  entirely  in  terms  of  commutators 
and  anti-commutators  of  the  current  LM,  a  feature  which  can  be  useful  in  the  sixth  order 
generalization  of  the  lagrangian. 
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Abstract.  The  theoretical  properties  of  a  composite  chiral-plasma  medium  are  developed.  By 
using  the  reaction  theorem  for  a  magnetized  chiroplasma,  we  obtain  the  proof  of  nonreciprocity 
based  upon  the  constitutive  relationships  between  electromagnetic  vectors  E,  B,  H,  D.  Using  the 
Maxwell's  equations  and  the  proposed  constitutive  relations  for  a  chiral-plasma  medium,  we 
derive  the  vectors  E  and  H  and  from  these  equations,  dispersion  relations  and  E-field  polariz- 
ations are  based.  The  obtained  results  for  waves  propagating  parallel  to  the  external  magnetic 
field  in  a  cold  magnetized  chiro-plasma  are  compared  with  typical  results  obtained  for  a  cold 
plasma.  For  circulary  polarized  waves,  a  new  mode  conversion  is  founded  with  the  chiral  effect. 
The  chiral  rotation  is  obtained  and  compared  with  the  Faraday  rotation.  For  waves  propagating 
across  the  magnetic  field,  we  found  a  shift  of  the  cut-offs  of  ordinary  and  extraordinary  waves.  On 
the  lower  branch  of  the  extraordinary  wave  mode  there  is  no  bands  of  forbidden  frequencies  and 
the  reflection  point  vanishes  when  the  chiral  parameter  increases. 

Keywords.    Chiral  waves;  modes;  polarization;  chiral-plasma  medium;  Faraday  rotation. 
PACSNo.    52-35 

1.  Introduction 

Chirality  is  a  geometrical  notion  which  refers  to  the  lack  of  symmetry  of  an  object.  The 
electromagnetic  chirality  is  also  known  as  optical  activity.  The  handedness  of  the 
uniformly  distributed  and  randomly  oriented  chiral  objects,  which  compose  the  chiral 
medium,  is  responsible  for  the  observed  optical  activity.  Optically  active  objects  are 
three-dimensional  and  chiral.  A  three-dimensional  object  is  chiral  if  it  is  not  superim- 
posable  in  its  mirror  image  by  translation  and  rotation. 

A  chiral  medium  when  interacting  with  an  electromagnetic  wave  can  rotate  the  plane 
of  polarization  of  the  wave  to  the  right  or  to  the  left  depending  on  the  handedness  of  the 
media.  This  fact  is  expected  to  play  an  important  role  in  the  potential  application  of 
chiral  media  in  the  microwave  and  optical  regimes. 

Chiral  media  [1,2]  and  ferrite  media  [3]  have  been  studied  over  the  last  decade  for 
many  applications.  Chiral  media  has  been  examined  as  a  coating  for  reducing  radar 
cross  section,  for  antennas  and  radomes,  in  waveguides  and  for  microstrip  substrates, 
guided-wave  structures  and  potential  application  as  reflection  or  antireflection,  thin 
coating  and  shielding.  The  principal  problem  in  working  with  a  chiral  medium  is  on  the 
control  of  the  degree  of  the  chirality. 
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A  chiral-plasma  medium  is  examined.  The  plasma  part  of  the  composite  medium  is 
non-reciprocal  due  to  an  external  magnetic  field.  To  find  the  general  dispersion  relation, 
vector  phasor  Helmholtz  based  equations  are  derived,  giving  the  CD  against  k  behavior.  The 
modal  eigenvalue  properties  in  the  chiral-plasma  medium,  which  is  doubly  anisotropic,  are 
determined.  We  compare  our  results  for  the  case  of  waves  that  propagate  parallel  to  the 
magnetic  field  in  a  cold  magnetized  chiro-plasma  with  the  typical  ones  obtained  for  a  cold 
plasma  [4].  For  some  values  of  the  chirality  parameter  a  new  mode  conversion  appears. 
Also  we  obtain  the  chiral-Faraday  rotation  which  can  be  compared  with  the  typical 
Faraday  rotation  for  a  pair  of  right  and  left-hand  circular  polarized  waves.  For  waves 
which  propagate  perpendicular  to  the  magnetic  field,  there  is  no  mode  conversion  but 
a  lower  band  of  forbidden  frequencies  disappears.  Besides  we  found  a  shift  of  the  cut-offs  of 
ordinary  and  extraordinary  waves  across  the  external  magnetic  field. 

2.  Theoretical  foundations 

We  propose  the  followings  constitutive  relations  for  chiral-plasma  media: 


(1) 


The  plasma  media  constitutive  relations  are  [4] 


where 


-ie- 
0 


£1 
0 


(2) 


(3) 


Here  «f,  t1>2  represents  the  permittivity  tensor  and  the  chirality  parameters  of  the 
composite  medium  respectively. 

The  lossless  character  of  the  magnetized  cold  plasma  medium  is  implied  by  the 
Hermitian  nature  of  the  tensor  (e**)7  =  ?p.  The  superscripts  *  and  T  denote  complex 
conjugate  and  transpose  respectively. 

In  the  search  for  new  media  which  display  nonreciprocal  properties,  it  is  essential  to 
establish  the  nature  of  the  chirality  parameter  ti  and  t2. 

The  anisotropic  reaction  theorem  [5]  is 


(4) 


Here,  the  sources  current  Jfl,  Jb  produce  fields  Ea,  Eb  respectively.  The  tilde  over  the 
fields  indicates  a  modified  medium.  Thus,  we  can  obtain  6x6  constitutive  tensors 


and 


-r 


(5) 
(6) 
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with  t  and  £'  being  the  optical  activity  3x3  tensors. 
Reciprocity  occurs  only  if 


Eb-Jfldu  = 
By  (4)  it  requires 


For  chiral  media  we  must  obtain 

c  —  V       f  —   f      T       f  *      T        .*   ,. 

fc — fc,    I  —  '•1^5    L     —  i-2*'    H- — /^J 

where  /  is  the  unity  tensor.  To  obtain  reciprocity  (8)  imposes 

That  is 

'i  =  -'2-  .  (11) 

In  the  case  of  plasma  media  equations  (2)  hold,  leading  to 

£A=?p,    f=f'=0,    /}  =  yU0,  (12) 

Then,  for  the  proposed  constitutive  relations,  eq.  (1),  we  have 

D  =  rp-E  +  r1H,  (13) 

B  =  /i0H  +  r2E.  (14) 

A  complete  study  that  characterize  electromagnetic  waves  in  general  bianisotropic 
media  was  developed  by  Kong  [6]  and  our  approach  is  a  particular  case. 

3.  Vector  Helmholtz  equations 

The  £-field  vector  Helmholtz  equations  is  derived  by  inserting  the  constitutive  relation, 
(13)  and  (14),  into  Maxwell's  equations 

(15) 

(16) 
so 

V  x  E  =  -  icoji0  H  -  icot2E,  (1 7) 

VxH  =  fa)£>-E  +  zco£1H.  (18) 

Solving  for  H,  (17)  gives 

TT  l    (    l  V7         „  "\ 

H  =  — (  -VxE-t2E)  (19) 

^Q\CD  J 

and  putting  this  into  (18)  we  obtain 

VxH  =  — -(VxVxE)-— VxE.  (20) 
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Then  the  E  field  vector  equation  becomes 

V  x  V  x  E  +  i(o(t2  -  ?i)  V  x  E  -  co 


,  =  0. 


(21) 


Here  the  plasma  current  is  included  in  the  permittivity  tensor  e*.  Similarly  the  H  field 
vector  equation  is 

V  x?-1V  x  H  +  icot£*~1V  x  H 


The  inverse  permittivity  tensor  is 


-^F-1    H  =  0. 


(22) 


0         0 


4.  Dispersion  relation 

The  dispersion  relation  for  the  propagation  vector  k  against  co  can  be  obtained  from 
E  or  H  vector  equations.  We  start  with  the  E  field  relation  which  is  simpler  than 
H  vector  equation. 
Setting  E  as  follows, 

E  =  E  ?~'k'r  (9Tl 

E.  —  n.0K          ,  ^ZJJ 


we  obtain 


Putting  E0  into  rectangular  coordinates 


(24) 


(25) 

we  obtain  three  component  systems  of  equations  which  determine  the  eigenvector.  The 
determinant  of  the  coefficient  component  matrix  Mk  will  determine  the  eigenvalues, 
thereby  yielding  the  co  against  k  dispersion  diagram  in  phase-space. 
Writing  det  Mk  =  0,  with  kx  =  0  and  with  symmetry  about  the  z-axis  we  obtain 

/62      cos  6(t2  — tj  sin#(t2  —  ti) 


fe 


I 


'rfi 


—  sinflcosfl 


sin"  e/  - 


n2e0 


=  0. 


Here  the  refractive  index  n  is  defined  as  n  =c/c/co,  c  =  1 
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(26) 


If  ^0  =  1,  e0  =  1,  ti  =  t2  =  0,  we  obtain  the  same  result  given  by  Krall  and  Trivelpiece 
for  a  magnetized  plasma  [4]. 

For  a  collisionless  chiroplasma,  using  (11)  we  have  t1  =  —  it^/Ji^,  t2  =it  ^/fj,0s0, 
the  nontrivial  solution  of  this  system  comes  from  setting  the  determinant  of  the 
coefficients  equal  to  zero  giving 

3,9,k).  (27) 


Equation  (27)  is  then  the  general  dispersion  relation  for  waves  propagating  in  a  cold 
collisionless  homogeneous  chiroplasma  in  a  uniform  magnetic  field.  For  a  given 
plasma  frequency  cop,  cyclotron  frequency  coc,  wave  frequency  co  and  the  direction  of 
propagation  9,  equation  (24)  can  be  solved  for  the  index  of  refraction  n  having  as 
parameter  the  chirality  t.  From  here,  for  the  permittivities  we  will  use  relative  values.  In 
terms  of  k,  the  dispersion  relation  is 

flj/c4  +  a2k3  +  a3k2  +  a4k  +  a5=0,  (28) 

where 

F         /       t2\  (       t2\  1 

«!=  -     0)2£l     1  --      -C02£3      1  --     (Sin20-  1)  L 


t2\      /    t2\  r      /    t2\ 

-  fl)2e3    1--   (2-sin20)+   0)%    1 

£i/        V     £s/  L       V     £i/. 


a3  =  u2^    1  -- 
£ 


;-2irco)cos#, 

.^ro>v-a>v(i--Y 

£JL       2  A      £i/ 

Here,  there  are  four  different  eigenmodes  for  k  implied  by  (28) 


where  cop  is  the  plasma  frequency  and  coc  is  the  gyrofrequency  given  by 

,2 


(0    = 


me 
eBQ 


m0c 


(29) 

(3Q) 


,  (32) 


(33) 
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Setting  6  =  0,  it  is  posible  from  eq.  (21)  different  wave  modes,  writing  the  E-field  vector 
equation  in  the  form 


£*     1- 


(34) 


From  these  equations,  the  last  one  gives  a  longitudinal  mode.  When  e3  =  t2,  we  obtain 
the  longitudinal  electron  plasma  oscillations  modified  by  the  chiral  parameter  t.  Since 
there  is  no  wave  propagation  along  the  magnetic  field,  these  chiroplasma  oscillations 
do  not  constitute  a  propagation  mode.  For  the  other  modes  we  have 


2tn  „.. 

(35) 


and 

(36) 


It  is  useful  to  explore  these  solutions  in  terms  of  the  wave  numbers  k 

(37) 

(38) 

where  kR  is  the  wave  number  for  a  circularly  polarized  wave  which  drive  electrons  in  the 
direction  of  their  cyclotron  motion,  i.e.,  right-hand  circularly  polarized  waves  (RCP) 
and  /CL  is  the  wave  number  for  a  circularly  polarized  wave  which  drive  electrons  in  the 
direction  opposite  of  their  cyclotron  motion,  i.e.,  left-hand  circularly  polarized  waves 
(LCP).  The  t  parameter  modifies  the  typical  plot  of  co(/c)  shown  by  Krall  and 
Trivelpiece,  where  the  cutoff  frequencies  are  shifted.  Also  the  reflection  points  of  the 
RCP  and  LCP  are  shifted.  However  the  resonance  which  occurs  when  the  wave  phase 
velocity  goes  to  zero  is  not  modified  by  the  chiral  parameter.  In  figure  1  we  present  the 
modifications  introduced  by  the  parameter  t  in  the  dispersion  relations  of  the  right  and 
left  polarized  waves.  In  this  figure,  the  dispersion  relations  of  the  right  and  left  circularly 
polarized  waves  are  indicated  by  circles  and  stars,  respectively.  When  t  ^  0,  ^  and  s3 
depend  on  t  and  kR  and  /CL  have  a  linear  term,  tco/c,  as  can  be  seen  in  (37)  and  (38). 
In  this  way  instead  of  modifying  the  curves  that  exist  for  t  =  0,  the  parameter  t  permits 
the  wave  to  propagate  in  a  region  of  frequencies  that  is  forbidden  in  the  case  t  =  0.  The 
RCP  wave  mode,  in  the  lower  branch,  also  known  as  the  electron  cyclotron  wave  is 
weakly  modified  by  the  chiral  parameter,  but  the  upper  branch  is  strongly  shifted  when 
t  increases.  We  can  observe  in  figure  1  that  for  t  =  0,  there  is  no  intersection  of  the 
dispersion  relations  of  the  right  and  left  circularly  polarized  waves.  Here  the  frequency 
bands  for  which  there  is  no  wave  propagation  can  be  identified  in  the  plots.  When  t  ^  0 
we  can  observe  that  there  is  an  intersection  of  these  curves,  indicating  that  the  presence 

436  Pramana  -  J.  Phys.,  VoL  49,  No.  4,  October  1997 


0=0 


-20.0 


15.0       20.0 


Figure  1.  Dispersion  relations  for  various  values  of  the  parameter  t  when  the 
direction  of  propagation  is  parallel  to  the  magnetic  field  (0  =  0).  The  curves 
indicated  by  circles  and  stars  correspond  to  the  right  and  left  circularly  polarized 
waves,  respectively. 

of  the  t  parameter  permits  that  a  wave  changes  its  polarization.  In  figure  1,  for  t  =  0  we 
can  also  observe  that  there  is  a  region  where  only  right  circularly  polarized  waves 
propogate,  a  region  where  only  left  circularly  polarized  waves  propagate  and  a  region 
where  both  propagate.  If  their  amplitudes  are  equal,  the  effect  of  the  superposition  of 
a  left  and  right  circularly  polarized  wave  is  to  produce  a  plane  wave  with  a  particular 
plane  of  polarization.  Because  the  two  polarizations  propagate  at  different  velocities, 
the  plane  of  polarization  rotates  as  the  wave  propagates  along  the  magnetic  field.  This 
effect  is  called  Faraday-chiral  rotation  [7]. 

The  global  rotation  of  a  plane  of  polarization  as  a  function  of  distance  in  the 
direction  of  propagation  is  given  by 


x 

~  =  cot 


VT  /Vr 


(39) 


which  means,  the  presence  of  the  t  parameter  also  affects  the  Faraday  rotation.  This 
chiral-Faraday  rotation  can  be  used  as  a  plasma  probe.  In  laboratory  experiment  this 
would  be  done  by  launching  a  planewave  along  the  magnetic  field  in  a  chiroplasma. 
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Considering  that  the  plane  of  polarization  of  this  wave  can  be  determined  by  an 

antenna  and  that  we  know  the  magnetic  field,  the  density  of  the  plasma  and  the 

frequency  of  the  launched  wave,  the  measurement  of  the  plane  of  polarization  away 

from  the  source  can  determine  the  value  of  the  parameter  t.  For  instance,  considering 

the  plasma  frequency,  cop  =  5- 107  s~  *,  for  the  electron  gyrofrequency,  coc  =  2- 107  s~  \ 

and  for  the  launched  wave,  CD  =  6-5- 107  s~  *,  the  value  of  Ex/Ey,  1  cm  away  from  the 

source  is  EJEy  =  15-38,  £x/£y  =  ll-48  and  Ex/Ey  =  9-15  for  t  =  0,  r  =  0-05  and 

t  =  0- 1,  respectively.  The  chiral  rotations  are  3-72,  4-97  and  6-24  degrees  respectively. 

Another  important  effect  caused  by  the  presence  of  the  parameter  t  is  the  conversion  of 

modes  [8].  In  figure  1  for  t  =  0-5,  we  can  observe  that  there  is  a  region  where  both  RCP 

and  LCP  propagate,  for  k  =  1  -0  we  have  a  mode  conversion  from  RCP  to  LCP  wave. 

The  explicit  expression  for  the  frequency  around  which  intersection  takes  place  can  be 

obtained  from  (ej  )2  =  4t2(e1)  *,  where  the  quantitites  with  *  are  modified  forms  of  those 

of  a  collisionless  biased  plasma  [9],  that  is,  ef  =ei  —  t2,  e*  =  e3  —  t2  and  e*  =  £2-  This 

means  that  the  energy  of  the  electrons,  obtained  from  the  RCP  electromagnetic  wave  at 

the  electron  cyclotron  frequency  can  be  transferred  to  the  ions  and  this  mode 

conversion  can  be  used  as  a  means  of  heating  of  the  plasma.  Note  that  the  RCP  wave 

.  rotates  in  the  same  direction  as  the  electrons  about  the  magnetic  field  and  near  the 

resonance,  the  energy  is  transferred  from  the  wave  field  to  the  electrons  but  the  mode 

conversion  allows  the  absorption  of  energy  by  the  ions. 

In  connection  with  the  mode  conversion  and  crossover  frequencies  in  plasma,  we 
note  that  a  plasma  with  only  two  species  may  also  show  lack  of  symmetry,  change  of 
polarization  and  intermode  coupling  in  the  presence  of  the  coriolis  force.  A  detailed 
study  of  wave  propagation  in  a  rotating  cold  plasma  including  the  coriolis  force  has 
been  made  by  Uberoi  and  Das  [10,  11].  Our  results  correspond  to  the  very  high 
frequency  limit  where  the  rotation  and  dynamic  of  ions  are  not  taken  into  account.  As 
the  chiral  effect  is  important  at  microwave  and  optical  frequencies,  if  we  extend  the 
study  by  considering  the  Uberoi  and  Das  [10, 1 1]  approach,  we  can  find  that  the  result 
of  these  authors  on  the  polarization  reversal,  intermode  coupling  of  magnetic  and 
inertial  mode  in  a  rotating  magnetoplasma  are  not  modified  essentially. 

In  terms  of  the  index  of  refraction,  all  the  waves  supported  by  the  medium  can  be 
obtained  from  the  following  matrix  if  nx  and  ny  are  set  equal  to  zero: 


M  = 


—  2itn  —  IB* 


2itn  +  is?        n2  —  e? 


0 


0 


(40) 


whprf*  f     —  j*     /tip       t    —  it     /IIP      e*  —  £>          f-^e*  r.  f.2     e#  „        ..     —  IP     —  1 

WUC1C  LI  —        It^y  /^Ofc0,  62  ~~  IL  V  "Ofc0'  fc3   ~  S3  —  c   5  ei   —  gl  —  c    5  £2    —  £2'  /^O  —  •"•'  ^0  — 

The  quantities  with  *  are  modified  forms  of  those  of  a  collisionless  biased  plasma  [9]. 
Solving  det  Mn  =  0,  under  these  conditions,  it  is  possible  to  obtain 
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(41) 


Figure  2.    A  graph  of  the  g  =  £2  versus  n  representing  the  four  wavenumbers  along 
the  magnetostatic  field  of  a  .chiroplasma,  the  chiral  parameter  t  =  0-25. 


Therefore,  four  wavenumbers  are  found  which  are  dependent  on  the  permittivity  and 
chirality  parameters  of  the  composite  medium. 

The  subscripts  'p'  and  'a'  refer  to  the  parallel  and  antiparallel  directions  of  energy 
propagation,  that  is  the  direction  of  the  real  part  of  the  Poynting's  vector  with  respect 
to  the  static  magnetic  field,  while  the  plus  (R)  and  minus  (L)  subscripts  denote  right- 
circular  polarized  (RCP)  and  left-circular  polarized  (LCP)  propagating  waves.  For 
t  =  0-25,  figure  2  show  the  g  =  £2  dependence  of  the  four  solutions  of  the  index  of 
refraction  present  along  the  magnetostatic  field  of  a  chiroplasma.  It  is  possible  to 
compare  these  results  with  those  obtained  by  Engheta  et  al  [7],  in  which  the  descrip- 
tion of  the  Faraday  chiral  media  is  obtained  using  the  chirality  admittance.  Here 
similar  results  are  obtained  in  a  simpler  manner  [12]. 

The  helicity  and  polarization  state  corresponding  to  each  of  the  wave  numbers  can 
be  found  by  substituting  (39)  into  the  condition  that  the  electric  field  must  satisfy: 

M-E  =  0.  (42) 

We  note  that  n||p+  and  n||a+  are  of  positive  helicity  while  n|lp_  and  n||a_  are  of  negative 
helicity. 

Also  the  wave  impedances  of  the  positive  and  negative  helicities,  rj1  and  rj2, 
respectively,  are  found  to  be 


(43) 
(44) 


6.  Wave  propagation  across  the  magnetic  field 

By  making  9  =  90°  the  solution  to  det  M  =  0  yields  a  wave  with  elliptical  polarization  in 
the  plane  transverse  to  the  direction  of  propagation.  The  angle  9  is  defined  as  the 
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(45) 
and 

kM-±Jj±&,  (46) 

where 

2 
j,  &    r    2          2    i  J_f2/  \        Of^-T  (4-1} 

and 


-  15e2  +  Sfi2,  -  ISe^g  +  e|) 

(£l  +  £3)].  (48) 

It  should  be  pointed  out  that  the  electric  field  of  the  extraordinary  wave,  /clextr  is 
perpendicular  to  the  magnetic  field  and  the  electric  field  of  the  ordinary  wave,  /clord  is 
parallel  to  the  magnetic  field.  In  figure  3  we  present  the  effect  of  the  parameter  t  on  the 
dispersion  relations  for  the  case  Q  =  n/2.  In  this  figure  the  ordinary  and  extraordinary 
waves  are  indicated  by  circles  and  stars,  respectively.  When  t  =  0-05,  for  0  =  n/2,  the  effect 
of  the  parameter  is  very  small.  We  can  observe  that  the  dispersion  relations  are  a  little 
modified,  but  the  parameter  is  not  able  to  break  up  the  forbidden  regions  that  exist  when 
t  =  0.  When  t  =  0-5,  the  dispersion  relations  present  very  different  curves  with  respect  to 
the  curves  for  t  =  0.  The  difference  in  the  way  the  t  parameter  acts  in  the  parallel  and 
perpendicular  directions  is  due  to  the  kind  of  equations  we  have.  In  (37)  and  (38)  the 
t  parameter  appears  as  a  linear  term  and  in  (45)  and  (46)  the  t  parameter  appears  just  inside 
a  square  root  [6].  Also,  we  see  that  for  9  =  n/2  the  parameter  t  does  not  lead  to  the 
conversion  of  modes,  as  happens  when  0  =  0.  However,  at  t  =  0-5,  the  dispersion  relation 
for  the  ordinary  wave  mode  is  flat  and  the  reflection  point  is  shifted.  Now  the  ordinary  and 
extraordinary  wave  mode  do  not  have  the  same  value  of  CD  when  k  is  very  large.  The  more 
important  effect  is  on  the  lower  branch  of  the  extraordinary  wave  mode  because  there  is  no 
more  bands  of  forbidden  frequencies,  and  the  reflection  point  vanishes. 

To  see  the  effects  of  the  chirality  parameter  on  the  cut-off  frequencies,  we  can  reduce 
the  factors  A  and  B  in  terms  of  the  Stix's  parameters  P,  R,  and  L  [13],  as 


, 


(49) 


/2RL 

**    I   av*-      


*lextr.  ~"  ~ 


t       2'2  \ 
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Figure  3.  Dispersion  relations  for  various  values  of  the  parameter  t  when  the 
direction  of  propagation  is  perpendicular  to  the  magnetic  field  (6  =  rc/2).  The  curves 
indicated  by  circles  and  stars  correspond  to  the  ordinary  and  extraordinary  waves, 
respectively. 

As  t  goes  to  zero  we  obtain  the  typical  results  for  a  collisionless  magnetized  plasma.  It 
follows  from  the  equations  that  the  cold  plasma  cut-offs  P  =  0,  R  =  0  and  L  =  0  are 
shifted  for  a  chiroplasma  in  the  domain  (co^/co2,  cop/o>).  The  respective  localization  of 
the  lines  are  schematically  presented  in  figure  4,  the  vertical  dashed  lines  correspond  to 
P  =  0. 

7.  Conclusion 

We  have  examined  the  problem  of  high  frequency  waves  in  a  magnetized  chiral  plasma. 
In  the  case  of  waves  which  propagate  parallel  to  the  magnetic  field,  we  found  a  new 
mode  conversion  as  the  chiral  parameter  increases.  This  phenomenon  is  similar  to 
polarization  reversal  and  intermode  coupling  of  slow  and  fast  mode  of  propagation  at 
low-frequency  wave  in  a  rotating  magnetoplasma  studied  by  Uberoi  and  Das.  Here  we 
obtain  a  combined  effect  Faraday-chiral  rotation.  Also,  we  found  a  shift  in  the  cut-offs 
of  ordinary  and  extraordinary  waves  across  the  external  magnetic  field. 
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Figure  4.    The  lines  P  =  0,  R  =  0  and  L  =  0  in  the  plane  (coc2/co2,  cop/co)  correspond- 
ing to  the  cut-offs  in  a  cold  plasma  (t  =  0)  and  chiroplasma  for  some  values  of  t. 
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Abstract.  Viscosity  of  neutron  stars  has  been  a  continuing  area  of  research  for  many  years  now. 
Recently  interest  in  this  field  has  revived  because  of  the  possibility  of  URCA  processes  in  neutron 
stars.  In  this  paper  we  report  calculation  of  the  bulk  viscosity  of  neutron  stars  from  these  processes. 
For  this  purpose  we  have  used  the  /2-decay  rates  which  were  calculated  without  making  the  usual 
approximations  of  neglecting  the  neutrino  momentum  and  using  the  nuclear  mean  field  theory  for 
the  description  of  interacting  nuclear  matter.  Also  we  have  not  restricted  our  calculation  to  the 
linear  regime  which  corresponds  to  the  assumption  that  fluctuations  in  the  chemical  potential  away 
from  /3-equilibrium  remain  small:  An/kT  <C  1.  We  find  that  for  large  amplitude  fluctuations,  where 
the  linear  approximation  is  not  valid,  bulk  viscosity  increases  by  many  orders  of  magnitude.  Also, 
as  against  strange  matter  stars,  where  the  viscosity  first  increases  with  increasing  temperature  and 
then  starts  decreasing  beyond  O.lMeV,  we  find  that  the  viscosity  increases  uniformly  with 
temperature  at  least  up  to  2  MeV.  We  discuss  the  implications  of  these  results  for  the  stability  of 
neutron  stars. 

Keywords.    Bulk  viscosity;  radial  damping;  stability  of  neutron  stars. 
PACS  Nos    21.65;  95.30;  97.60 


1.  Introduction 

The  viscosity  of  neutron  star  matter  has  been  studied  for  more  than  a  decade  now  and  it 
still  remains  an  active  area  of  research  [1].  Viscosity  determines  the  damping  time  scales 
of  radial  vibrations  of  neutron  stars  [2]  which  may  have  been  excited  at  the  time  of  their 
formation  from  supernovae  explosions.  Viscosity  also  determines  the  criteria  for  the 
gravitational  wave  instabilities  in  rapidly  rotating  neutron  stars  and  thereby  the  maximum 
rates  of  their  rotation  [3]. 

Another  area  of  ongoing  research  is  that  of  strange  quark  matter.  Matter  composed  of 
comparable  number  of  w,  d  and  s  quarks  is  conjectured  to  be  the  stable  (or  meta-stable) 
state  of  matter  [4, 5];  if  so,  some  of  the  neutron  stars  may  turn  out  to  be  strange  stars 
(composed  of  strange  matter)  or  hybrid  stars  i.e.,  those  having  strange  matter  cores 
enveloped  by  ordinary  nuclear  matter. 

Observationally,  it  is  not  easy  to  distinguish  strange  matter,  hybrid  and  ordinary 
neutron  stars  since  in  the  observed  mass  region  of  around  1.4  times  the  solar  mass,  all  the 
three  have  similar  radii.  The  neutrino  cooling  rates,  considered  to  be  one  of  the  best 
candidates  for  this  purpose,  have  lost  much  of  their  discriminating  power  since  the  revival 
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of  ordinary  URCA  processes  in  nuclear  matter  has  narrowed  down  the  difference  in  the 
expected  neutrino  cooling  rates  from  the  two  types  of  matter  [6,7]. 

Many  studies  of  the  viscosities  of  the  two  types  of  matter  have  been  reported  in 
literature  [8-13].  Recently  there  has  been  a  revival  of  interest  in  this  problem  mainly 
because  of  the  possibility  of  the  direct  URCA  processes  in  nuclear  matter.  Consequently, 
the  values  of  quantities  determining  nuclear  transport  properties  are  bound  to  change 
considerably. 

The  bulk  viscosity  of  neutron  star  matter  from  direct  URCA  processes  viz, 

n-*p  +  e  +  ve  ,+  •> 

p  +  e  — >  n  +  ve 

have  been  calculated  by  Haensel  and  Schaeffer  [10].  The  source  of  bulk  viscosity  of 

neutron  star  matter  is  the  deviation  from  /3-equilibrium  and  the  ensuing  non-equilibrium 

reactions  implied  by  the  compressions  and  rarefactions  of  the  matter  in  the  pulsating 

neutron  star;  thus  they  are  driven  by  the  non-zero  value  of  A  —  //„  -  Up  -  ne,  away  from 

/3-equilibrium.  Haensel  and  Schaeffer  [10]  assumed  that  A/&71  <  1.  As  has  been  pointed 

out  by  Madesen  [12],  this  assumption  is  certainly  not  correct  at  low  temperatures.  It  is 

also  not  expected  to  be  valid  far  away  from  equilibrium.  In  the  context  of  the  viscosity  of 

strange  quark  matter  Madesen  [12]  and  Goyal  et  al  [13]  have  shown  that  relaxation  of  this 

condition  could  lead  to  very  significant  modifications  in  the  results.  Moreover,  Haensel 

and  Schaeffer  have  made  the  usual  simplifying  assumptions  [14]  regarding  the  rates  of 

various  /3-decay  processes  involved.  In  particular,  the  angular  integrals  involved  in  the 

calculation  of  the  matrix  element  are  evaluated  only  approximately  and  the  neutrino 

momentum  in  the  momentum-conserving  6-function  is  ignored.  These  assumptions 

though  necessary  to  obtain  the  results  in  a  simple  analytic  form  can,  however,  alter  the 

rates  significantly  [7, 15].  This  has  been  demonstrated  both  for  strange  [15]  as  well  as 

nuclear  matter  [7].  hi  view  of  the  importance  of  bulk  viscosity  in  the  damping  of  radial 

vibrations,  in  determining  the  maximum  rotation  rates  of  the  neutron  stars  and  as  means 

of  observationally  distinguishing  between  strange  and  neutron  stars,  we  feel  that  a  more 

accurate  calculation  of  this  quantity  without  these  simplifying  assumptions  is  in  order. 

In  this  paper  we  report  the  calculation  of  the  bulk  viscosity  of  neutron  stars  from  the 
URCA  processes  (1).  For  this  purpose  we  have  not  made  use  of  the  linear  approximation 
viz.,  A/I  <c  kT  which  is  valid  for  small  perturbations  only.  The  direct  URCA  processes  in 
dense  nuclear  matter  are  possible  only  if  the  proton  fraction  x  =  np/ns  is  greater  than  a 
critical  value  of  1/9.  Lattimer  et  al  [6]  have  shown  that  there  are  simple  models  of 
nuclear  matter  where  x  is  indeed  greater  than  this  critical  value.  Following  the  revival  of 
interest  in  the  URCA  processes  [6],  we  calculated  the  improved  rates  of  energy  loss  by 
neutrino  emission  from  neutron  stars  [7],  without  making  the  usual  approximation  of 
neglecting  the  neutrino  momentum.  We  have  followed  the  same  approach  for  calculation 
of  the  rates  of  various  /3-decay  processes  involved.  For  the  description  of  dense  nuclear 
matter,  we  have  used  Walecka's  mean  field  theory  [16-18]  (including  the  /7-meson 
contribution),  as  extended  to  include  strong  interactions  among  the  particle  species 
involved.  As  is  well-known  this  theory  gives  a  fairly  good  description  of  strong 
interactions  among  the  various  particles  and  can  be  easily  extended  to  include  higher 
resonances  as  well.  In  §  2  we  derive  the  expressions  for  bulk  viscosity;  in  §  3  we  present 
our  results  followed  by  a  brief  discussion. 
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In  this  section  we  derive  an  expression  for  the  bulk  viscosity  of  a  neutron  star  using  an 
approach  similar  to  that  of  Wang  and  Lu  [8],  Sawyer  [11]  and  Madesen  [12].  Let  there  be 
a  periodic  fluctuation  in  the  specific  volume  v  of  the  star  according  to  the  following 
relation 

v(t]  =  VQ  +  A*usin(27r?/T)  =  VQ  +  8v(t),  (2) 

where  VQ  is  the  equilibrium  volume  and  AT;  the  amplitude  of  the  perturbation.  The  mean 
dissipation  rate  of  energy  per  unit  mass  can  be  expressed  as 


P(t)(dv/dt)dt  (3) 

'° 
where  the  pressure  P(t)  can  be  expressed  near  its  equilibrium  value  PQ  as 

P(t]  =  PQ  +  (dP/dv}Q8v  +  (dP/dnp}Q8np  +  (dP/dne}Q8ne  +  (dPfdnn\6nn. 

(4) 

The  change  in  the  number  of  neutrons,  protons  and  electrons  per  unit  mass  is  given  by  the 
rate  of  reactions  (1) 

=  Sne  =  -8nn  =   I  (dnp/dt)dt.  (5) 

Jo 

The  reaction  rates  of  the  two  reactions  have  already  been  derived  in  ref.  [7]  wherein  the 
angular  integrals  involved  in  the  phase  space  integrals  have  been  evaluated  exactly.  The 
results  for  the  case  of  degenerate  matter  (^n,  /^,,  fj,e  »  T]  are 

„  G2COS20,       3     /-          (^-cO'  +  TT2 


Snp 


/>00J    (x  -  a)   +  7T    r/      „  ,  ,,, 

JQ     <*      i+gx-a      I(^Tx^p^e]  (6) 


and 


where  G  is  the  Fermi  constant,  6C  the  Cabibbo  angle,  and  a  —  6p./T.  In  these  equations  / 
and  /  are  complicated  expressions  given  by  (for  detials  of  steps  leading  to  these 
expressions  see  ref.  [7]) 


xI2(El,E2:E2:E4}-±I3(El,E2,Ei,E4),  (8) 

where 

k?±=EtEj±%p}+p}),  (9) 

In(EitEj,  Ek,E,)  =  (Pf~l  -pJTl 


t,  -PU)0(PU  ~Pij),  (10) 
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P,- =  (£,-,  Pi),     \Pi\=Pt- 
The  net  rate  for  the  production  of  protons  is  therefore 


where 


and 


A    -  ^  C°S     9c    T3 

A  ~      4*5 


dx 


-a     +  TT2 


_ 


(12) 
(13) 

(14) 
(15) 


For  calculating  energy  dissipation  according  to  eq.  (3),  only  last  three  terms  in  eq.  (4) 
contribute.  Now 

dP         dm 

dn-{          dv 

and 


(16) 


This  leads  to 


where 


and 


dr 


VQ 


*«/  o 


27T 


w  = 


Defining  the  bulk  viscosity  £  by 


(17) 
(18) 

(19) 
(20) 
(21) 


(22) 


VQ          \AU/    U* 

and  using  eqs  (3),  (4)  and  (16)-(18),  we  obtain 

1/*T 
/  ^0  \     / 

£  =  —  I  — —  I   /    Af(8p,]  sin(wf)df. 

For  the  description  of  dense  nuclear  matter  we  have  used  Walecka's  mean  field  theory 
[16-18].  In  the  mean  field  approximation  we  allow  the  meson  fields  <r,  u>  and  p  to  acquire 
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density  dependent  average  values.  From  the  effective  Lagrangian  one  can  then  read  off 
the  effective  masses  and  chemical  potentials  m,-  and  /!,•.  The  fermi  momenta  are,  in  turn, 
related  to  these  effective  quantities  by 

kt  =  (g-ift)1'2.  (23) 

The  various  chemical  potentials  and  masses  required  in  these  expressions  are  obtained 
from  the  self-consistent  solution  of  the  mean  field  equations: 

mid-  +  bm^o2  +  cg^d*  -  gaN(nsp  +  <)  =  0,  (24) 

m^uo  —  guN(np  +  nn),  (25) 

mp A)  =  5  SPN (np  -  nn) ,  (26) 

mn-mn=mp-fhp=  gaNvQ,  (27) 

\8pNpQ,  (28) 

{gpNpQ-  (29) 


The  charge  densities  n,-  and  the  scalar  densities,  n\  (see  ref.  [17])  are  given  in  terms  of 
these  quantities  by  the  expressions 

[l+e^'-fc)/71]"1,  (30) 

T^t1+e  ]     >  (31) 


where 

^•  =  (P2  +  ^2)1/2.  (32) 

Since  the  chemical  potentials  \in  and  \ip  are  of  the  order  of  a  few  hundred  MeV,  even  for 
temperatures  of  up  to  a  few  MeV  the  matter  is  completely  degenerate  leading  to  the 
following  expansions  (up  to  T2  terms): 


(33) 
J'"~  {  L    (fti  ~™-\Y'~ } 

and 

ifi.      I  .  ,.  _  / 7i._L.  frfr—mL   \          or2  T2i~.  I 

(34) 


where  i  =  n,p.  To  evaluate  ne,  set  /Ze  =  \ie  and  m,-  =  me  in  (33).  Using  these  expansions 
in  (19)  and  going  through  some  straightforward  but  tedious  algebra  one  obtains 


(35) 
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and 

/     -r-2  0  ?2     \  ~ 

1  /    k          k          K     \      2i 

J--£"U~JL-    ^"9 

(36) 

We  have  used  the  values  of  the  various  couplings  gm,  gwn,  gpn,  6  and  c  fixed  by  Ellis  et  al 
[18],  namely 

gaN/m*  =  0.0152502  MeV-1, 
gwwMu  =  0.011  MeV"1, 
gPNlmp  =  0.011  MeV1, 
b  =  3.418  x  10~3, 
c  =  0.0146. 

With  this  set  of  parameters,  one  obtains  [18] 

nB  (saturation)  =0.153frrT3, 

binding  energy (£/«#  —  m^)  =  —16.3  MeV, 

charge  symmetry  energy  =  32.5  MeV, 

bulk  modulus  =  300  MeV, 

Landau  mass  =  0.83m//. 

To  obtain  bulk  viscosity,  we  solve  the  differential  equation  (18)  for  fyi(r),  obtain/(5/A) 
by  evaluating  the  integral  in  (15)  and  finally  evaluate  the  integral  in  (21).  These  steps  of 
course  have  to  be  done  numerically.  In  the  linear  approximation  which  is  valid  for  small 
perturbations,  (21)  can  be  solved  analytically  and  we  obtain 


A'B2 

(A'C)2+u;2 


wA'C     l-e-A'cr 


(A'Cf  +  w2 


(37) 


where 

(38) 


This  integral  of  course  still  has  to  be  evaluated  numerically. 


3.  Results  and  discussion 

The  results  for  the  nuclear  matter  viscosity  as  derived  from  eq.  (21)  are  given  in 
figures  1-3  for  various  values  of  temperatures,  nuclear  densities  nB,  and  periods  of 
harmonic  perturbations,  r.  In  each  figure  we  have  plotted  the  viscosity  as  a  function  of 
relative  volume  perturbation  (Av/t>o)  for  different  temperatures.  These  figures  corres- 
pond to  HB  =  0.3  fm~3  and  0.6  fm~3  (figures  la  and  Ib  respectively)  and  r  =  0.0005  s.  In 
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. 
mres  T  =  10°,  10-,  10-,  10- MeV 

for  three  different  time  Periods.  ™-  1  =ooou 

werfh,and  ^  d!fferent  temP^tures,  viz.,   IMeV  »d 
.  We  find  that  by  and  large  the  dependence  of  viscosity  on  the  perturbation 

e  vTs^osltv          "     PTdenCe  °n  temperatUre  iS  C0ncemed'  M^sen  [12]  found  fta 
le  wscosny  ^creases  w,th  increasing  temperature  initially  but  for  T  >  0  1  MeV  it  starts 

ol  Sf*  behaViOUt  ^  reP°rted  by  G°^  "  a"13J  £  a  m^d  S 
of  the  strange  matter  viscosity.  In  the  present  calculation  we  find  that  the 

wno         WSCOSity  C°ntinUeS  '°  inCTeaSe  With  'emPerato  «  !-"«  UP  »  2MeV 
We  now  compare  our  results  with  -those  of  Haensel  and  Schaeffer  [10]    In  the 
^rbauon  independent  regime  the  viscosity  is  nearly  proportional  to  the  fourL  pow^r 

^::r^ &e  *?*  °f  mcA  processes  as  *>* » ^^ 

.  However,  at  higher  amphtudes  of  perturbation,  the  behaviour  of  viscosity 
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V  K  Gupta  et  al 


-10 


Figure  Ib.    Same  as  figure  la  for  nB  =0.6fm  3; 
correspond  to  the  same  five  temperatures. 


T  =  0.0005  s.  The  five  curves 


becomes  markedly  different.  It  increases  very  rapidly  with  Av/v0  except  at  the  highest 
temperatures  considered  (T>  1  MeV).  This  clearly  indicates  that  the  linear  approximation 
is  no  longer  valid  at  temperatures  <;0.1  MeV.  The  lower  the  temperature,  the  smaller  is 
the  region  of  validity  of  linear  approximation.  Thus  for  T=  10~4MeV  the  linear 
approximation  is  valid  only  up  to  AV/VQ  <,  10~6,  whereas  for  T  =  0.1  MeV,  it  is  valid  up 
to  Au/uo^lO-3. 

At  higher  amplitudes,  even  the  temperature  dependence  becomes  quite  different  and 
more  involved  than  the  simple  T4  behaviour  expected  in  the  linear  range.   For 
&v/VQ>lQ~3  the  viscosity  increases  much  less  rapidly  than  what  is  dictated  by  the  T 
law.  As.T  increases  by  four  orders  (from  10~4MeV  to  IMeV),  viscosity  increases  by 
only  10-1 1  orders  of  magnitude  instead  of  sixteen. 

From  figure  2  we  find  that  even  the  T2  behaviour  of  viscosity  is  valid  only  at  high 
temperatures.  At  lower  temperatures  (T  =  10~4  MeV),  increase  of  r  from  0.0001  s  to 
0.001  s  increases  viscosity  by  six  orders  instead  of  just  two.  This  is  so  even  for  small 
perturbations.  As  can  be  seen  from  (37)  which  is  valid  for  small  perturbations,  the 
frequency  (w  =  2-K/r]  dependence  of  viscosity  is  far  more  complicated  than  the  simple 
relation,  p  oc  u~2  obtained  by  Haensel  and  Schaeffer  [10]. 
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The  dependence  of  viscosity  on  nuclear  density  is  rather  weak  (figure  3),  and  is 
adequately  described  by  the  p  oc  n'/3  relation  given  by  Haensd  ^  Schaeffef  As  fof  ^ 

dependence  on  proton  fraction  X(=  np/nB),  in  our  calculation  it  cannot  be  judged  as  x 
appears  as  a  parameter  in  our  expressions  only  through  its  dependence  on  nB.  As  nB 
changes  from  n0  to  10«0,  x  increases  by  a  factor  of  five  (figure  3).  Thus  the  variation  in 
the  Viscosity  with  the  nuclear  density  nB  includes  the  implied  dependence  on  x  as  well 
One  of  the  mam  applications  of  the  bulk  viscosity  is  in  determining  the  damping  time 
of  star  vibrations.  A  rough  estimate  of  the  damping  time  can  be  obtained  in  the  manner  of 
lawyer  [11]  who  has  obtained  the  following  result: 


rd  = 


_ 
60 


7~)  Pwz 
Po/ 


(39) 
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on  star  with  mass  \AM9,pm  =4x  1014g/cc  and  radius  R  ~  10km, 
clear  that  since  the  viscosity  increases  by  many  orders  of 
hiph    amni-t,  A  ~  °f  Perturbation  increases,  particularly  for  low  temperatures, 

i^nT^tsu^8^  Wm  diC   °Ut  ^  Iapidly-   ^  10W   ^^ 
times.          ^  th°Se  °btained  ^  C10L  ^°S4  c7nsLerablybshortTr  da^pin^ 

•P         4-1- 

ior  tfte  strange  quark  matter  is  not  so  straightforward.  In 
i  with  temperature  whereas  in  the  case  of  strange  stars 
"*"*ed  behaviour:  it  first  increases  with  temperature  but 
further  increase  of  temperature  [12, 13].  Also  as  a 
peculiar  behaviour  i.e.  increases  with  nB 

temperatures  (>  0.1  MeV)  [TsY'Howeve  "^™SQS  Wkh  ^creasing  »a  f<*  higher 
temperature  around  0  1  MeV  thp  ^^^  generaUy  for  HB  around  3«0  and  for  a 
lower  than  our  result  [13]  '  ^  ^  ™™^  is  about  m  order  of 

process  which  has  a  T( 

)  r  .  At  a  temperature  close  to  0.1  MeV, 
aty  of  9  to  10  orders  of  magnitude  more  than 
by  Sawyer  [9]. 
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dramatic  difference  between  the  time  scales  of  cooling  of  neutron  star  cores  with 
t  and  x  <  xciit  cases  have  already  been  highlighted  in  ref.  [7].  Since  our  emissivity 
]  are  the  same  as  those  obtained  by  Lattimer  et  al  [6]  within  a  factor  of  two  or  so, 
.e  scales  for  cooling  are  also  nearly  the  same.  However  our  larger  values  of 
y  imply  a  higher  stability  for  the  rapidly  rotating  star  immediately  after  it  is  born. 
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calculate  nonlinear  polarizabilities  of  helium-like  systems 
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Abstract.  Density-based  perturbation  theory  within  the  Hohenberg-Kohn  (HK)  formalism  of 
density  functional  theory  (DFT),  developed  recently  by  us,  is  employed  to  calculate 
hyperpolarizabilities  of  helium-like  ions  from  their  ground-state  densities  obtained  from  their 
respective  Hylleraas  wavefunctions.  The  only  approximation  made  is  that  of  the  local  density 
(LDA)  for  exchange  and  correlation.  Use  of  densities  -  instead  of  wavefunctions  -  in  density- 
based  perturbation  theory  together  with  simple  approximate  energy  functionals  makes  our 
calcualtions  much  simpler  than  those  based  on  wavefunctions.  They  lead,  however,  to  accurate 
results. 

Keywords.     Static  polarizabilities;  perturbation  theory;  density  functional  theory. 
PACS  Nos    31.15;  32.10 


Recently  we  have  developed  the  density-based  perturbation  theory  (DFPT)  [1]  within 
the  Hohenberg-Kohn  (HK)  formalism  of  density  functional  theory  (DFT).  In  this 
theory  perturbative  calculations  are  performed  in  terms  of  the  density.  The  theory 
is  different  from  the  widely  used  Kohn-Sham  version  [2]  of  density-functional  theory 
where  an  orbital  based  approach  is  used.  The  two  key  theorems  of  DFPT  are:  (a)  the 
(2n+  1)  theorem  which  states  that  the  density  correct  to  order  V  in  terms  of  perturbation 
parameter  is  sufficient  to  give  energy  up  to  order  (2n  +  1),  and  (b)  as  a  corollary,  if  the 
density  is  known  exactly  to  order  (n—  1),  the  even  order  energy  change  E^  is 
variational  with  respect  to  the  nth  order  induced  density  p^n\  Of  these,  the  (2n  +  1) 
theorem  has  been  mentioned  [3]  before  in  the  literature.  However,  it  is  only  now  that 
perturbation  theory  in  terms  of  density  and  associated  theorems  have  been  fully 
developed.  This  paves  the  way  for  obtaining  both  linear  as  well  as  non-linear  response 
properties  of  a  system  directly  from  its  density.  In  this  paper  we  apply  the  (2n+  1) 
theorem  and  its  even-order  corollary  in  DFPT  to  calculate  variationally  the  electric  dipole 
polarizabilities  a  and  hyperpolarizabilities  7  for  two-electron  helium-like  ions  from  their 
ground-state  densities.  Thus  a  is  obtained  by  minimizing  the  second-order  energy  change 
and  using  the  relationship 

-±a£2.  (1) 
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versions  (for  spherically  symmetric  systems  considered  in  this  paper)  of  more  general 
equations  in  which  a  and  7  are  tensors.  Our  motivation  in  carrying  out  the  calculation  is 
to  demonstrate  that  with  approximate  exchange-correlation  energy  functionals,  density- 
based  DFPT  can  be  applied  to  calculate  linear  and  non-linear  response  properties  of  these 
systems.  We  note  that  the  density-based  calculation  for  linear  response  properties  of 
atoms  have  been  performed  earlier  [3,4].  However,  it  is  only  after  the  development  of 
density-based  variation-perturbation  theory  within  the  Hohenberg-Kohn  (HK)  formalism 
of  DFT  that,  the  calculation  of  nonlinear  response  properties  of  electronic  systems  from 
their  ground-state  densities  has  become  possible.  Further,  since  the  energy  changes  are 
calculated  from  the  ground-state  densities,  rather  than  the  wavefunctions  of  the  atoms,  the 
present  method  is  much  simpler  and  numerically  easier  than  its  wavefunctional 
counterpart. 

In  the  present  paper  we  employ  the  near  exact  densities  constructed  [5]  from  explicitly 
correlated  two-electron  Hylleraas  wavefunctions  [6].  The  approximate  forms  for  the 
kinetic  and  exchange-correlation  energy  functionals  employed  are  described  later  in  the 
paper. 

In  the  following  we  briefly  describe  DFT  [2]  and  its  perturbative  extension  along  with 
the  energy  functionals  chosen  for  our  calculations.  We  then  present  our  calculations  and 
results  and  follow  them  with  a  discussion. 

The  basic  variable  in  DFT  is  the  ground-state  density  p(r)  and  all  the  properties  of  the 
system  are  expressed  as  functionals  of  it.  In  particular,  the  ground-state  energy  of  a 
system  is  also  written  as  the  functional 

E\p]=F\p]+  Lext(r)p(r)dr,  (3) 


where  F[p]  is  a  universal  functional  of  p(r)  and  comprises  the  kinetic  and  the  interaction 
energy  of  the  electrons,  and  wext(r)  is  the  external  potential  including  w(1)(r)  =  £rcos9 
due  to  the  applied  field  8.  The  functional  F[p]  is  generally  split  as 

p},  (4) 


where  Ts\p]  is  the  kinetic  energy  of  the  non-interacting  electrons  of  the  same  density  as 
the  interacting  ones, 

(5) 


is  the  Hartree  energy,  and  Exc[p]  is  the  exchange-correlation  energy.  The  difference 
between  the  true  kinetic  energy  of  the  electrons  and  Ts[p]  is  absorbed  into  the  exchange- 
correlation  energy  Exc[p].  Employing  the  variational  principle  for  the  energy,  both  the 
ground-state  density  and  energy  are  obtained  by  minimizing  the  energy  functional  with 
respect  to  the  density.  This  leads  to  the  following  Euler  equation  for  the  density 
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Density-functional  perturbation  theory 

where  p,  is  the  Lagrange  multiplier  to  ensure  that  the  number  of  electrons  is  conserved. 
When  the  system  is  subjected  to  an  external  applied  field,  both  the  ground-state  density 
and  energy  change  from  unperturbed  p0  and  E0  to  p0  +  Ap  and  £0  +  AE  respectively.  In 
DFPT  these  changes  are  expanded  in  perturbation  series  as 


with 

yV°(r)dr  =  0  (8) 

for  each  order,  and 

AE  =  £>'£«,  (9) 

i 

where  A  is  the  perturbation  parameter.  The  energy  changes  to  different  orders  are 
calculated  in  terms  of  pw.  By  the  (2n+  1)  theorem  of  DFPT,  energy  up  to  £(2n+1) 
requires  knowledge  of  p  only  to  order  n.  As  such  [1] 


dr2,     (10) 


involves  density  up  to  p^\  and 


1  [ 

24  7 


1  dr2dr3dr4  (11) 

is  given  by  density  up  to  order  2.  (For  the  present  problem  all  the  odd  orders  of  energy 
vanish  due  to  spherical  symmetry).  All  the  functional  derivatives  in  the  expressions  above 
have  been  taken  at  the  ground-state  density  po.  Furthermore,  by  the  even-order  corollary 
of  the  theorem,  E^  is  variational  with  respect  to  p^  and,  with  known  p^,  E^>  is 
variadonal  with  respect  to  p^  .  This  results  in  the  equations  for  the  induced  densities  p^ 
and  pW  which  can  be  solved  to  obtain  these  quantities.  The  induced  densities  and  the 
energies  can  also  be  determined  by  applying  the  variational  procedure  sequentially  [7]  in 
two  steps.  First  p^  is  determined  by  minimizing  E®.  Then  p^  is  kept  fixed  and  E^  is 
minimized  to  determine  p^.  It  is  this  variational  approach  that  we  take  in  this  paper. 
Notice  that  the  expression  for  E^  does  not  involve  explicitly  the  applied  external  field. 
Thus  the  information  about  the  field  is  carried  to  E^  by  the  induced  density  p^>. 

Before  we  present  our  results,  it  is  worth  pointing  out  the  difference  between  the 
density-based  perturbation  theory  used  in  this  paper  and  the  Kohn-Sham  perturbation 
theory.  In  the  density-based  approach  the  correction  from  E^>  onwards  are  given  by  the 
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universal  functional  F[p]  alone.  On  the  other  hand  the  Kohn-Sham  approach  employs  the 
full  Hamiltonian  (including  the  applied  perturbation)  for  the  energy  changes  to  all  orders. 
In  principle  both  should  lead  to  the  same  result.  However,  from  the  application  point  of 
view  the  two  theories  differ  because  of  their  treatment  of  the  kinetic  energy.  In  Kohn- 
Sham  theory  the  non-interacting  component  of  the  kinetic  energy  is  treated  exactly 
whereas  in  the  density-based  approach  it  has  to  be  approximated  for  systems  with  number 
of  electrons  greater  than  two.  Although  many  approximate  functionals  for  the  kinetic 
energy  exists  [2],  it  is  not  clear  which  one  should  lead  to  accurate  response  properties  for 
a  many-electron  system;  the  application  of  Kohn-Sham  approach  [7,8]  has  no  such 
limitation. 

To  perform  variational  calculations,  the  question  arises  how  to  choose  the  functional 
form  for  the  induced  densities  p^  and  p^.  For  this  purpose,  we  take  a  cue  from  the 
hydrogen  atom  problem  which  can  be  solved  exactly  [9,  10]  and  employ  similar  form  for 
the  variational  densities.  They  are  taken  to  be 


and 

pV(r)  =  [A2(r)  +  A3(r)cos20]p0(r)  +  Ap0(r),  (13) 

where 

A,-(r)  =  air  +  b-f  +  c/r3  +  dp*  +  e-^  +  ...-     i  =  \  ,  2,  3  (14) 

with  a,-,  £;,...,£,-  being  the  variational  parameters  which  are  optimized  to  obtain  the 
minimum  of  energy.  Notice  that  with  these  choices  for  the  induced  densities,  eq.  (8)  is 
automatically  satisfied  for  pW;  to  satisfy  it  for  p^2\  A  is  appropriately  chosen  for  each  set 
of  parameters. 

As  stated  in  the  beginning,  density-based  calculations  for  an  TV-electron  system 
perforce  employ  approximate  energy  functionals,  since  the  exact  ones  are  not  known.  For 
the  exchange  and  correlation  energy  we  make  the  local-density  approximation  (LDA). 
Thus 

E™A(p}  =  E^(p]  +  E^(p},  (15) 

where  the  exchange  energy 

4DAb]  =  -^(3/vr)l/3|//3(r)dr  (16) 

and  the  correlation  energy  [11] 

'  (17) 


with  c  =  -0.0333,  jc  -  rs/A,  A  =  11.4,  where  rs  =  [3/47rp(r)]1/3.  On  the  other  hand,  for 
two-electron  systems  the  non-interacting  kinetic  energy  is  given  exactly  by  the  von- 
'Weizsacker  energy  functional  [12] 


8  p(r)         " 
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Table  1.  Electric  dipole  polarizabilities  a  in  atomic  units  for 
various  helium-like  ions  obtained  from  their  Hylleraas  densities. 
Theoretical  values  from  the  other  ab-initio  schemes,  and  the 
experimental  numbers  are  also  given. 


Atom/Ion 

Present  results 

Ab-initio 

Expt.c 

H- 

231.23 

206.39a 

— 

He 

1.3891 

1.3834a 

1.3838 

Li+ 

0.1928 

0.1925a 

0.1911 

Be2+ 

0.0523 

0.05  19b 

— 

B3+ 

0.0197 

0.01  96C 

— 

aRef.  [15],  bRef.  [16]  and  c  Ref.  [17]. 

Table  2.  Electric  dipole  hyperpolarizabilities  in  atomic  units  for 
various  helium-like  ions  obtained  from  their  Hylleraas  densities. 
Theoretical  values  from  the  ab-initio  schemes,  and  the  experimental 
numbers  are  also  given.  Experimental  values  differ  from  each  other 
because  of  the  different  methods  used  to  determine  them. 


Atom/Ion 

Present  results 

Ab-initio 

Expt. 

H- 

1.12xl08 

0.803  x!08a 



He 

47.16 

43.6b 

35.7e  41.7f 

42.68  52.4h 

Li+ 

0.2471 

0.2427C 

— 

Be2+ 

0.0087 

0.0085d 

— 

B3+ 

0.0007 

0.0007d 

— 

aRef.  [18],  b  Ref.  [19], c  Ref.  [14]  and  [17],  d  Ref.  [17], e  Ref.  [24], f  Ref. 
[25],  s  Ref.  [26]  and  [27],  h  Ref.  [20]. 


In  tables  1  and  2  we  show  the  polarizabilities  and  hyperpolarizabilities,  respectively, 
for  two-electron  systems  H~,  He,  Li+,  Be2+  and  B3+  obtained  by  us.  Although  this  paper 
is  devoted  to  the  calculation  of  nonlinear  response  properties  of  two-electron  systems, 
we  nonetheless  include  the  numbers  obtained  for  linear  polarizabilities  also  in  order  to 
provide  a  complete  picture.  Also  shown  are  the  theoretical  results  obtained  by  other  ab- 
initio  methods  [13-19]  along  with  available  experimental  results  [20-27],  The  ground- 
state  density  employed  by  us  corresponds  to  204-term  Hylleraas  type  wavefunctions  [5]. 

It  is  evident  from  the  results  that  they  are  highly  accurate  in  comparison  to  the  numbers 
available  by  other  methods.  We  also  note  that  the  numbers  for  polarizability  are  also 
consistent  with  those  obtained  previously  from  a  similar  calculation  [4]  but  with  a 
different  form  for  the  induced  density  p^\  The  maximum  deviation  for  both  a  and  7 
occurs  for  H"  for  which  the  effect  of  Coulomb  correlations  is  the  largest  and  therefore  the 
LDA  is  relatively  less  accurate.  We  wish  to  point  out  that  we  have  performed  our 
calculations  with  six  parameters  for  a  and  fourteen  parameters  for  7.  On  the  other  hand,  if 
calculations  were  to  be  performed  using  the  wavefunctions  directly,  one  would  require 
612  parameters  for  a  and  1224  for  7  -  3N  [13]  and  6N  [14]  parameters  are  needed  for  a. 
and  7  respectively,  if  an  N  term  Hylleraas-type  wavefunction  is  employed.  We  have  also 
checked  our  results  by  increasing  the  number  of  parameters  in  A,-(r).  They  do  not  change 
appreciably  which  indicates  their  proper  covergence. 
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As  pointed  out  before,  the  calculations  reported  here  differ  from  the  widely  used 
Kohn-Sham  approach  of  density  functional  theory  and  its  perturbative  extensions 
[8,28,29].  The  Kohn-Sham  approach  is  an  orbital  based  scheme,  and  as  such  its 
perturbation  theory  methodology  [7, 29, 30]  is  similar  to  that  of  coupled  Hartree-Fock 
theory  [31].  On  the  other  hand  present  calculations  are  performed  entirely  in  terms  of  the 
density. 

To  conclude,  we  have  shown  that  DFPT  can  be  employed  with  approximate  functionals 
for  the  exchange-correlation  energies  (LDA)  to  obtain  reasonably  accurate  results  for 
both  linear  as  well  as  non-linear  response  properties  of  helium-like  systems. 
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Abstract.  Spin  resolved  Auger  current  is  shown  to  be  different  for  the  absorption  of  left  and  right 
circularly  polarized  light.  This  current  is  produced  in  non-radiative  spontaneous  decay  of 
photoexcited  atoms  or  of  excited  atomic  photoions.  Circular  dichroism  in  such  polarized  Auger 
electrons  exists  even  in  the  absence  of  spin-orbit  interaction.  Physical  and  geometrical  conditions, 
necessary  for  the  occurrence  of  dichroic  effects  in  atomic  Auger  spectroscopy,  have  been  obtained. 
Calculations  for  Ba  and  Xe  show  that  the  effect  is  substantially  large  and  can  be  readily  observed. 
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1.  Introduction 

In  a  recent  paper  [1],  we  have  investigated  the  existence  of  dichroic  effects  in  Auger 
electron  spectroscopy  (AES),  following  absorption  of  circularly  polarized  (CP)  light  in  a 
free  and  tmpolarized  rotating  linear  molecule  in  electric  dipole  (£1)  approximation.  The 
photoexcited  molecule  AB*  or  the  excited  photoion  AB+*  in  eq.  (I.I)  of  [1]  remembers 
the  helicity  of  the  absorbed  photon  which  created  it.  This  memory  is  reflected  in  its 
subsequent  radiationless  decay.  In  other  words,  it  means  that  the  spin-resolved  Auger 
current  produced  after  the  absorption  of  left  circularly  polarized  (LCP)  radiation  is 
different  from  that  emitted  when  the  absorbed  electromagnetic  wave  is  right  circularly 
polarized  (RCP). 

In  the  next  section  of  this  paper  we  show  that  the  conditions  in  which  one  can  observe 
circular  dichroism  (CD)  in  Auger  spectroscopy  of  atoms  are  almost  identical  to  those  [1] 
of  linear  molecules.  We,  in  particular,  find  that  in  order  to  study  this  effect  in  atoms,  it 
is  necessary  to  analyse  spin  of  Auger  electrons  also*  but  without  taking  the  spin-orbit 
interaction  (SOI)  into  account.  Dichroism  may  exist  both  in  the  spin-resolved  differential 
as  well  as  integrated  Auger  currents.  It  does  not  necessarily  vanish  in  any  particular 
experimental  configuration,  including  those  which  correspond  to  achiral  geometries  [2]. 
However,  the  dichroic  effect  will  be  absent  if  the  integrated  Auger  current  is  spin- 
resolved  perpendicular  to  the  direction  of  incidence  of  CP  ionizing  radiation  or 
Auger  electrons  are  polarized  perpendicular  to  the  plane  which  contains  both  departing 
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electrons  as  well  as  incident  photon  beam.  (These  two  and  other  experimental  geo- 
metries are  explained  below  in  figure  1.)  Another  important  feature  is  that  the  CD  in 
Auger  spectroscopy  both  of  atoms  and  of  rotating  linear  molecules  is  described  by  the 
same  set  of  equations  containing  up  to  three  parameters.  But  the  dynamical  factors  to  be 
used  for  the  former  are,  of  course,  naturally  different  from  those  needed  for  the  latter 
targets. 

In  order  to  see  the  magnitude  of  dichroic  effects  in  atomic  AES,  we  have  performed  in 
§  3  of  this  paper  numerical  calculations  for  Ba  and  Xe  atoms.  Here,  the  Auger  currents  are 
produced  following  photoionization  in  5p  and  4d  subshells  of  Ba  and  Xe,  respectively, 
after  the  absorption  of  a  CP  photon.  In  that  section  we  have  also  analysed  the  spin 
polarization  of  Auger  electrons  emitted  from  these  two  atoms  in  the  absence  of  SOI.  The 
conclusion  of  this  work  is  presented  in  §  4. 

2.  Theory  for  circular  dichroism  in  atomic  Auger  spectroscopy 

The  processes  of  interest  to  us  in  the  present  paper  are 

hvr  +  X(LQSQJQMQ}  ->X*(LSJM]  (la) 

followed  by 

r (L57M)  -»  X+(LfSfJfMf}  +  ea(ka;  «a^a)  (lb) 

and 

hvr  +  X(LQSQJ0MQ)  -»  X+*(LSJM)  +  ep  (2a) 

followed  by 

X+*  (LSJM]  -,  X++  (LfSfJfMf)  +  ea(ka;  «aMa)  (2b) 

caused  by  the  absorption  of  a  photon  of  frequency  vr  in  a  free  and  unpolarized  atom  X. 
While  X*  in  (1)  is  the  photoexcited  neutral  atom,  X+*  in  (2)  is  the  excited  photoion 
formed  after  the  emission  of  photoelectron  ep  which  remains  unobserved.  Emission  of 
the  Auger  electron  <?a  results  in  the  formation  of  residual  singly  and  doubly  charged 
atomic  ions  X+  and  X++  in  (lb)  and  (2b),  respectively.  (L0,  L,  L/)  and  (SQ:S,Sf)  are 
the  respective  total  orbital  and  spin  angular  momenta  of  (X,X*,X+)  in  (1)  and  of 
(X,X+*,X++)  in  (2).  We  also  have  in  these  equations  the  total  angular  momenta 
Jo  =  LQ  +  So,  J  =  L  +  S  and  J/  =  L/  +  S/  with  their  respective  projections  M^h,  MH 
and  M/h  along  the  polar  axis  of  the  space-frame.  Further  in  (lb)  and  (2b),  ka(fca,fca)  is 
the  propagation  vector  of  Auger  electron  moving  with  kinetic  energy  ea  =  H2kl/2m  and 
the  component  /iafi(/Ja  =  ±1/2)  of  its  spin  angular  momentum  along  the  spin 
quantization  direction  zia(0a,  <£a)  defined  in  the  photon-frame  coordinate  system  OXYZ 
in  figure  l(a). 

Spin  polarization  in  the  presence  of  spin-dependent  interactions  of  Auger  electrons 
emitted  in  the  non-radiative  decay  of  an  inner  atomic  shell  vacancy  created  in  the 
excitation  or  ionization  of  unpolarized  atoms  by  particle  impact  or  photon  absorption  has 
theoretically  been  considered  by  many  workers  [3-7].  The  atomic  expressions  derived  in 
[3-7]  can  readily  be  written  in  the  form  of  eq.  (11.20).  The  Auger  decay  matrix  elements 
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Figure  l(a).  General  geometry  of  an  experiment  used  to  study  spin-polarization  of 
Auger  electrons.  OXYZ  is  the  photon  (or  laboratory)  frame  of  reference.  Its  polar 
(OZ)-axis  is  along  the  direction  of  incidence  of  circularly  polarized  or  unpolarized 
photon  absorbed  before  Auger  emissions.  (If  incident  radiation  is  linearly  polarized 
then  its  electric  field  vector  is  in  the  direction  of  OZ).  Reaction  (or  scattering)  plane 
contains  the  OZ-axis  and  the  propagation  vector  ka(£a,  0a,  0a)  of  Auger  electrons,  Spin 
of  Auger  electrons  is  quantized  along  Ha(0a,  ^).  If  the  OX-axis  lies  in  the  scattering 
plane,  then  ka(fca,  0a,  0a  =  0,  TT). 


#-Y 


Figure  l(b).     Experimental  geometry  for  observing  longitudinally  polarized  Auger 
electrons.  Here  Ma||fca  such  that  0a  =  0a,  4>'&  =  </>a. 


to  be  used  for  atoms  in  eq.  (11.20)  are  now  given  by 


with 


(3a) 
(3b) 
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(c) 


Figure  l(c).  Configuration  of  an  experiment  for  observing  Auger  electrons,  with 
transverse  polarization  in  the  scattering  plane.  In  this  case  d'&  =  6>a  4-  7r/2  and  $  =  fa 
for  0  <  0a  <  7T/2;  0^  =  0^-  3ir/2  and  ft  =  fa  +  tr  for  ?r/2  <  6a  <  n. 


Z  i 


(d) 


Figure   l(d).    Experimental  arrangement  for  observing   Auger  electrons   with 
transverse  polarization  perpendicular  to  the  scattering  plane.   In  this  geometry, 


and 


(3c) 


is  the  spin-unresolved,  integrated  Auger  current  with  constant  K^  defined  in  eq.  (H2).  In 
(3a)  c?i  is  the  Coulomb  phase  [8]  for  the  Zth  partial  wave  of  Auger  electron;  both  in  (3b)  and 
(3c),  Vc  is  the  inter-electronic  Coulomb  interaction.  The  state  multipoles  [9]  (T(J\  mr)  JG), 
present  in  the  definition  (11.13)  of  the  normalized  statistical  tensor  PKQ(J]  "0  needed  for 
the  angle-  and  spin-resolved  Auger  electron  spectroscopy  (ASRAES)  expression  (11.20), 
can  be  readily  obtained  from  the  expressions  developed  in  the  paper  II  by  using  the 
procedure  explained  in  ref.  [18].  The  parameter  mr  in  (3c)  specifies  the  state  of  polarization 
of  the  absorbed  photon  (mr  =  0  for  plane  and  mr  =  ±1  for  circularly  polarized  light). 

In  order  to  obtain  an  expression  for  CD  in  atomic  AES,  we  first  need  to  eliminate  the 
effects  of  SOI  from  the  second  step  of  each  of  the  processes  (1)  and  (2).  That  is,  from 
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(X*,X+,  plus  Auger  continuum)  in  (Ib)  and  (X+*,X++,  plus  Auger  continuum)  in  (2b).  It 
is  readily  done  by  transforming  the  Auger  decay  matrix  element  (3a),  occurring  in  the 
distribution  (11.20),  from  the  j-j  to  L-S  coupling  with  the  help  of  the  relations  (4.20)  and 
(4.21)  given  in  ref.  [10].  This  yields 


(Jfj\Vc\J)  =  ((LfSf}Jf(l  i)7| 

I*  I  ^} 

Sf     \    S\((Lfl)L\Vc\L). 
Jf    J    J) 

(4) 

Next  we  substitute  (3a),  (11.13),  (3c),  (4)  and  the  geometrical  factor  (11.19)  in  eq.  (DL20). 
The  sum  overy,/,  7/  can  then  be  analytically  performed  using  an  identity  from  ref.  [11]. 
We  then  find,  after  some  additional  simplifications,  that  the  angular  distribution  of  spin- 
resolved  Auger  electrons  emitted  from  atoms  in  the  absence  of  SOI  in  the  decay 
processes  (Ib)  and  (2b)  is  described  by 


ar      aa  a~/rcr   r    c     v~   n,   f   „        N          ,,        .  .   ,.      ,N 

-  -£  -  =  -r  2^  G(LSJ;  LfSf,  KQ;  II  ;  k^^}  pKQ(J  ;  mr)A/(L/,  L) 
ufca  A    n, 

KQ 

A;(L/,L).  (5) 

Here  the  total  Auger  intensity  cra  is  still  obtained  from  (3c)  with 

)\2  (6) 


i 
in  place  of  that  given  by  (3b).  The  Auger  decay  matrix  element  in  L-S  coupling  is 

(7) 


r  Further  in  (5), 


x(2LH-l)(25+l)v/2^+T^V/(2La+l)(25a+l)^    ^    ^J 


-QL  L  Lfs  s  sf 


(*.)*?*(«.)  (*) 


is  the  geometrical  factor. 

The  form  of  the  distribution  (5)  is  identical  to  that  given  in  eq.  (1.4)  of  [1]  for  rotating 
linear  molecules  without  including  either  SOI  or  the  spin-rotation  interaction  (SRI). 
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Although,  the  dynamical  terms  are  naturally  different  in  the  two  cases,  the  geometrical 
factors  differ  merely  in  the  replacement  of  the  respective  molecular  quantum  numbers  N 
and  Nf  in  ref.  [1]  by  the  atomic  total  orbital  angular  momenta  L  and  L/  in  the  present 
case.  This  means  that  the  analysis  given  in  the  paper  I  for  angle  and  spin-resolved  AES  of 
rotating  linear  molecules  in  the  absence  of  SOI  and  SRI  becomes  immediately  applicable 
in  a  similar  situation  (i.e.,  in  the  absence  of  SOI)  to  atoms  as  well. 

For  example,  the  distribution  (5)  for  atomic  targets  too  is  completely  characterized  in 
the  form  of  eq.  (1.7)  by  four  independent  parameters.  These  parameters  are  the  spin- 
unresolved,  total  Auger  intensity  <ja  given  by  eqs  (3c),  (6),  plus  /3a,  %,  6a  obtained  from 
the  respective  equations  (I.8a-c)  after  making  the  changes  already  mentioned  in  the 
above  paragraph. 

The  applicability  of  the  ASRAES  (1.7)  in  the  present  case  means  that  even  CD  in 
Auger  electron  spectroscopy  (AES)  (i.e.,  CDAES)  of  atoms  can  be  completely  described 
by  eqs  (I.13)-(L15).  This,  in  other  words,  means  that  CD  will  exist  in  the  AES  of  both 
atomic  as  well  as  of  rotating  linear  molecular  targets  in  identical,  both  kinematical  as  well 
as  physical  conditions  and  can  be  treated  in  these  two  entirely  different  targets  on  an 
equal  footing.  Its  important  properties  are: 

(a)  It  is  present  in  free  and  achiral  atomic  targets. 

(b)  It  is  observable  only  in  spin-resolved  integrated  and  differential  Auger  currents. 

(c)  No  spin-dependent  interations  in  the  bound  and  continuum  electrons  are  involved  in 
either  of  the  Auger  decay  processes  (Ib)  and  (2b). 

(d)  It  does  not  necessarily  vanish  even  in  achiral  experimental  geometries  [2]  containing 
either  three  vectors  (fca,  wa,  and  the  direction  of  incidence  of  the  CP  radiation)  in  a 
single  plane  in  eq.  (1.13)  or  only  two  vectors  (photon  and  Auger  electron  spin 
quantization  axis)  in  eq.  (1.14). 

(e)  Properties  (I.16a-d)  of  CD  in  AES  are  valid  for  atomic  targets  as  well. 

(f)  We  know  from  eq.  (ELA13)  that 

pio(J;-mr}  =  - 


for  orientation  and  alignment  parameters  respectively.  Using  these,  we  find  from  the 
distribution  (1.7) 

do-a(-mr;  fia,  ib^a)  _  d(7a(mr;  fia,  3:  ^a)  .  . 

dfea  ~  dfca  '  l 

The  spin-resolved,  integrated  Auger  currents  (I.9a)',  too  has  properties  similar  to  (9). 
(g)  CD  in  AES  (L13)  and  (1.14)  is  such  that 


a  a  l     aj 

and 

^aD(«a,  ~//a)  =  -of^a.AO  (10b) 

respectively. 
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3.  Applications 

3.1  Spin-polarization  and  CD  in  the  Auger  decay  of  photoexcited  atoms 

We  have  calculated  in  paper  I,  the  spin-resolved,  integrated  Auger  current,  its  degree  of 
polarization,  and  the  corresponding  CD  in  AES  in  terms  of  the  total  Auger  current 
emitted  in  the  non-radiative  decay  of  a  photoexcited  rotating  linear  molecule.  These  are 
given  in  table  I  in  ref.  [1]  for  102  different  transitions  of  the  type  (I.  la).  The  results  of  that 
table  are  directly  applicable  also  to  the  Auger  electrons  emitted  from  an  atomic  target 
through  the  process  (1)  after  replacing  [as  explained  after  eq.  (8)]  the  molecular  quantum 
number  N  by  the  atomic  total  orbital  angular  momentum  quantum  number  L.  That  is,  the 
successive  values  of  N,  S,  J  given  in  the  respective  2nd,  3rd  and  4th  columns  of  table  1  in 
ref.  [1]  will  now  specify  the  quantum  numbers  L,  5,  J  of  the  states  of  photoexcited  atom 
X*  in  eq.  (1). 

For  example,  the  Auger  emission  process  (1)  corresponding  to  the  state  number  7  is 


to  the  state  number  13  is 

hvr  +  X(JQ  =  |)  -+  X*(2D3/2)  -*  X+(Sf  =  0) 
and  to  the  state  number  3  1  is 

=  5)  ->  X*(3F4)  -*  X+(Sf  =  i)  + 


These  processes  have  their  values  of  JQ  specified  by  the  columns  8th,  6th  and  8th  of 
table  I  [1],  respectively.  We  further  have  from  table  I  in  ref.  [1]  that  ^^p\o(J\  '«/•)  =  w,./8 
for  each  of  these  transitions.  Here  [1],  mr  =  0,  +1,  and  -1  for  LP,  RCP  and  LCP 
radiation  of  frequency  vr  absorbed  in  the  three  processes,  respectively.  Substitution  of  this 
value  of  j&pio(J;mr}  in  eq.  (I.9a)  gives  the  spin-resolved,  integrated  Auger  current 
cra(wr;wa,/4)  =  (1  -  (l/4)mr//a  cos  ff^aJ1\  in  eq.  (I.9b)  gives  the  degree  p(mr\u&)  = 
—  (l/4)wrcos0a  of  spin-polarization  of  this  current;  in  eq.  (1.14)  gives  its  circular 
dichroism  cr^D(Ma,/^a)  =  (l/4)aap,&cosO'a.  Here  cra  is  the  spin-unresolved,  integrated 
Auger  current  defined  by  (3c),  (6).  These  values  of  a&(mr;  wu,/ua),  y?(mr;Ma),  and  of 
o-^D(ua,  /na)  are  obtained  when  SOI  is  not  taken  into  account  in  the  second  step  of  any  of 
the  three  above-mentioned  process. 

3.2  Spin-polarization  and  CD  in  AES  of  Ba 

Recently,  Kuntze  et  al  [12-14]  have  studied  spin-polarization  of  photoelectrons 

^r+Ba(5P66/  1S0)  ^Ba+*(5p56s2  2Pi/2,3/2)+«p(Vi/2,  MS  A  5/2)      (1  la) 
and  of  Auger  electrons 

Ba+*(5p56^2  2Pi/2,3/2)  ->  Ba++(5p66*2  %)  +  *p(fcp,Pl/2)3/2)  (lib) 


emitted  sequentially  in  the  interaction  of  a  barium  atom  with  CP  radiation.  This  obviously 
corresponds  to  the  general  process  (2)  considered  in  this  paper  with  (Lo,S(},/o  =  0), 
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(L  =  1;  S  =  1/2;  J  =  1/2, 3/2)  and  (L/,  S/,  Jf  =  0)  for  Ba,  Ba+*  and  Ba++  respectively. 
In  order  to  study  spin  polarization  of  these  Auger  electrons  and  their  dichroic  behaviour 
according  to  the  prescription  explained  in  this  paper,  we  take  SOI  into  account  neither  in 
the  continuum  nor  in  the  bound  electrons  in  the  second  step  (1  Ib)  representing  the  Auger 
decay  of  Ba+*.  It  is  obvious  from  the  expression  (I.8b)  that  the  parameter  7a  is  always 
independent  of  Auger  dynamics.  However,  if  Lf  =  0,  as  in  the  present  case  of  Ba++,  then 
the  parameters  J3a  and  <5a  too  cease  to  depend  upon  the  Auger  decay  matrix  elements  (see, 
eqs  (1.18)).  Thus,  for  such  states  of  the  excited  photoion  Ba+*  in  (lib),  the  last  three 
of  the  four  parameters  (cra,/3a,7a,<5a)  needed  to  describe  angle  and  spin-resolved  AES 
of  Ba  atom  by  eq.  (1.7)  become  independent  of  the  dynamical  factors.  The  values  of 
these  three  parameters  are  then  readily  calculated  from  eqs  (1.8)  (after  replacing  the 
respective  molecular  quantum  numbers  N  and  Nf  by  atomic  orbital  angular  momenta  L 
and  L/)  to  be 

0a  =  0,     7a  =  l/3V5,     <5a  =  2\/2/3-  (12a) 

for  7  =  1/2  and 

A =4  *=-T  s^-^rs  (12b) 

for  J  =  3/2. 

It  is  well  known  (see,  for  example,  eqs  (I.A8)  and  (II.A13))  that  a  state  with  J  =  1/2  of 
a  photoexcited  atom  or  molecule,  or  of  excited  photoion  of  these  species,  will  only  be 
oriented  not  aligned.  Kuntze  et  al  [12]  have  given  normalized  orientation  and  alignment 
parameters  for  Ba+*(5p56s2  2Pi/2,3/2)-  The  values  of  these  parameters  appropriate  for 
present  application  are  obtained  after  multiplying  those  given  by  Kuntze  et  al  [12]  by 
V2J  +  1.  This  yields 


=  i;  mr  =  +1)  =  -0.38;     p20(J  =  ^  mr  =  ±1)  =  0  (13a) 

for  J  =  1/2  and 

=  f;  mr  =  ±1)  =  0.14  (13b) 


for  J  =  3/2.  These  correspond,  respectively,  to  the  photons  of  energies  25.8eV  and 
23.5  eV  incident  in  the  process  (lla)  [12]. 

Following  [12-14],  let  us  take  the  reaction  plane,  defined  in  figure  1  to  contain  the 
polar  axis  and  the  propagation  direction  fca(0a,  0a)  of  the  Auger  electron,  to  be  the  X-Z 
plane  of  our  photon-frame  of  reference.  Then,  obviously,  the  Auger  electron  moves  out  in 
direction  £a(0a,  0a  =  0).  The  three  components 


41+&p20(/;mr)P2(cos0a)' 

Py  =  0,  (14b) 

. 

loUl'Wr)  (14c) 

luv        ;  v      ' 

of  the  Auger  electron  polarization  p  specific  to  this  frame  of  reference  are  readily 
obtained  from  eqs  (1.10)  and  (1.11).  Equation  (14)  immediately  means  that,  if  SOI  is  not 
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-0.2 


-0.4 


TT/2 
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Figure  2(a).  Variation  of  px  and  pz  components  of  the  polarization  vector  of  Auger 
electrons  with  the  angle  0a  between  directions  of  their  propagation  and  of  incidence  of 
CP  ionization  radiation.  These  electrons  are  ejected  in  the  non-radiative  decay  (1  Ib)  of 
excited  photoion  Ba+*(5p5  2P\/i}.  Values  shown  have  been  calculated  by  substituting 
eqs  (12a),  (13a)  in  (14a,c).  Circles  (with  error  bars)  are  the  values  of  pz  measured  by 
Kuntze  et  al  [12-14]. 
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Figure  2(b).  Same  as  figure  2(a),  but  for  electrons  ejected  in  the  non-radiative 
decay  (lib)  of  excited  photoion  Ba+*(5j?5  ^P^,^}.  These  values  have  been  calculated 
by  substituting  eqs  (12b),  (13b)  in  (14a,c). 
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included  in  (lib),  the  Auger  electrons  do  not  have  any  polarization  perpendicular  to  the 
scattering  plane  (see  figure  l(d)).  The  last  result,  which  was  initially  derived  by  Klar  [3] 
in  the  context  of  atoms,  is  applicable  to  all  states  of  photoexcited  atom  X*  and  molecule 
AB*  in  (1)  and  (I.  la)  respectively,  as  well  as  of  the  excited  atomic  photoion  X+*  in  (2)  and 
molecular  photoion  AB"*"*  in  (I.lb,c). 

Figure  2(a)  contains  X-  and  Z-components  of  the  polarization  vector  p  of  Auger 
electrons  emitted  making  an  angle  9a  with  the  CP  photon  beam  incident  in  the  process 
(1  Ib)  with  7  =  1/2.  These  have  been  obtained  by  substituting  (12a)  and  (13a)  in  (14).  As 
both  /3a  and  p2o  vanish  for  J  =  1/2,  the  denominator  in  eq.  (14)  is,  therefore,  equal  to  one 
for  this  case.  We  find  from  figure  2(a)  that,  whereas  the  maximum  magnitude  of  each  of 
the  two  components  px  and  pz  is  about  0.27,  these  are  respectively  antisymmetric  and 
symmetric  about  9a  =  ir/2. 

The  values  of  the  components  px  and  pz  of  the  polarization  vector  p  obtained  by 
substituting  (12b)  and  (13b)  in  (14)  are  shown  in  figure  2(b).  These  obviously  correspond 
to  J  =  3/2  in  the  Auger  transition  (lib).  Here  too  we  find  that,  similar  to  figure  2(a),  px 
andpz  are  respectively  antisymmetric  and  symmetric  with  respect  to  0a  =  Tr/2.  Moreover, 
\P*V  =  l/2)l»»  >  \P*V  =  3/2)Lax,  but  \P*V  =  V2)|max  <  \Pz(J  =  3/2)lmax.The 
most  significant  effects  on  polarization  of  Auger  electrons  of  an  increase  in  the  total 
angular  momentum  of  Ba+*,  which  results  both  in  orientation  as  well  as  in  alignment  of 
p3/2  vacancy,  are  that  (i)  the  maximum  magnitude  of  px(J  =  3/2)  is  much  smaller  than 
that  of  px(J=  1/2),  pz(J=  1/2),  and  of  pz(J  =  3/2);  (ii)  Pz(J  =  3/2]  <  0  for  all 
directions  of  propagation  of  Auger  electrons  in  the  X-Z  plane  (i.e.,  for  all  values  of  0a). 
In  order  to  see  the  effect  of  SOI  in  the  second  step  of  the  process  (11),  we  have 
calculated  the  parameters  /3a,  7a,  <5a,  and  £a  also  from  eqs  (11.22).  As  Jf  =  0  and  a  single  p- 
partial  wave  of  Auger  electron  contributes  in  the  process  (1  Ib),  all  of  the  four  parameters 
in  eqs  (11.22)  become  independent  of  Auger  dynamics. 

We  find  in  this  case  that,  while  £a  =  0,  each  of  the  /3a,  7a,  and  <5a  have  values  equal  to 
those  given  by  (12a)  and  (12b)  for  J  =  1/2  and  3/2,  respectively.  Consequently,  with 
normalized  orientation  and  alignment  parameters  taken  from  (13a)  for  J  =  1/2  and  from 
(13b)  for  /  =  3/2  states  of  Ba+*,  the  Cartesian  components  of  the  polarization  vector  of 
Auger  electron  obtained  from  eq.  (11.27)  also  become  identical  to  those  given  in  (14)  in 
this  paper  and  shown  in  figure  2(a)  and  2(b)  herein. 

Kuntze  et  al  have  measured py  [13, 14]  andpz  [12-14]  both  for  J  =  1/2  and  3/2  in  the 
process  (11).  These  measurements  [12-14]  of  pz  have  been  shown  by  open  circles  (along 
with  error  bars)  in  figure  2  in  the  present  paper.  On  comparing  the  measured  values  [12- 
14]  of  pz  with  those  calculated  in  the  present  paper  (and  shown  by  the  continuous  curve  in 
figure  2),  we  find  that  there  is  good  agreement  between  the  two,  both  in  shape  as  well  as 
magnitude.  The  same  is  true  for  py  which  has  been  measured  [13, 14]  to  be  zero.  This 
agreement  between  theory  and  experiment  shows  that  if  the  dynamics  does  not  contribute 
to  a  particular  Auger  decay  process,  then  the  theoretical  results  obtained  without  SOI 
agree  with  those  calculated  and  measured  taking  SOI  into  account. 

Figures  3(a)  and  3(b)  contain  the  of  D(wa,  /za)/aa  in  the  spin-resolved,  integrated  Auger 
current  produced  in  the  respective  decay  of  J  =  1/2  and  /  =  3/2  states  of  Ba+*  in  the 
process  (1  Ib).  These  have,  respectively,  been  calculated  by  substituting  (12)  and  (13)  in 
(1.14).  In  each  of  the  figures  3,  curve  1  corresponds  to  the  projection  —  (l/2)ft  and  curve  2 
to  +(\/2}n  of  the  spin-angular  momentum  of  the  Auger  electron  along  the  quantization 
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Figure  3(a).  Variation  of  the  ratios  of  CD  in  ^pin-resolved,  integrated  Auger  current 
to  the  total  (spin-unresovled)  Auger  intensity  with  the  polar  angle  &&  between  the  spin- 
quantization  direction  of  Auger  electrons  and  the  CP  photon  beam.  These  electrons  are 
ejected  in  the  non-radiative  decay  (lib)  of  the  excited  photoion  Ba+*(5p52P1/2). 
Ratios  in  this  figure  are  calculated  by  substituting  eqs  (12a),  (13a)  in  (1.14).  Curve  1: 
wa  =  -1/2;  Curve  2:  //a  =  +1/2. 
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Figure  3(b).  Same  as  figure  3(a),  but  for  electrons  emitted  in  the  non-radiative 
decay  (lib)  of  the  excited  photoion  Ba+*(5p52P3/2).  Ratios  in  this  figure  are 
calculated  by  substituting  eqs  (12b),  (13b)  in  (1.14). 
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Figure  4(a).  Variation  of  the  ratios  of  CD  in  spin-resolved,  differential  Auger 
current  to  the  total  (spin-unresolved)  Auger  intensity  with  the  angle  0a  between  the 
outgoing  electron  and  the  CP  radiation.  These  electrons  are  emitted  in  the  non- 
radiative  decay  (lib)  of  Ba+*(5p5  2P1/2).  Curves  L,  (//a  =  -1/2)  and  L2(/ja  =  +1/2) 
are  calculated  by  substituting  eqs  (12a),  (13a)  in  (I.16a)  for  longitudinal  polarization 
of  Auger  electrons.  Curves  r,(^a  =  -l/2)  and  T2(fr  = +1/2)  are  obtained  by 
substituting  eqs  (12a),  (13a)  in  (1.1 6b)  for  transverse  polarization  of  Auger  electrons  in 
the  reaction  plane.  (Here  //a  =  ±1/2  is  the  projection  of  Auger  electrons  spin  along 
the  quantization  direction  wa.) 
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Figure  4  b)     Same  as  figure  4(a)  but  for  Auger  electrons  emitted  in  the  non-radiative 

?w^(      Vf^e  *£?*  Ph°toion  Ba+*(V2/V).  These  ratios  are  calculated  by 
substring  (12b),  (13b)  in  (L16a)  for  L,  and  LI  and  in  (Llfib)  for  Tlt  T2. 
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;h  figure  obviously  obey  the  property  (lOb).  Although,  the  magnitude  of  07  («a,  /^a)/cra 
sach  of  the  figures  3  is  within  the  experimentally  measurable  limit,  the  CD  for  J  =  3/2 
figure  3(b))  is  almost  four  times  that  when  7=1/2  (in  figure  3(a))  state  of  Ba+*. 
rhe  ratio  of  the  CD  in  spin-resolved  differential  Auger  current  (i.e.,  dofD(wa,  /j,a)/dfca) 
that  of  the  total  Auger  intensity  (cra)  for  different  experimental  geometries  is  shown  in 
ure  4.  Figure  4(a)  corresponds  to  the  decay  of  Ba+*(2-P1/2)  state  and  is  obtained  by 
>stituting  (12a),  (13a)  in  (1.16);  whereas,  figure  4(b)  is  for  the  Auger  electrons  emitted 
m  Ba+*(2P3/2)  calculated  by  combining  (12b),  (13b)  and  (1.16).  Curves 
jua  =  — 1/2)  and  L2(/^a  —  +1/2)  in  both  of  these  figures  are  for  longitudinally 
larized  Auger  electrons  corresponding  to  eq.  (I.16a).  Similarly,  the  remaining  two 
•ves  Ti(p,&  =  -1/2)  and  r2(^a  =  +1/2)  in  each  of  the  figures  4(a)  and  4(b)  give  us 
)  in  spin-resolved  differential  Auger  current  for  transverse  experimental  arrangement 
eq.  (I.16b).  That  is,  L\  and  L2  are  for  wa||£a;  whereas,  T\  and  T2  are  for  aa  J_  ka.  These 
3  cases  correspond  to  the  experimental  geometries  shown  in  figures  l(b)  and  l(c), 
pectively,  wherein  the  Auger  electron  spin  quantization  direction  ua  and  its 
ipagation  vector  &a  are  in  the  plane  which  also  contains  the  CP  incident  photon  beam, 
rtherrnore,  all  the  curves  in  the  figures  4(a)  and  4(b)  satisfy  the  property  (lOa).  This 
ans  that,  for  all  values  of  the  angle  0a  between  the  direction  of  ejection  of  Auger 
ctron  and  of  incidence  of  CP  radiation,  L\  and  T\  are  always  negative  of  L2  and  7"2 
pectively.  Finally,  the  ratios  of  the  CD  in  spin-resolved  differential  Auger  current  to 
al  Auger  intensity  in  the  figures  4(a)  and  4(b)  are  well  within  the  measurable  limits  of 
isent  experimental  facilities. 


Spin-polarization  and  CD  in  AES  ofXe 
e  following  photoionization  process 

hvr  +  Xe(4d105s25p6  1S0)  ->  Xe+*(4d95s25p6  2D5/2)  +  ep(kpPl/^  kpf 5/2,1/2} 


(15a) 
Xe  succeeded  by  the  spontaneous,  non-radiative  decay 

Xe+*(4d95s2 5p6  2D5/2)  ->  Xe++  (4dl°5s°5p6  %)  +  ep(M5/2)  (15b) 

the  excited  photoion  Xe+*  has  been  studied  by  several  workers,  both  theoretically  as 
11  as  experimentally.  More  recently,  Kammerling  and  Schmidt  [15]  have  measured 
^-photon  two-step,  double  ionization  for  (15)  and  theoretically  studied  [15, 16]  both 
»ular  and  spin-correlation  between  photo-  and  Auger-electrons  emitted  sequentially  in 
i  above  process. 
Hie  values  of  the  three  polarization  parameters  obtained  from  eqs  (1.8)  for  this  case  is 

(16a) 


ese  parameters  are  independent  of  the  Auger  decay  dynamics  because  we  have,  in  the 
isent  case  L/  =  0  and  the  Auger  electron  is  represented  by  a  single  d(l  =  2)-partial 
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wave  in  eq.  (15b).  Since  //  =  0  as  well,  eqs  (11.22)  which  includes  SOI  in  the  Auger 
decay  process  (15b)  will  also  yield  the  values  of  /3a,  7a>  <5a  given  in  (16a),  with  £a  =  0 
(obtained  from  eq.  (H.22d)).  Thus  similar  to  the  case  of  Ba,  discussed  earlier,  the  SOI 
does  not  contribute  to  the  second  step  in  double  ionization  (15)  of  Xe. 

In  order  to  calculate  the  components  of  the  polarization  vector  of  Auger  electrons  and 
CD  for  (15b),  we  need  to  know  both  orientation  and  alignment  parameters  p\o(J;  mr]  and 
p2o(J;mr),  respectively.  These  have  been  calculated  herein  using  the  photoionization 
matrix  elements  given  by  Kammerling  and  Schmidt  [15].  The  expression  used  in  ref.  [15] 
for  the  integrated  cross-section  for  photoionization  (15a)  is  [16] 

o    4 

a(<W5/2)  =  ~  (\d'(P3/2}\2  +  M'(/5/2)i2  +  \d'(f1/2}\2). 

Here  u  is  the  energy  of  the  photon  incident  in  (15a)  and  c  (=  137)  is  the  speed  of  light  in 
atomic  unit  (a.u.);  d'  are  the  photoionization  amplitudes  in  electric  dipole  (El] 
approximation.  But  the  theoretical  frame-  work  developed  in  ref.  [1]  and  [17]  gives  the 
integrated  photoionization  cross-section  for  (15a)  to  be 

<r(4d5/2]  =  K,(\d(p,/2}\2  +  \d(f5/2)\2  +  K/7/2)|2), 

with  £p  =  37r(e2/Q!0£2)  in  absolute  units.  Here  e  is  the  electronic  charge,  ao  the 
dimensionless  fine  structure  constant  and  Er  the  photon  energy.  Converting  it  to  atomic 
units,  we  get  Kp  =  37rc2/u;2.  Therefore,  in  order  to  be  able  to  use  the  El  amplitudes  given 
by  Kammerling  and  Schmidt  [15],  we  should  first  multiply  them  by  87T3cj/(3c3).  This  're- 
normalization'  procedure  will,  however,  only  change  the  magnitude  of  El  photoioniza- 
tion matrix  elements,  but  their  [15]  phases  will  remain  unaltered.  Therefore,  the 
magnitude  of  the  £1  transition  amplitudes  we  have  used  in  calculating  the  orientation  and 
alignment  parameters  for  photoionization  step  (15a)  are 

d(pi(2)  =  1-459  x  l(T3a.u., 
<*(/s/2)  =  -1-385  xl(T3  a.u., 
d(f1/2)  =  -5.010  x  10~3  a.u., 

with  associated  phases  given  in  [15].  The  corresponding  normalized  orientation  and 
alignment  factors  for  Xe+*(4p92D5/2)  are  then  readily  obtained  from  (11.13)  to  be  [18]: 

mr)  =  -1.86mr;     p2Q(J;  mr)  =  0.279(3m2  -  2).  (16b) 


Here  [1],  [17],  mr  =  0  for  LP  and  mr  =  ±1  for  CP  light  incident  in  (15a).  The  energy  of 
the  LP  photon  in  experiment  of  [15]  was  94.5  eV. 

The  X-  and  Z-components  of  the  polarization  vector  p  of  Auger  electrons  emitted  from 
Xe  in  the  process  (15)  are  shown  in  figure  5.  The  results  have  been  computed  by 
substituting  (16)  in  (14).  On  comparing  figures  2(b)  and  5  we  find  that  the  nature  of 
variation  of  px  and  pz  with  the  angle  of  emission  0a  of  Auger  electrons  in  the  two  figures 
is  almost  the  same.  It  is  because  both  orientation  and  alignment  contribute  to  the 
polarization  of  Auger  electrons  in  the  non-radiative  decay  of  Ba+*(2P3/2)  in  (lib)  and  of 
Xe+*(2Z>5/2)  in  (15b).  However,  the  magnitude  of  pz  for  Xe-  Auger  electron  is  much 
larger  than  for  those  coming  out  from  Ba+*,  but  px  has  almost  equal  magnitude  in 
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Figure  5.  Same  as  figure  2(a)  but  for  Auger  electrons  emitted  in  the  non-radiative 
decay  (15b)  of  excited  photoion  Xe+*(4p9  2£>5/2)-  These  values  have  been  calculated 
by  substituting  eq.  (16)  in  (14a,  c). 
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Figure  6.  Same  as  figure  3(a)  but  for  Auger  electrons  emitted  in  the  non-radiative 
decay  (15b)  of  excited  photoion  Xe+*(4p92£>5/2).  These  ratios  are  calculated  by 
substituting  eqs  (16)  in  (1.14). 

figures  2(a)  and  5,  which  is  almost  twice  of  that  given  in  figure  2(b)  for  Ba+*(2P3/2).  This 
simply  means  that  the  degree  of  spin-polarization  of  Auger  electrons  emitted  in  (15)  is 
expected  to  be  much  larger  than  those  coming  out  from  (11). 
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Figure  7.  Same  as  figure  4(a)  but  for  Auger  electrons  emitted  in  the  non-radiative 
decay  (15b)  of  excited  photoion  Xe+*(4p92D5/2).  These  ratios  are  calculated  by 
substituting  eqs  (16)  in  (I.16a)  for  LI  and  LI  and  in  (I.16b)  for  7"],  7*2 . 

As  far  as  we  know,  unfortunately,  no  experimental  measurements  or  any  other 
calculations  for  spin-polarization  of  Auger  electrons  emitted  in  the  process  (15)  in  Xe  are 
available.  Talkki  et  al  [19]  have  computed  those  parameters  which  are  needed  in  eq. 
(II.27b)  to  calculate  py  component  of  the  polarization  vector  perpendicular  to  the  reaction 
plane  in  the  presence  of  SOL  But,  for  the  transition  (n.27b)  in  Xe+*,  py  has  already  been 
shown  to  vanish  identically  elsewhere  in  this  paper.  Consequently,  the  results  presented  in 
figure  5  are  the  first  theoretical  prediction  of  the  components  px  and  pz  of  the  polarization 
vector  p  of  Auger  electrons  emitted  in  the  process  (15)  in  Xe. 

In  the  respective  figures  6  and  7,  we  have  shown  the  ratios  of  the  CD  in  spin-resolved 
integrated  and  differential  Auger  currents  to  the  total  Auger  intensity  for  the  process  (15). 
These  have  been  calculated  by  substituting  eq.  (16)  in  (1.14)  and  (1.16),  respectively.  In 
figure  7,  both  longitudinal  (Li,L2)  as  well  as  transverse  (7"i,T2)  geometries, 
corresponding  to  eqs  (I.16a)  and  (I.16b)  respectively,  have  been  considered.  (These 
experimental  arrangements  are  shown  in  the  respective  figures  l(b)  and  l(c).)  The 
magnitude  of  the  ratios  in  these  figures  are  usually  larger  than  those  of  Ba  shown  in 
figures  3  and  4.  Another  interesting  comparison  between  CD  in  B  a  and  Xe  AES  is  that 
variations  in  figure  6  with  respect  to  ffa  and  in  figure  7  with  respect  to  Oa  for  Xe+*(2£>5/2) 
are  similar  to  those  found  for  Ba+*(2P3/2)  in  figures  3(b)  and  4(b),  respectively. 

4.  Conclusion 

In  this  paper,  we  have  shown  that  the  same  set  of  equations  describe  angle-  and  spin- 
resolved  AES  following  photoabsorption  in  both  atoms  as  well  as  in  rotating  linear 
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molecules  with  or  without  including  SOI  in  the  second  step  of  Auger  emission.  Although, 
the  dynamical  terms  needed  for  atomic  systems  are  naturally  different  from  those  for 
molecules,  the  geometrical  factor,  is  however,  identical  in  the  two  cases.  We  have,  further, 
shown  that  CD  exists  in  the  AES  of  both  of  these  targets  in  almost  identical  physical  as 
well  as  geometrical  conditions  and  is,  again,  represented  by  the  same  equations  which  do 
not  include  SOI  in  the  Auger  decay  dynamics.  We  have  used  these  equations  for 
calculating  components  of  the  polarization  vector  and  CD  for  Auger  electrons  emitted 
from  the  excited  photoions  Ba+*(5/752Pi/2i3/2)  and  Xe+*(4p92D5/2). 

Our  investigations  show  that  if  the  total  orbital  angular  momentum  L/  as  well  as  the 
total  angular  momentum  //  of  the  doubly  charged  ion  left  after  Auger  emission  is  zero 
(i.e.,  it  is  in  its  'So  state)  and  the  departing  electron  is  represented  by  a  single  partial 
wave,  then  the  degree  of  spin  polarization  of  Auger  electrons  is  not  affected  by  the 
absence  or  presence  of  SOI  in  bound  and/or  continuum  electrons.  The  Auger  electrons  in 
this  case  are  spin-resolved  if  and  only  if  their  emission  is  preceeded  by  the  absorption  of 
CP  light,  whether  or  not  SOI  is  included.  In  such  experiments,  polarization  of  Auger 
electrons  is  confined  only  to  the  plane  which  contains  both  the  outgoing  electrons  as  well 
as  the  CP  ionizing  radiation,  and  vanishes  identically  in  a  direction  perpendicular  to  this 
plane.  In  the  three  examples  considered  in  this  paper,  the  maximum  magnitude  of  the  pz 
component  of  polarization  vector  along  the  photon  beam  is  either  equal  to  or  larger  than 
its  px  component  perpendicular  to  the  photon  beam.  Moreover,  the  degree  of  spin 
polarization  of  Auger  electrons  produced  in  the  decay  of  Xe+*(4p9  2D5/2)  is  much  larger 
than  of  those  emitted  from  either  of  the  two  states  (5p52Pi/2|3/2)  of  Ba+*.  The  CD 
investigations  performed  here  are  useful  for  studying  spin-resolved  Auger  spectroscopy, 
and  for  investigating  the  influence  of  SOI  on  Auger  electrons.  The  circular  dichroism 
calculated  in  this  paper  in  the  AES  of  Ba  and  Xe  suggests  that  it  is  sufficiently  larger  and 
can  be  studied  experimentally.  In  addition,  being  the  difference  of  two  aspects  of  almost 
equal  values,  CD  studies  provide  more  stringent  test  for  theoretical  models. 
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Abstract.  A  theoretical  model  of  Dewangan,  in  which  the  total  scattering  wave  function  is 
approximated  by  a  distorted  wave  containing  two  Coulomb  wave  functions,  is  discussed  and  its 
relation  with  the  Brauner-Briggs-Klar  model  for  ionization  is  examined.  An  important  feature  of 
the  theory  is  that  it  includes  a  second  Born  amplitude  naturally  and  in  addition,  contains,  albeit 
approximately,  both  real  and  imaginary  parts  of  all  higher  order  Born  terms.  The  theory  is  applied 
to  study  the  Is  — »•  2s  excitation  of  hydrogen  by  electrons  in  the  energy  range  54.4  to  400  eV.  The 
differential  and  integral  cross  sections  predicted  by  the  theory  are  compared  with  the  results  of  other 
theories  and  experimental  data  at  54.4  eV  and  a  good  agreement  is  found. 

Keywords.    Brauner-Briggs-Klar  model;  two-Coulomb  waves. 
PACSNos    34.80;  34.90 

1.  Introduction 

In  recent  years,  the  Brauner-Briggs-Klar  (BBK)  scattering  wave  function  [1,2]  has 
received  considerable  attention  in  the  study  of  the  ionization  of  atoms.  The  BBK  wave 
function  for  electron/positron-hydrogen  scattering  essentially  consists  of  a  product  of 
three  Coulomb  wave  functions,  and  properly  satisfies  the  boundary  conditions.  The  origin 
of  the  three  Coulomb  wave  functions  is  as  follows.  A  product  of  two  Coulomb  wave 
functions  is  used  to  describe  the  scattered  electron  interacting  with  the  two  Coulomb 
potentials  produced  by  the  ejected  electron  and  the  target  nucleus.  The  third  Coulomb 
wave  function  is  the  continuum  eigenfunction  of  the  ejected  electron  in  the  field  of  the 
target  nucleus.  Thus,  the  BBK  wave  function  describes  the  motion  in  the  final  channel  of 
the  ejected  electron  and  the  projectile  interacting  with  each  other  and  also  with  the  target 
nucleus.  The  approximate  scattering  amplitude  is  obtained  by  replacing  the  exact 
scattering  wave  function  by  the  BBK  wave  function  in  the  prior  form  of  the  transition 
amplitude.  An  extension  of  the  model  to  ionization  of  helium  has  been  given  by  Franz 
and  Altick  [3],  and  Berakdar  and  Briggs  [4].  This  model  has  been  applied  recently  by 
Berakdar  et  al  [5]  to  study  the  orientation  and  alignment  effects  in  ionization  of  H(2p)  by 
electron  impact.  The  BBK  wave  function  has  also  been  successful  in  the  investigation  of 
angular  distribution  of  electrons  following  double  photoionization  [6, 7]. 

In  view  of  the  current  interest  in  the  BBK  theory  for  ionization  and  photoionization, 
it  is  of  considerable  importance  to  examine  its  applicability  to  direct  excitation,  since 
this  would  give  information  about  its  theoretical  structure.  In  this  work,  we  use  an 

479 


Sima  Chakrabarti  and  Durga  P  Dewangan 

approximate  total  scattering  wave  function  for  excitation  of  hydrogen  proposed  by 
Dewangan  [8]  and  discuss  its  relation  with  the  BBK  wave  function  for  ionization.  We 
extend  our  preliminary  study  of  the  Is—*  2s  excitation  of  hydrogen  by  electron  impact, 
performed  at  a  single  energy  of  54.4  eV,  to  54.4-400  eV  covering  a  wide  range  in 
the  intermediate  energy  region  and  examine  the  theoretical  predictions  by  comparing 
them  with  the  results  of  other  current  theories.  We  use  atomic  units,  unless  otherwise 
stated. 


2.  The  two  Coulomb  wave  theory  for  direct  excitation 

We  consider  the  collision  of  an  electron  with  a  hydrogen  atom.  Let  r  and  ro  denote  the 
position  vectors  of  the  target  electron  and  the  incident  electron  with  respect  to  the  target 
nucleus  (assumed  to  be  infinitely  heavy)  respectively,  and  let  TQI  =  r  —  ro  be  the  position 
vector  of  the  incident  electron  with  respect  to  the  target  electron.  We  denote  the  final 
wave  vector  of  the  incident  electron  by  kf,  that  of  the  ejected  electron  by  k  and  define 
k01  =  (k-  kf)/2.  The  BBK  wave  function  for  the  final  (ionization)  channel  is  given 
by  [1,2] 


—1—  e''kfr«+/k'r  r(l  -  ia^e-™"72  iF,(iacT,  1;  -ikr  -  ik  •  r) 
(2ir)  '~ 

,  1;  -ikfr0  -  ikf  •  r0) 

rm),  (1) 


where  aer  =  —  1/fc,  &PT  =  Zp/kf  and  aep  =  —  Z/>/|k  —  kf|  in  which  Zp  =  —1  is  the 
charge  of  the  incident  electron.  The  BBK  transition  amplitude  for  ionization  is  obtained 
by  approximating  the  exact  total  scattering  wave  function  with  the  above  wave  function 
in  the  prior  form  of  the  transition  amplitude. 

One  can  extend  the  BBK  model  to  excitation  of  hydrogen  in  a  straightforward  manner. 
The  BBK  scattering  wave  function  for  excitation  is  obtained  by  replacing 
F(l  -  ioteT}  t~™*T/2  ]Fi  (iaer,  1;  -ikr  -  ik  •  r),  the  Coulomb  eigenfunction  for  the 
ejected  electron,  by  <£f(r),  the  bound  atomic  eigenfunction  of  the  excited  final  state, 
and  putting  k  =  0, 

(-zVf,  1;  -iktro  -  ikf  •  rn) 

ikf  •  rm  /2)  ,  (2) 

where  we  have  defined  i/f  =  Zp/kf.  The  BBK  version  of  the  transition  amplitude  for 
excitation  is  obtained  by  using  this  wave  function  in  place  of  the  exact  wave  function  in 
the  prior  form  of  the  transition  amplitude. 

In  the  context  of  excitation,  however,  it  is  traditional  to  consider  the  post  form  of  the 
transition  amplitude,  rather  than  the  prior  form  which  is  used  in  ionization.  For  the 
reasons  that  will  become  clear  in  the  following,  we  replace  kf/2  by  kf  in  the  argument  of 
the  confluent  hypergeometric  function  appearing  in  (2).  If  we  denote  by  0j(r)  the  bound 
atomic  wave  function  of  the  initial  state  and  by  k,-  the  incident  wave  vector,  we  can 
immediately  write  the  post  form  of  scattering  wave  function  (2)  corresponding  to  the 
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entrance  channel  as  [8] 

tf  =  0i(r)e'k'"ro|r(l  +  iJ,)\2lFl(-iv,  1;*V0  -  zk,  •  r0) 

x  i  F,  (iV,  1  ;  zVoi  +  ik/  •  r0i  )  ,  (3  ) 

where  v  =  Zf/kj.  The  wave  function  (3)  contains,  in  essence,  a  product  of  two  Coulomb 
wave  functions  which  describes  the  continuum  state  of  the  incident  electron  interacting 
simultaneously  with  both  the  target  nucleus  and  the  bound  target  electron.  By  using  the 
asymptotic  forms  of  the  confluent  hypergeometric  functions  [9],  we  may  easily  see  that 
Lhe  wave  function  (3)  satisfies  proper  boundary  conditions 

$*"  ~  </>i(r)e/krr°  +  scattered  wave.  -  (4) 

In  the  ^-matrix  formalism,  when  the  exact  scattering  wave  function  is  approximated  by 
(3),  the  post  form  of  the  transition  amplitude  for  the  <&(r)  —  >  </>f(r)  excitation  is  given  by 


rfi=       drdroe-^tfto-.  (5) 

./  Vro      roi/ 

Since  the  continuum  state  of  the  incident  electron  is  described,  in  essence,  by  two 
Coulomb  wave  functions,  the  present  theory,  for  brevity,  will  be  called  the  two  Coulomb 
waves  (TCW)  theory. 

It  should  be  mentioned  here  that  the  use  of  the  wave  function  of  the  form  (3)  in  atomic 
scattering  calculations  is  not  new.  Vainshtein,  Presnyakov  and  Sobelman  (VPS)  [10]  in  the 
context  of  excitation  of  hydrogen  by  electron  impact,  and  Cheshire  [11],  in  the  context  of 
electron  capture  in  proton-hydrogen  collisions  (the  CDW  method),  were  the  first  to 
propose  the  use  of  a  product  of  two  Coulomb  wave  functions  to  describe  the  distortion 
effects  on  the  scattering  wave  function.  In  the  study  of  electron  impact  excitation  of 
hydrogen,  Vainshtein  et  al  [10]  used  the  post  form  of  the  transition  amplitude  (the  VPS 
approximation).  But,  to  evaluate  the  amplitude,  Vainshtein  et  al  [10]  and  subsequently 
other  authors  (see  the  references  given  in  [12,13])  applied  peaking  approximations  to 
simplify  the  calculations.  Dewangan  and  Bransden  [12]  analysed  the  physical  content  of 
Lhe  VPS  approximation  for  excitation  of  hydrogen  by  proton  impact  and  showed  (see 
below)  that  the  application  of  the  peaking  approximation  to  the  VPS  amplitude  in  essence 
leads  to  a  first  order  amplitude  that  is  a  poor  approximation  to  the  VPS  amplitude.  Their 
analysis  showed  that  the  contribution  to  the  VPS  scattering  amplitude  from  the  incident 
proton-electron  matrix  element  contains  a  term  which  is  identical  to  a  second  Born 
amplitude  for  this  interaction  computed  in  a  closure  approximation.  However,  the  matrix 
element  of  the  incident  proton-target  nucleus  interaction  that  occurs  in  the  VPS 
amplitude,  contains  a  term  which  is  not  identical  to,  but  has  a  structure  similar  to  a 
second  Born  term,  for  this  interaction.  Following  this  work,  Dewangan  [8],  by  modifying 
the  VPS  wave  function,  wrote  down  the  TCW  wave  function  (3)  as  well  as  the  TCW 
transition  amplitude  (5)  for  electron  hydrogen  scattering  and  demonstrated  that  the 
transition  amplitude  (5)  contains  full  closure  approximation  second  Born  terms 
corresponding  to  the  incident  electron-target  electron  and  the  incident  electron-target 
nucleus  interaction.  Dewangan  and  Khadkikar  [14]  have  developed  a  distorted  wave 
expansion  for  the  transition  amplitude  whose  first  order  term  is  the  TCW  amplitude  (5).  It 
is  shown  in  that  paper  that  the  TCW  amplitude  (5)  contains  (1)  a  second  Born  term,  (2) 
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both  real  and  imaginary  parts  of  all  higher  (>  3)  order  Born  terms  in  an  approximate  way, 
and  that  (3)  the  well  known  Glauber  amplitude  (for  a  review  see  [15, 16])  can  be  derived 
by  introducing  further  approximations  in  the  TCW  amplitude.  Like  the  TCW  amplitude, 
the  Glauber  amplitude  contains  contributions  from  all  orders  (n  >  2)  of  the  Born  terms, 
but  in  contrast  to  the  TCW  model,  either  all  its  odd-order  terms  are  purely  real  and  all  its 
even-order  terms  are  purely  imaginary  or  vice  versa.  Evidently,  the  TCW  theory  includes 
contributions  from  all  orders  of  the  Born  terms  and  goes  beyond  the  Glauber 
approximation. 

The  TCW  wave  function  (3)  is  very  similar  in  spirit  to  the  VPS  wave  function  (or  the 
wave  function  of  the  continuum  distorted  wave  (CDW)  model  of  Cheshire  [11],  see 
Dewangan  and  Eichler  [17]  for  a  discussion)  but  differs  from  the  VPS  (or  the  CDW)  wave 
function  in  that  the  latter  is  based  on  the  use  of  the  Jacobi  coordinates  [18].  For  an  explicit 
expression  of  the  VPS  (or  the  CDW)  wave  functions  and  the  transition  amplitudes  in  both 
the  post  and  prior  forms  for  electron-hydrogen  scattering,  the  reader  is  referred  to  Sinha 
et  al  [13]. 

One  can  show  by  following  the  method  of  Dewangan  and  Bransden  [12]  that  the  wave 
function  (2),  unlike  (3),  does  not  reproduce  the  full  closure  approximation  second  Born 
term  and  therefore  we  use  only  the  wave  function  (3).  Dewangan  [8]  also  made  a 
preliminary  application  of  the  TCW  model  to  the  Is  -^  2s  excitation  of  hydrogen  by 
electrons  at  54.4  eV  and  indeed,  to  our  knowledge,  except  for  this  application,  no  other 
calculations  without  further  approximations  for  direct  excitation  in  this  method  have  been 
reported.  However,  as  the  present  work  based  on  improved  numerical  techniques  shows, 
due  to  inaccuracies  in  performing  numerical  quadratures,  the  differential  cross  sections 
calculated  in  [8]  were  in  error  by  up  to  about  15%,  depending  on  scattering  angles.  Here 
it  must  be  mentioned  that  Chen  et  al  [19]  have  applied  the  TCW  theory  without  any 
further  approximation  to  study  Ps(ls)  formation  in  e+-H(l,s)  collisions. 

In  order  to  perform  numerical  computation,  we  follow  the  method  of  Dewangan  [8]  and 
transform  the  transition  amplitude  (5)  into  momentum  space.  Defining  the  form  factor, 


(6) 
the  transition  amplitude  (5)  may  be  reduced  to 

where  7^    is  given  by 

/  f  /i      _  \  2~|  \ 

(8) 


UJfi 


Here,  wfi  =  ef  -  eit  with  e\  and  ef  being  the  eigenenergies  of  the  initial  and  final  atomic 
states,  respectively,  q  =  k,  -  k/  is  the  momentum  transfer  and  T%1  is  the  usual  first  Born 
transition  amplitude  given  by 


(9) 

Clearly,  the  amplitude  T£\  eq.  (8),  is  in  essence  a  first  order  approximation. 
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(2) 

The  amplitude  7^  ;  may  be  written  as 

7f  =  ZP|r(l  +  iv)\2(—}  [TN  +  TE\.  (10) 


Here,  the  matrix  element  TN  is  the  contribution  from  the  interaction  of  unit  strength 
(+l/ro),  and  is  given  by 


(ii) 

The  term  TE  is  the  contribution  from  the  interaction  of  unit  strength  (+l/roi), 

TE=      ,.          [  .    [Sf.(p  -  kr)  -  Gfi(q)][|p  ~  k.-  -  fr  |2  +  (e  -  iktfr 

-0%  7    QP        |p  _  k.|(2+2<V)  ,p  _  k/,(2-2,V)  (p2  _  ^  _  .Q)(,-,-,)        ' 

(12) 

If  we  put  v  =  0,  (11-)  and  (12)  reduce  respectively  to 

[Gfi(k/-p)-Gfi(0)] 


B2  —  mil    ,    up  7-^-i ,     |2/    ., 7^ —  i  (13) 

and 

a— >0 

We  may  verify  that,  apart  from  a  constant  factor,  (13)  and  (14)  are  the  second  Born  terms 
for  the  interactions  +l/ro,  and  +l//"oi,  respectively,  calculated  in  the  closure 
approximation  in  which  the  atomic  energies  of  all  intermediate  states  are  taken  to  be 
ej,  the  energy  of  the  initial  atomic  state  [15, 16].  Thus,  the  TCW  model  fully  includes  the 
closure  approximation  second  Born  (CSB2)  terms.  It  is  also  clear  from  (8),  (10)-(12)  that 
if  the  TCW  amplitude  7>,,  eq.  (7),  is  (formally)  expanded  in  powers  of  v,  the  term 
containing  i/  arises  from  the  (k  +  l)th  order  Born  term.  Thus,  we  see  that  the  (TCW) 
model  contains  contributions  from  both  real  and  imaginary  parts  of  all  higher  order  (>  3) 
Bora  terms  in  this  closure  approximation. 

We  may  note  that,  in  earlier  studies  of  electron  impact  excitation  of  hydrogen  ([10], 
[13]),  the  first  order  amplitude  T^\  eq.  (8),  was  obtained  by  applying  a  peaking 
approximation  to  the  VPS  amplitude,  i.e.  the  VPS  amplitude  was  approximated  by  T%  . 
The  first  order  (or  peaking  approximation)  amplitude  7^  ,  eq.  (8),  being  an  even  function 
of  v,  contains  contributions  from  only  odd  order  Born  terms.  Evidently,  it  is  a  poor 
approximation  to  the  TCW  amplitude  TR,  eq.  (7),  since  it  does  not  include  the  second 
Born  amplitude  and  also  the  effects  of  higher  order  perturbation  terms  contained  in  7^  , 
eq.  (10). 

Obviously,  the  closure  approximation  inherent  in  the  TCW  theory  becomes  more 
accurate  when  the  energy  difference  between  the  initial  and  final  atomic  states  is  small 
and,  in  addition,  there  are  a  large  number  of  intermediate  atomic  states,  grouped  around 
the  initial  and  final  atomic  states,  having  nearly  the  same  energy  as  the  initial  (or  final) 
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atomic  state  [20].  Since  this  condition  is  encountered  in  transitions  between  excited 
states,  the  TCW  model  is  better  suited  for  excited-state  to  excited-state  transitions.  In  this 
context,  an  appealing  feature  of  the  integral  expressions  (11)  and  (12)  and  hence  the 
transition  amplitude  Tf,  is  that  they  depend  on  the  initial  and  final  atomic  states  only 
through  the  form  factor  Gf,(p).  Since  the  form  factor  Gfi(p)  is  available  in  closed  form 
for  arbitrary  initial  and  final  states,  the  integral  expression  for  the  transition  amplitude  Tfi 
is  free  from  parametric  differentiation.  We  may  mention  that  an  alternative  method  for 
evaluation  of  the  integrals  containing  two  Coulomb  wave  functions  used  in  the  literature 
(see  for  example,  [1, 13, 19])  depends  on  the  technique  of  parametric  differentiation. 
Although  this  method  of  parametric  differentiation  can  be  applied  to  excitation  of  n  =  2 
states,  such  a  method,  as  is  well  known,  becomes  very  cumbersome  for  higher  excited 
atomic  states.  For  this  reason,  we  have  preferred  to  develop  numerical  techniques  for 
directly  computing  the  three-dimensional  integrals  (11)  and  (12). 

We  have  numerically  evaluated  the  three-dimensional  integrals  (11)  and  (12)  in 
momentum  p-space  for  the  Is  — »  2s  excitation  of  hydrogen  induced  by  electron  impact 
by  using  spherical  polar  coordinates  p  =  (/?,  9P,  ipp).  We  have  suitably  divided  the  range 
(0  <p  <  oc,  0  <  6P  <  TT,  Q<(pp<  2?r)  of  integrals  into  some  number  of  intervals 
(depending  on  the  incident  energy)  and  then  applied  the  Gaussian  quadrature  formulas  in 
each  of  these  intervals.  Careful  treatment  was  given  to  the  regions  near  p  =  k,  and 
p  =  k/. 

We  see  that  the  integrands  in  (11)  and  (12)  contain  the  Coulomb  distorted  Green's 
function  l/(p2  -  kf  —  iey±w\  having  the  ie  prescription,  i.e.  the  limiting  e  — >  0 
procedure.  A  straightforward  application  of  standard  numerical  quadrature  formulas  (e.g. 
the  Gaussian  formula  [9])  to  the  integrals  in  (11)  and  (12)  would  miss  the  contributions 
originating  from  the  ie  prescription.  To  evaluate  accurately  the  contributions  coming  from 
the  ie  prescription  in  the  neighbourhood  of  p  =  fc/  [and  also  the  singular  region  around 
p  — »  k/],  we  have  given  special  attention  to  the  radial  ^-integration  from  p  =  k(  —  AI  to 
p  =  k;  +  A],  where  A]  is  some  small  positive  number  and  devised  an  auxiliary  integral. 
The  nature  of  the  integrand  becomes  further  involved  due  to  the  presence  of  the  factors 
[Gfi(k,  -  p)  -  Gfl(0)]/|p  -  kf|(2-2'v)  and  [Gfi(p  -  k/)  -  Gfi(q)]/|p  -  k,-|(2+2fc/)  in  (11) 
and  (12),  respectively,  since  these  terms  become  singular  as  p  — >  k;.  To  deal  with  the 
p  ~  k;  region,  we  have  expanded  the  form  factors  Gf,(p)  for  the  Is  — »  2s  excitation  in 
powers  of  (p  —  k,-)  and  retained  the  leading  term.  We  have  used  the  leading  term  to  devise 
auxiliary  integrals.  In  the  region  p  ~  k,-,  the  integrands  of  the  auxiliary  integrals  are  the 
limiting  forms  of  the  corresponding  integrands  of  the  actual  integrals  (11)  and  (12). 
Moreover,  the  auxiliary  integrals  are  such  that  they  can  be  either  evaluated  analytically  or 
accurately  by  numerical  quadrature.  Therefore,  the  difference  of  the  actual  integrands  and 
the  auxiliary  integrands  is  smooth  in  this  region  and  can  be  evaluated  by  numerical 
quadrature.  The  complete  procedure  for  the  Is  -»  2s  excitation  is  rather  lengthy  and 
cumbersome  and  therefore  will  not  be  described  here.  It  may  be  mentioned  that  the  form 
of  the  auxiliary  integrals  depends  sensitively  on  the  form  of  Gg(p)  and  hence  is  different 
for  different  initial  and  final  states.  The  prescription  for  numerical  integration  near  this 
region  (p  ~  k/)  for  transitions  involving  non-spherical  states  (for  example,  Is  ->  2p 
excitation)  becomes  much  more  involved  and  we  are  working  on  this  problem. 

We  also  see  that  because  of  the  factors  [|p  -  k/  -  k/|2  +  (a  -  flk,-)2]+'v/|p  -  k/|(2+2'v) 
and  [|p-k/-k/|2  +  (e-/fcl-)2]~I'V|p-k/|(2~2/v)  in  (11)  and  (12),  respectively,  the 
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itegrands  become  singular  as  p  — »  k/.  However,  the  integrals  (over  p)  containing  these 
ictors  in  the  neighbourhood  of  p  =  k/-  are  well  defined  and  can  be  carried  out 
nalytically.  The  method  for  performing  these  integrals  analytically  is  rather  cumbersome 
nd  lengthy  and  we  shall  not  discuss  it  here.  Our  computer  program  includes  these 
jsults. 

We  have  tested  the  computer  program  by  devising  some  test  integrals  which  can  be 
valuated  analytically  and  whose  integrands  in  the  neighbourhood  of  p  =  k,-  and  p  =  kf 
ave  a  very  similar  behaviour  to  those  of  (11)  and  (12).  The  program  reproduces  the 
nalytical  results  to  desired  numerical  accuracy. 

.  Results  and  discussions 

Ve  have  computed  the  cross  sections  of  the  TCW  and  closure  approximation  second  Born 
3SB2)  models  for  the  Is  — >  2.?  excitation  of  hydrogen  by  electrons  in  the  energy  range  of 
4.4  to  400  eV  and  have  taken  into  account  the  exchange  contributions  by  using  the 
)chkur  approximation  [15].  The  computation  of  the  differential  cross  section  at  one 
mattering  angle  for  a  single  incident  energy  requires  about  30  minutes  of  CPU  time  in  the 
BM  6000/R  machine. 

For  the  n  =•  2  excitation  of  hydrogen,  a  large  number  of  sophisticated  perturbative  and 
onperturbative  theories  exists  [15, 16,21-24]  which  include  the  close  coupling  (40CC) 
lethod  based  on  a  large  basis  set  containing  pseudostates  of  Wyngaarden  and  Walters 
25],  the  convergent  close-coupling  (CCC)  theory  of  Bray  and  Stelbovics  [26]  and 
lubelev  et  al  [27],  the  coupled-channel  optical  (CCO)  model  of  Bray  et  al  [28],  the 
itermediate  /^-matrix  method  (IERM)  of  Scholtz  et  al  [29],  the  exact  second-order 
istorted  wave  (DWB2)  theory  of  Madison  et  al  [30]  and  Bubelev  et  al  [27].  As  stated  by 
>ray  and  Stelbovics  [26],  among  the  nonperturbative  theories,  the  results  of  the 
onvergent  close-coupling  (CCC)  theory,  the  coupled-channel  optical  (CCO)  model  of 
iray  et  al  [28],  the  intermediate  /2-matrix  method  (IERM)  of  Scholtz  et  al  [29]  and  the 
lose-coupling  (40CC)  theory  of  Wyngaarden  and  Walters  [25]  are  in  excellent  agreement 
/ith  each  other  at  intermediate  energies.  Wyngaarden  and  Walters  [25]  have  also 
resented  the  40CC  results  in  tabular  forms.  Therefore,  we  have  compared  the  TCW 
2sults  with  the  40CC  results  and,  for  the  sake  of  clarity,  we  have  not  included  in  the 
igures  the  results  of  the  CCC,  CCO,  and  IERM  theories. 

.1  Electron  impact  excitation  of  the  2s  state  at  54.4  eV 

tor  the  electron  impact  excitation  of  the  ground  Is  state  of  the  hydrogen  to  the  2s  state, 
le  incident  energy  54.4  eV  is  special,  since  only  at  this  energy,  the  differential  cross 
ections  have  been  measured  by  Williams  in  1981  [31]  (see  also  Williams  and  Wang  [32] 
or  a  review  of  the  n  =  3  excitation  of  hydrogen).  Figure  1  compares  the  differential  cross 
ections  (shown  as  the  solid  curve)  of  the  TCW  model  with  the  experimetal  data.  It  is 
een  that  the  TCW  results  (with  the  exchange  effects  included)  are  in  very  good 
greernent  with  the  experimental  data  for  scattering  angles  6  <  100°  but  they  are  smaller 
nan  the  experimental  results  for  larger  scattering  angles  0  >  100°.  This  figure  also 
!isplays  the  results  of  the  TCW  model  calculated  by  ignoring  the  exchange  effects 
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Figure  1.  Differential  cross  sections  for  e~  +  H(ls] — >e~  +  H(2s)  at  54.4  eV.  Solid 
line:  TCW  results  with  exchange;  dash-dot  line:  TCW  results  without  exchange; 
dottted  line:  CSB2  results  with  exchange;  dashed  line:  CSB2  results  without  exchange; 
stars:  DWB2  results  [27, 30];  crosses:  40CC  results  [25];  open  squares  with  error  bars: 
experimental  results  of  Williams  [31]. 


(shown  as  dash-dotted  line).  We  see  that  the  exchange  effects  are  important  at  this  energy. 
It  is  also  seen  that  the  CSB2  results  deviate  significantly  from  the  TCW  cross  sections 
showing  the  importance  of  the  higher  order  (n  >  3)  Born  terms  included  in  the  TCW 
theory.  The  differential  cross  sections  of  the  first  Born  theory,  and  the  peaking 
approximation  given  by  T£\  eq.  (8)  are  not  shown  in  the  figure.  The  peaking 
approximation  predicts  that  the  differential  cross  sections  have  a  shape  similar  to  that 
given  by  the  first  Born  theory.  It  is  well  documented  in  the  Literature  (see  e.g.  [16])  that 
the  first  Born  gives  a  poor  description  of  experiment. 

Figure  1  also  displays  the  theoretical  results  (shown  as  crosses)  of  Wyngaarden  and 
Walters  [25]  calculated  by  using  the  close  coupling  (40CC)  method  based  on  a  large  basis 
set  consisting  of  s,p  and  d  states  which  also  includes  pseudostates  to  account  for  the 
couplings  to  the  continuum  (and  the  bound  states  not  explicitly  included  in  the  basis  set). 
In  this  40CC  method,  couplings  to  the  target  states  of  higher  angular  momenta  (I  >  2)  are 
treated  perturbatively  in  the  second  Born  approximation.  The  TCW  theory  predicts  a 
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ightly  broader  peak  for  smaller  scattering  angles  in  comparison  to  the  40CC  theory  of 
fyngaarden  and  Walters  [25]  and  gives  somewhat  better  agreement  with  the 
iperimental  data  in  this  region.  Except  for  small  scattering  angles  (given  below),  the 
;sults  of  the  TCW  model  are  in  good  overall  agreement  with  those  of  40CC  method.  An 
teresting  feature  of  the  TCW  and  40CC  (and  also  the  CCC  [26, 27])  theories  is  that  they 
chibit  a  broad  shoulder  around  9  ss  40°. 

Madison  et  al  [30]  and  Bubelev  et  al  [27]  have  performed  calculations  of  the 
'oss  sections  for  the  n  —  2  excitation  of  hydrogen  by  electron  impact  in  the  energy  range 
)-200  eV  in  a  distorted  wave  second  order  (DWB2)  theory  which  includes  exactly  the 
icond  order  direct  and  exchange  amplitudes.  The  DWB2  results  are  shown  (as  stars)  in 
gure  1.  We  see  that  the  TCW  model  (the  solid  curve)  is  in  good  harmony  with  the 
WB2  theory  (the  stars)  for  scattering  angles  O  <  100°.  For  larger  scattering  angles 
•>  >  100°),  the  differential  cross  sections  of  the  DWB2  theory  tend  towards  the  results  of 
e  closure  approximation  second  Born  (CSB2)  model,  calculated  by  using  (13)  and  (14) 
hown  as  the  dotted  curve).  It  is  interesting  to  note  that  the  differential  cross  sections  of 
e  CSB2  and  DWB2  approximations  agree  remarkably  well  with  the  experimental  data 
ir  6  >  90°,  whereas  for  smaller  scattering  angles,  the  CSB2  approximation  gives  a  poor 
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Figure  2.    Differential  cross  sections  for  e~  +  H(!J) — >e~  +  H(2j)  at  100  eV.  The 
descriptions  of  the  curves  are  the  same  as  in  figure  1. 
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Figure  3.     Differential  cross  sections  for  e~  +  H(ls) — >e~  +  H(2s)  at  200  eV.  The 
descriptions  of  the  curves  are  the  same  as  in  figure  1 . 

description  of  the  experimental  data.  Another  interesting  feature  to  note  is  that  in  contrast 
to  the  TCW,  40CC  and  CCC  theories,  the  DWB2  and  CSB2  models  do  not  predict  a  broad 
shoulder  around  9  w  40°. 


3.2  Electron  impact  excitation  of  the  2s  state  for  100-400  eV 

The  differential  cross  sections  calculated  in  the  TCW  model  (the  solid  curve)  and  the 
CSB2  approximation  [both  with  (the  long  dashed  curve)  and  without  (the  dotted  curve) 
exchange  contributions]  are  shown  in  figures  2-5  for  incident  electron  energies  100- 
400  eV.  For  these  energies,  there  are  no  experimental  data.  The  results  of  the  40CC 
approximation  of  Wyngaarden  and  Walters  [25]  are  available  for  100,  200  and  300  eV 
which  are  also  shown  as  the  crosses.  The  stars  in  figures  2  and  3  represent  the  results  of 
the  DWB2  theory  calculated  by  Madison  et  al  [30]  and  Bubelev  et  al  [27].  We  see  from 
these  figures  that  for  incident  energy  >  200  eV,  the  exchange  contribution  is  very  small. 
The  TCW  model  predicts  somewhat  larger  values  of  the  differential  cross  sections  in  the 
forward  direction  in  comparison  to  the  40CC  and  the  DWB2  models.  This  feature  is  due 
to  the  average  excitation  energy  being  equal  to  3,  the  energy  of  the  initial  atomic  state. 
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Figure  4.    Differential  cross  sections  for  e 
descriptions  of  the  curves  are  the  same  as  in  figure  1. 


»e-+H(2s)  at  300  eV.  The 


re  see  that  for  the  scattering  angles  6  >  20°,  there  is  good  overall  agreement  among  the 
•edictions  of  the  TCW,  40CC  and  DWB2  methods. 

3  Integrated  cross  sections 

re  have  computed  the  integrated  cross  sections  of  the  TCW.  CSB2  and  first 
orn  theories  and  also  of  the  peaking  approximation  given  by  7^,  eq.  (8).  In  our 
ilculations,  we  have  included  the  exchange  contribution  by  using  the  Ochkur 
)proximation.  Table  1  compares  the  integrated  cross  sections  calculated  in  various 
odels.  The  importance  of  the  higher  order  Born  terms  included  in  the  TCW  theory 
ice  again  becomes  clear  from  the  fact  that  the  integrated  CSB2  cross  sections 
ffer  significantly  from  the  integrated  TCW  cross  sections  in  the  energy  range  under 
msideration.  Indeed,  the  CSB2  theory  predicts  the  largest  values  of  the  integrated 
oss  sections.  The  peaking  approximation  also  gives  larger  integrated  cross  sections 
lower  energies  showing  the  importance  of  the  remaining  terms  included  in  the 
CW  theory.  From  the  table  we  also  see  that  the  TCW  model  predicts  larger  values  of 
e  integrated  cross  section  in  comparison  to  the  40CC  close  coupling  results  of 
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Figure  5.  Differential  cross  sections  for  e~  +  H(ls} — >e~  +  H(2s)  at  400  eV.  The 
descriptions  of  the  curves  are  the  same  as  in  figure  1. 

Table  1.  The  integrated  cross  sections  (in  units  of  afy  as  a  function  of  the  incident 
electron  energy  for  the  Is — >2s  excitation  of  atomic  hydrogen  by  electron  impact.  The 
integrated  cross  sections  of  the  TCW,  CSB2,  peaking  approximation  and  first  Born 
theories  include  the  exchange  contributions  through  the  Ochkur  approximation. 


Electron  energy 

54.4  eV 

100  eV 

200  eV 

300  eV 

400  eV 

TCW 

0.298 

0.174 

0.091 

0.062 

0.046 

CSB2 

0.568 

0.261 

0.114 

0.072 

0.052 

40CC 

0.204 

0.126 

0.079 

0.057 

— 

Peaking  approx. 

0.437 

0.205 

0.096 

0.063 

0.047 

First  Born 

0.289 

0.170 

0.090 

0.061 

0.046 

Wyngaarden  and  Walters  [25].  This  is  due  to  the  larger  values  of  the  differential  cross 
section  in  the  forward  directions  (see  figures  1^4)  resulting  from  the  closure 
approximation  imbedded  in  the  TCW  model.  But,  as  the  energy  increases,  the  integrated 
cross  sections  of  both  the  TCW  and  40CC  models  approach  the  first  Born  values,  as  one 
would  expect. 
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Electron  impact  Is  — >  2s1  excitation  of  hydrogen 
•.  Concluding  remarks 

n  the  context  of  recent  interest  in  the  BBK  wave  function  for  ionization,  we  have 
liscussed  the  two  Coulomb  waves  (TCW)  model  of  Dewangan  [8]  for  direct  excitation. 
Ve  have  seen  that  the  TCW  model  for  excitation  corresponds  to  the  BBK  model  for 
onization.  To  examine  the  predictions  of  the  TCW  model,  we  have  studied  the  Is  — >  2s 
:xcitation  of  hydrogen  by  electron  impact  in  the  energy  range  of  54.4  to  400  eV  and 
;ompared  them  with  the  results  of  other  sophisticated  perturbative  and  nonperturbative 
nodels.  We  have  seen  that,  because  of  the  large  difference  in  the  eigenenergies  of  the  Is 
.nd  2s  states,  the  closure  approximation  inherent  in  the  model  may  not  be  well  justified 
or  the  Is  — »  2s  excitation  as  for  transitions  between  excited  states.  In  spite  of  this 
imitation,  the  TCW  results  give  good  agreement  with  the  experimental  differential  cross 
ections  at  54.4  eV  by  electron  impact  and  also  compare  reasonably  well  with  the 
iredictions  of  other  current  sophisticated  theoretical  models. 
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Abstract.  This  paper  examines  the  effect  of  substitution  of  water  by  heavy  water  in  a  polymer 
solution  of  polystyrene  (molecular  weight  =  13000)  and  acetone.  A  critical  double  point  (CDP),  at 
which  the  upper  and  the  lower  partially-miscible  regions  merge,  occurs  at  nearly  the  same 
coordinates  as  for  the  system  [polystyrene  +  acetone  -f-  water].  The  shape  of  the  critical  line  for 
[polystyrene  +  acetone  +  heavy  water]  is  highly  asymmetric.  An  explanation  for  the  occurrence  of 
the  water-induced  CDP  in  [polystyrene  +  acetone]  is  advanced  in  terms  of  the  interplay  between 
contact  energy  dissimilarity  and  free-volume  disparity  of  the  polymer  and  the  solvent.  The  question 
of  the  possible  existence  of  a  one-phase  hole  in  an  hourglass  phase  diagram  is  addressed  in 
[polystyrene  +  acetone  +  water].  Our  data  exclude  such  a  possibility. 

Keywords.  Liquid-liquid  transitions;  critical  double  point;  polymer  demixing;  isotopic  substitution. 
PACS  Nos  64.70;  64.60 

1.  Introduction 

Polymer  solutions  exhibit  a  few  novel  thermodynamic  states,  e.g.,  theta  point,  critical 
double  point  (CDP)  [1,2]  and  tricritical  point  [3]  induced  by  variations  in  the  molecular 
weight  of  the  polymer  or  the  applied  pressure.  Polymer  solutions  are  known  to  share  the 
Ising  universality  class  with  binary  liquid  mixtures  [1,2].  Polymer  solutions  show  a  high 
temperature  partially-miscible  region  that  terminates  at  lower  critical  solution 
temperature,  T\_  and  a  low  temperature  partially-miscible  region  that  terminates  at  upper 
critical  solution  temperature,  7\j  [4-6].  The  CDP  is  defined  as  a  point  where  TL  and  7\j 
are  made  to  merge,  i.e.,  the  miscibility  gap  AT[=  \TL  -  Tv\]  becomes  zero.  Other 
examples  of  systems  that  display  CDP  are  aqueous  alcohols  [secondary  butyl  alcohol  -f 
tertiary  butyl  alcohol  +  water]  [7],  binary  gases  (Ne-Kr)  [8]  and  -mixtures  of  liquid 
sulphur  and  hydrocarbons  (e.g.,  benzene  or  toluene).  A  double  critical  point,  DCP  (where 
a  closed-loop  phase  diagram  vanishes)  is  identical  to  a  CDP  except  for  some  finer  details 
concerning  the  approach  to  these  points  [6]. 

In  practice,  the  role  of  pressure  in  multicomponent  liquid  systems  as  well  as  polymer 
solutions  is  simulated  by  isotopic/isomeric  substitutions   [6,7,9]  or  by  additional 
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understood  within  the  framework  of  the  Prigogine  solution  theory  as  modified  by 
Patterson  [4,5, 10].  The  quantity  of  interest  here  is  the  interaction  parameter,  x>  which 
reflects  the  interplay  of  two  competing  terms,  viz.,  the  contact  energy  dissimilarity  and 
free-volume  disparity  of  the  polymer  and  the  solvent.  The  expression  for  %>  as  given  by 
the  Patterson  and  the  Flory  theories  [4],  is 


RT 


2Rj 


(1) 


where  U\  is  the  configurational  energy  of  the  solvent,  Cp\t  the  first  derivative  of  U\  with 
respect  to  T,  is  the  configurational  heat  capacity  of  the  solvent,  and  R  is  the  gas  constant. 
The  parameter  v2  expresses  the  difference  of  the  cohesive  energy  and  size  between  the 
solvent  molecule  and  the  polymer  segment.  The  parameter  r  reflects  the  free-volume 
change,  which  occurs  due  to  large  differences  in  the  thermal  expansion  coefficients  of  the 
polymer  and  the  solvent. 

The  extent  of  miscibility  or  the  extent  of  stability  of  the  mixed  state  is  determined  by 
the  Flory  theory  from  the  combinatorial  part  of  AGw,  viz.,  the  total  free  energy  of 
mixing.  From  this  we  get  an  expression  for  the  critical  value  of  x,  Xc,  as  follows  [4, 10] 


1/2' 


(2) 


where  v\  and  u2  are  the  molar  volumes  of  the  solvent  and  the  polymer,  respectively.  It 

should  be  noted  that  Xc  decreases  with  an  increase  in  molecular  weight  of  the  polymer. 

The  first  term  in  (1)  usually  decreases  with  temperature  (T),  whereas  the  second  term  is 

an  increasing  function  of  temperature.  Typically,  a  x  —  T  curve  (figure  1)  has  a  minimum 


Decreasing 
pressure 


Increasing 
molecular  weight 


Temperature  > 

Figure  1.  The  behaviour  of  the  x  ~  T  curve,  and  Xc  with  change  in  pressure  and 
molecular  weight  of  the  polymer.  These  changes  lead  to  an  alteration  in  the  miscibility 
behaviour  (i.e.,  AT  value)  and  the  realization  of  a  critical  double  point  (Ar  =  0)  as 
well  as  appearance  of  an  hourglass  phase  diagram. 
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n  x  (i-e->  dx/dT  —>  0  or  dT/dx  — »  oo).  A  finite  Ar  is  attained  when  the  line  corres- 
jonding  to  Xc  intersects  this  curve  at  temperatures  TU  and  TL.  The  difference  between 
:hese  two  temperatures,  Ar[=  \TL  —  7\j|],  denotes  the  size  of  the  miscibility  gap. 

Increasing  the  molecular  weight  of  the  polymer  without  changing  the  nature  of  the 
X.  —  T  curve  leads  to  a  decrease  in  the  %c  value  (figure  1).  Hence,  at  some  value  of 
nolecular  weight,  the  Xc  line  can  become  tangential  to  the  x  —  T  curve,  leading  to  the 
Dccurrence  of  a  CDP  (AT  =  0).  The  situation  in  which  the  x  ~  T  curve  lies  above  the  Xc 
/alue  corresponds  to  the  hourglass  phase  diagram. 

Alternatively,  a  decrease  in  pressure  (P)  can  increase  the  free-volume  differences 
Between  the  two  components  and  thus  shift  the  x  ~  T  curve  upwards  (figure  1).  However, 
he  Xc  line  does  not  vary  with  pressure.  Thus  a  condition  of  %c  line  being  tangential  to  the 
K  —  T  curve  is  again  realized,  resulting  in  a  CDP.  Any  further  decrease  in  pressure  yields 
in  hourglass  phase  diagram.  In  this  manner,  one  can  explain  the  occurrence  of  a  CDP  in  a 
jolymer  solution  in  two  different  ways. 

Changing  the  molecular  weight  of  polystyrene  from  4800  to  19800  in  [PS  -f  AC]  leads 
:o  a  CDP  at  a  molecular  weight  of  19800  and  a  temperature  of  ~  70°C  [4].  By  variation 
)f  pressure  in  [PS  (molecular  weight  20000)  +  AC],  the  CDP  is  realized  [2, 5]  at  a 
pressure  of  3.33  bar  and  a  temperature  of  69.86°C.  We  have  shown  earlier  [1]  that  a  small 
quantity  of  the  third  component,  i.e.,  water,  can  induce  a  CDP  in  [PS  (molecular  weight 
L3000)  +  AC]  at  89.258°C  for  0.007  weight  fraction  of  water. 

The  objectives  of  this  work  are:  (a)  to  discern  the  effect  of  isotopic  (H/D)  substitution 
)n  the  nature  of  CDP  in  [PS  +  AC]  solutions,  i.e.,  to  impart  generality  to  our  earlier 
observation  of  CDP  in  this  system,  and  (b)  to  uncover  finer  details  of  hourglass  phase 
liagram  in  close  neighbourhood  of  CDP  -  in  the  light  of  the  observation  [11]  of  a  one- 
Dhase  hole  or  loop  inside  the  hourglass  configuration. 


I.  Experiment 

Samples  were  made  using  polystyrene  (PS)  (Pressure  Chemical  Co.)  of  molecular  weight 
13000  and  polydispersity  of  less  than  6%,  i.e.,  Mw/Mn  =  1.06,  where  Mw  is  weight 
iverage  molecular  weight  and  Mn  is  number  average  molecular  weight.  The  acetone  (AC) 
vas  of  spectroscopic  grade  (99.8%,  Ranbaxy,  India).  Heavy  water  was  of  isotopic  purity 
)9.6%  (BARC,  India).  Water  used  was  triple  distilled  in  an  all-quartz  distiller. 

The  miscibility  range,  AT(=  TL  -  7\j),  is  controlled  by  the  weight  fraction  (W)  of 
vater  or  heavy  water  in  the  polymer  solution  [PS  -f  AC].  We  believe  that  W  simulates  the 
rendition  of  a  thermodynamic  field  in  the  sense  that  the  nature  of  W-T  graph  is  similar  to 
hat  of  a  P-T  plot  for  this  system  [2].  The  amount  of  water/heavy  water  involved  is 
extremely  small,  varying  from  0.0008  to  0.0080  weight  fraction  of  the  total  mixture.  To 
Dermit  the  addition  of  such  small  quantities,  a  stringent  sample  preparation  procedure  was 
idopted. 

The  critical  concentration  (wc,  weight  fraction  of  polystyrene)  for  [PS  +  AC  +  heavy 
,vater]  system  was  determined  and  it  was  found  to  be  nearly  constant  at  0.23  for  all  A!Ts, 
.e.,  wc  had  no  AT  dependence.  So,  to  realize  the  critical  line  correctly,  it  was  necessary 
:o  maintain  the  constancy  of  the  critical  concentration  (wc)  for  samples  with  varying  ATs. 
Stock  solutions  of  [AC  +  heavy  water]  were  prepared  in  the  required  concentrations 
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corresponding  to  different  values  of  W  and  concomitant  with  a  fixed  amount  of  PS  (vvc) 
under  similar  conditions.  Requisite  amounts  of  this  solution  were  added  to  the  correctly 
weighed  amounts  of  PS.  A  stock  solution  of  [AC  +  heavy  water]  was  made  so  as  to 
overcome  the  problem  of  actual  addition  of  extremely  small  quantities  of  heavy  water 
(~  0.0005  g)  to  the  [PS  +  AC]  system. 

In  the  case  of  the  determination  of  hourglass  curve  in  [PS  +  AC  +  water]  system, 
the  quantity  W  (weight  fraction  of  water  in  the  mixture)  is  to  be  kept  constant.  A  stock 
solution  of  [AC  +•  water]  was  prepared.  However,  the  quantities  of  AC  and  water 
added  were  in  such  proportions  that  they  corresponded  to  a  weight  fraction  (w)  of 
polystyrene  =  0.5.  A  sample  with  w  =  0.5  was  prepared  from  this  stock  solution. 
Subsequently,  several  samples  with  different  weight  fractions  of  polystyrene  (w  <  0.5) 
were  prepared  for  a  fixed  W.  The  total  amount  of  water  and  acetone  required  for  each  of 
these  samples  was  calculated.  An  amount  of  stock  solution  containing  the  required 
amount  of  water  was  then  added.  The  requisite  amount  of  additional  acetone  was 
calculated  and  added  separately  since  the  stock  solution  of  [AC  +  water]  was  prepared 
for  w  =  0.5.  Once  again,  the  difficulty  of  having  to  add  exceptionally  small  quantities  of 
water  was  circumvented  by  using  the  stock  solution  of  [AC  +  water].  This  method 


Table  1.  Details  of  the  samples  for  [polystyrene  +  acetone  4-  heavy 
water]  used  to  study  the  shape  of  the  critical  line  (figures  2-4).  W 
denotes  the  weight  fraction  of  heavy  water  and  wc  signifies  the  critical 
weight  fraction  of  polystyrene.  7\j  and  T\_  indicate  the  upper  and  lower 
consolute  points,  respectively. 


w 

±0.0001 

±0.003 

7u(°C) 
±0.03 

TtfC) 

Ar(°c) 

(7L  -  7u) 

0.0020 

0.23 

33.10 

118.8 

85.7 

±1 

±1.03 

0.0030 

0.23 

38.730 

117.0 

78.27 

±1 

±1.03 

0.0040 

0.23 

46.264 

115.0 

68.736 

±1 

±1.03 

0.0050 

0.23 

53.75 

112.5 

58.75 

±0.4 

±0.43 

0.0060 

0.23 

62.247 

109.4 

47.153 

±0.1 

±0.13 

0.0065 

0.23 

66.782 

107.5 

40.718 

±0.1 

±0.13 

0.0070 

0.23 

70.824 

104.6 

33.776 

±0.1 

±0.13 

0.0075 

0.23 

77.315 

101.6 

24.285 

±0.1 

±0.13 

0.0078 

0.23 

83.802 

98.6 

14.798 

±0.05 

±0.08 

0.0080 

0.23 

88.68 

95.725 

7.045 

±0.05 

±0.08 

0.00805 

0.23 

90.665 

94.115 

3.45 

±0.05 

±0.08 
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Table  2.    The   coexistence 
coexistence  curve  shown  in 
weight  fraction  of  polystyrene 

data   for 
figure  6. 

the   hourglass 
w  denotes  the 

r(°c)             w+              w~ 

±0.003            ±0.003 

Aw 

W  =  0.0072 

103.5 
±0.1 

0.45 

0.158 

0.292 

101.2 
±0.1 

0.436 

0.17 

0.266 

97.523 
±0.05 

0.40 

0.19 

0.210 

94.710 
±0.05 

0.36 

0.197 

0.163 

94.202 
±0.05 

0.352 

0.20 

0.152 

92.730 
±0.03 

0.34 

0.204 

0.136 

91.421 
±0.03 

0.31 

0.206 

0.104 

90.242 
±0.03 

0.281 

0.21 

0.071 

88.420 
±0.03 

0.302 

0.21 

0.092 

87.82 
±0.03 

0.31 

0.209 

0.101 

85.465 
±0.03 

0.34 

0.208 

0.132 

83.76 
±0.03 

0.36 

0.204 

0.156 

83.424 
±0.03 

0.20 

0.36 

0.160 

80.545 
±0.03 

0.40 

0.19 

0.210 

77.220 
±0.03 

0.45 

0.173 

0.277 

76.835 
±0.03 

0.454 

0.17 

0.284 

70.865 
±0.03 

0.14 

allowed  for  a  complete  control  over  W  and  w  as  well  as  a  constancy  of  conditions  under 
which  different  samples  were  prepared.  A  typical  sample  (in  all  preparations)  was  about 
0.1 5-0.20  ml  in  volume.  This  typically  contained  about  0.0005  g  of  water. 

Samples  were  prepared  in  pyrex  cells  with  Teflon  high  vacuum  stopcocks  (Rotaflo).  A 
serious  problem  encountered  in  generating  the  coexistence  curve  and  the  critical  line  is 
the  drift  of  AT,  particularly  for  its  small  values.  This  difficulty  stems  from  the  acute 
steepness  of  the  coexistence  surface  in  the  vicinity  of  the  CDP  [1,2,6-8].  Neither 
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degassing  to  remove  trapped  atmospheric  oxygen  nor  preparation  of  the  sample  under  dry 
nitrogen  improved  the  temporal  stability  of  the  samples  for  any  AT1.  Because  only  very 
small  quantities  of  water  or  heavy  water  are  involved  in  diminishing  the  AT  (tables  1 
and  2),  a  great  deal  of  caution  has  to  be  exercised  in  maintaining  the  constancy  of  W. 
Reliable  data  could  be  obtained  only  if  phase  separation  temperatures  were  determined 
soon  after  the  samples  were  made. 

Phase  separation  temperatures  were  determined  visually  [1, 6]  by  monitoring  the  onset 
of  intense  opalescence.  Criticality  of  the  samples  was  ascertained  by  the  equal- volume 
criterion.  For  off-critical  samples,  phase  separation  temperatures  were  marked  by  the 
actual  appearance  of  meniscus.  The  visual  measurements  were  done  in  a  well-stirred 
paraffin  thermostat  with  a  temperature  stability  better  than  ±1  mK  in  the  temperature 
range  35-95°C.  The  temperature  is  measured  to  an  absolute  accuracy  of  ±60  mK  with  a 
platinum  resistance  thermometer  in  conjunction  with  a  resistance  bridge  (Model  F17, 
ASL,  UK).  The  determination  of  phase  separation  temperature  in  the  range  95-1 10°C 
was  carried  out  in  a  polyethylene  glycol  thermostat  with  a  temperature  stability  of 
±50  mK.  For  temperature  above  110°C,  a  polyethylene  glycol  thermostat  with  a 
temperature  stability  of  ±0.5  K  was  used.  It  was  essential  to  stir  the  sample  during  the 
course  of  detection  of  phase  separation  temperature.  A  typical  run  to  determine  the  upper 
critical  solution  temperature  (7\j)  lasted  6-8  hours  and  the  temperature  range  scanned 
was  2°C.  Determination  of  lower  critical  solution  temperature  (71)  lasted  4  hours  and  the 
temperature  range  scanned  was  about  2°C. 

The  line  of  critical  points  was  determined  in  a  single  set  of  experiments.  It  was 
observed  that  the  temperature  range  of  persistence  of  critical  opalescence  is  smaller  for 
[PS  +  AC  +  heavy  water]  than  for  [PS  +  AC  +  water].  Table  1  gives  the  details  of  the 
determination  of  critical  line  for  [PS  -h  AC  +  heavy  water]  and  table  2  provides  the  data 
for  the  hourglass  coexistence  curve  for  [PS  +  AC  +  water]. 

3.  Results 

The  data  for  7\j  and  TL  [(PS  +  AC  +  heavy  water),  table  1]  were  fitted  to  the  following 
expression 

(r-TcDpHAjOF-WcDp)*2  (3) 

where  TCDP  and  WCDP  are  the  coordinates  of  the  CDP.  The  data  were  analysed  using  a 
modified  form  of  the  program  CURFTT  [1].  The  fit  was  deemed  to  be  good  if  the 
rdnimum  of  reduced  x2  (xj)  was  cl°se  to  1  and  resulting  residuals  had  random 
distribution.  The  best-fit  values  of  the  parameters  are 

At  =321. 02  ±4.59;     A2  =  0.6046  ±  0.0080;     >£  =  1.213 
and 

A;  =  93.40  ±  0.54;     A'2  =  0.4380  ±  0.0018;     xl  =  2-220, 

where  A\  and  A2  refer  to  the  lower  section  of  the  critical  curve,  and  A(  and  A'2  pertain 
to  the  upper  section  of  the  critical  curve.  The  coordinates  of  CDP  are  given  by 
TCDP  =  92.275  ±  0.035°C  and  WCD?  =  0.00806  ±  0.00010.  The  solid  line  in  figure  2  is 
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Figure  2.  A  comparative  portrayal  of  the  shape  of  the  critical  line  for  [polystyrene  + 
acetone  +  water]  and  for  [polystyrene  +  acetone  +  heavy  water]  in  terms  of  weight 
fraction  of  water  or  heavy  water.  Extrema  of  the  curves  denote  the  critical  double 
point  (CDP). 
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Figure  3.  Illustration  of  the  acute  asymmetry  in  the  line  of  critical  points  for 
[polystyrene  +  acetone  +  heavy  water],  in  contrast  to  the  case  for  [polystyrene  + 
acetone  +  water].  The  filled  symbols  refer  to  the  weight  fractions  (W)  of  water/heavy 
water,  whereas  the  corresponding  open  symbols  relate  to  the  mole  fraction  (X)  of 
water  or  heavy  water. 
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Figure  4.  A  comparative  portrayal  of  the  shape  of  the  critical  line  for  [polystyrene  + 
acetone  +  water]  and  for  [polystyrene  +  acetone  +  heavy  water]  in  terms  of  mole 
fraction  of  water  or  heavy  water.  Extrema  of  the  curves  denote  the  critical  double 
point  (CDP).  Note  the  much  closer  values  of  XCDP  for  the  two  curves  in  comparison  to 
the  situation  depicted  in  figure  2. 


generated  by  (3).  This  curve  is  found  to  be  grossly  asymmetric,  as  reflected  in  figure  3.  If 
data  reduction  is  confined  to  the  close  proximity  of  CDP,  the  critical  line  is  fairly 
symmetric  (figure  3).  In  comparison,  the  line  of  critical  point  for  [PS  +  AC  +  water]  was 
found  to  be  both  symmetric  and  parabolic  [1],  The  coordinates  of  the  CDP  for  [PS  +  AC 
+  water]  are:  TCDp  =  89.258  ±  0.03°C  and  WCDp  =  0.00702  ±  0.00010. 

In  view  of  the  fact  that  molar  volume  of  water  and  heavy  water  are  almost  identical,  the 
nature  of  critical  lines  for  [PS  +  AC  +  water]  and  [PS  +  AC  +  heavy  water]  was  also 
examined  using  mole  fractions  (X)  of  water  or  heavy  water.  Figure  4  reveals  that  the  two 
CDPs  are  much  closer  in  terms  of  mole  fractions,  though  the  asymmetry  of  the  critical 
line  still  persists  (figures  2  and  3).  For  instance,  the  weight  fraction  ratio  of  CDPs  is  1.15 
(figure  2)  and  the  mole  fraction  ratio  of  CDPs  is  virtually  unity  (1.03),  as  evidenced  by 
figure  4. 

The  reentrant  critical  line  in  ternary  mixture  [7]  of  [secondary  butylalcohol  4-  tertiary 
butylalcohol  +  water]  and  in  binary  gases  [8],  e.g.,  (Ne-Kr)  are  quite  asymmetric, 
particularly  away  from  a  CDP. 

Although  polystyrene  (PS)  used  in  the  experiments  involving  [PS  +  AC  +  heavy 
water]  was  of  the  same  stated  purity  and  polydispersity  as  the  one  used  [1]  in  [PS  +  AC  + 
water],  it  belonged  to  a  different  lot.  This  fact  may  have  led  to  the  differences  in  the 
limiting  critical  temperatures  of  the  two  curves  shown  in  figure  2  for  the  binary  limit  of 
[PS  +  AC].  However,  the  AT  values  for  [PS  +  AC]  seem  to  be  reasonably  closer  for  the 
two  curves  in  figure  2. 
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Figure  5.    Hourglass  coexistence  curve  for  [polystyrene  (molecular  weight  22400)  + 
acetone]  system  at  0.35  MPa  (3.5  bar).  Note  the  unusual  existence  of  one-phase 
hole  inside  the  two-phase  region  (after  ref.  [11]). 


The  closest  approach  to  CDP  in  [PS  +  AC  +  heavy  water]  is  signified  by  AT1  =3.45°C 
^table  1,  figure  2).  In  ternary  liquid  mixtures,  the  critical  point  does  not  coincide  with  the 
apex  or  the  extremum  (TEL  or  TEU)  of  the  relevant  coexistence  curve  [1,6].  Therefore 
AT  =  3.45°C  actually  corresponds  to  the  approach  to  an  effective  CDP  to  within  a  few 
lundreds  of  mK  [1],  For  instance,  for  [PS  +  AC  +  water],  AT"  =  2.34°C  related  to 


In  a  bid  to  locate  the  existence  of  a  one-phase  (10)  hole  [11]  in  an  hourglass  phase 
diagram  (figure  5),  we  explored  the  relevant  phase  boundary  for  [PS  -f  AC  +  water].  This 
hourglass  phase  diagram  (figure  6)  was  determined  for  W(=  0.0072)  >  WCDP 
'=  0.00702)  so  that  it  met  the  condition  of  being  in  the  close  proximity  of  CDP.  As 
figure  6  illustrates,  the  entire  two-phase  (2</>)  region  of  the  hourglass  phase  diagram  is 
devoid  of  any  one-phase  hole. 


4.  Discussion 

We  had  earlier  demonstrated  [1]  that  the  introduction  of  very  small  quantities  of  water  to 
a  polymer  solution  of  [PS  +  AC]  can  yield  a  CDP.  The  same  finding  has  been  reinforced 
by  the  substitution  of  water  by  heavy  water  in  [PS  +  AC].  There  does  not  seem  to  be  any 
profound  difference  between  the  CDP  in  [PS  +  AC  +  water]  and  that  in  [PS  +  AC  + 
heavy  water]  (figure  4).  This  feature  may  possibly  be  due  to  the  fact  that  minute  quantities 


Pramana  -  J.  Phys.,  Vol.  49,  No.  5,  November  1997 


501 


110 


O.1  0.2  0.3  0.4  0-5 

Weight  fraction  of  polystyrene (w) 

Figure  6.  Hourglass  coexistence  curve  for  [polystyrene  (molecular  weight  13000)  + 
acetone  +  water]  for  W(=  0.0072)  >  WQDP (0.00702),  where  W  is  the  weight  fraction 
of  water  in  the  mixture.  Arrows  indicate  the  region  scanned  to  uncover  the  possible 
existence  of  a  one-phase  (10)  hole  in  the  vicinity  of  critical  double  point,  CDP 
(WCDP  =  0.23,  TCDP  =  89.258°C). 


of  either  water  or  heavy  water  are  adequate  to  realize  the  merger  of  upper  and  lower 
partially-miscible  regions.  The  earlier  experiments  concerning  isotopic  substitution  in 
polymer  solution  systems  had  concluded  that  the  deuteration  of  polymer  simulated  the 
applied  pressure  and  the  deuteration  of  the  solvent  led  to  simulation  of  a  negative 
pressure  [9]. 

A  striking  outcome  of  H/D  substitution  in  [PS  +  AC  +  water]  is  the  asymmetry  in  the 
critical  curve  (figures  2  and  3).  It  is  stressed  that  in  the  close  proximity  of  the  CDP,  both 
the  curves  are  reasonably  symmetric  (figure  3).  For  example,  the  asymmetry  is  no  more 
than  ~  5%  for  (WCDp  -  W)  <  0.001.  This  composition  range  implies  a  AT1  <  24°C. 
From  the  standpoint  of  the  evolution  of  critical  behaviour  near  CDP,  the  region  of 
A7  <  24°C  is  quite  adequate  [6].  Besides,  Landau-Ginzburg  theory  and  lattice-solution 
models  demand  a  symmetric,  parabolic  critical  line  only  in  the  immediate  vicinity  of  a 
DCP  or  a  CDP  -  at  least  for  systems  involving  small  molecules  [6].  A  possible 
explanation  of  the  asymmetry  of  the  critical  curve  for  [PS  +  AC  +  heavy  water],  in 
contrast  to  that  for  [PS  +  AC  +  water],  may  be  related  to  the  slight  differences  in  the 
nature  of  the  exact  x~T  curves  for  the  two  cases.  Beyond  these  considerations,  we  have 
no  other  explanation  to  account  for  the  asymmetry  of  the  critical  curve  of  [PS  +  AC  + 
heavy  water]  in  the  region  away  from  the  CDP. 

The  role  of  water  or  heavy  water  in  suppressing  AT  in  [PS  -f  AC]  has  to  be  probed 
quantitatively.  Qualitatively,  one  can  attempt  to  understand  it  in  terms  of  the  behaviour  of 
X  within  the  framework  of  the  Patterson-Delmas  theory  [4, 5, 10].  Both  water  and  heavy 
water  constitute  a  very  bad  solvent  for  polystyrene.  Its  addition  to  the  system  can  be 
viewed  as  acting  to  lower  the  solvent  quality  of  acetone.  This  would  imply  an  increase  in 
the  contact  energy  dissimilarity  between  the  polymer  and  the  solvent  and,  hence,  an 
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;rease  in  the  contribution  due  to  the  first  term  in  x  (in  eq.  (1))  upon  the  addition  of  water 
heavy  water  to  the  system.  The  contribution  to  the  second  term  in  x  (eq.  (1))  stems  from 
;  free-volume  disparity  (due  to  the  difference  in  the  degree  of  thermal  expansion) 
tween  the  polymer  and  solvent  molecules.  The  coefficient  of  thermal  expansion  (a)  of 
iter  and  heavy  water  is  much  lower  than  that  of  acetone  (aw  =  0.257  x  10~3  deg""1, 
iw  =  0.185  x  10~3  deg'1  and  aAC  =  1.42  x  10"3  deg~!).  For  PS,  as  expected,  a  has  a 
jch  lower  value  than  that  of  AC,  water  and  heavy  water  (GPS  =  0.0824  x  10~3  deg"1). 
le  addition  of  water  or  heavy  water  should,  thus,  lead  to  a  reduction  in  the  contribution  to 
originating  from  the  free-volume  disparity  (second  term  in  eq.  (1)).  The  overall 
haviour  of  ^  is  a  consequence  of  the  competition  between  these  two  terms  (eq.  (1)).  Xc 
pends  only  on  the  ratio  of  the  molar  volume  of  the  polymer  to  the  molar  volume  of  the 
Ivent  (i.e.,  on  the  ratio  of  the  two  molecular  weights).  The  addition  of  water  or  heavy 
iter  does  not  alter  this  ratio  and,  hence,  one  does  not  expect  Xc  to  change  drastically.  The 
dition  of  water/heavy  water  leads  to  a  net  increase  in  x  (as  Xc  remains  constant),  which, 
turn,  brings  about  a  reduction  in  AT".  It  can  be  argued  that  the  desired  net  increase  in  x 
possible  only  if  the  increase  in  x  due  to  the  contact  energy  dissimilarity  term  far  exceeds 
;  reduction  in  x  brought  about  by  the  free-volume  disparity  term.  In  a  gross  sense,  the 
dition  of  water  is  similar  to  the  reduction  in  pressure  (figure  1)  in  that  it  raises  x  (leaving 

constant)  and  thus  reduces  AT,  i.e.,  the  region  of  miscibility.  The  fact  thatXcop  for  [PS 
AC  -I-  heavy  water]  is  slightly  greater  than  XCDP  for  [PS  +  AC  +  water]  (figure  4)  may 

attributed  to  somewhat  lower  a  for  heavy  water  in  comparison  to  that  for  water. 
Dwever,  in  the  absence  of  a  clear  microscopic  understanding,  the  role  of  water  or  heavy 
iter  needs  to  be  elucidated  further. 

An  intriguing  part  of  our  observations  is  the  absence  of  one-phase  hole  in  hourglass 
nfiguration  (figure  6).  The  nature  of  the  thermodynamic  state  where  this  one-phase 
>le  can  be  shrunk  to  a  point  is  anticipated  to  be  tricritical,  and  it  reduces  to  a  triple  point 

the  monodisperse  limit  of  the  polymer  [11].  The  behaviour  near  such  a  novel 
srmodynamic  state  has  not  yet  been  experimentally  ascertained.  However,  no  one-phase 
'le  was  observed  [11]  for  isotopically  substituted  [PS  +  AC].  Perhaps  the  much  lower 
3lecular  weight  of  the  polymer  in  our  system  could  have  masked  the  appearance  of  this 
usual  feature.  Further  experimental  and  analytical  work  in  this  direction  is  required 
fore  any  firm  conclusions  can  be  reached. 

It  should  be  rewarding  to  compare  normal  and  isotopically  substituted  [PS  +  AC  + 
iter]  solutions  in  terms  of  the  dynamics  of  phase  separation,  and  other  contexts  [6,9]. 
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Abstract.  The  three-band  Hubbard  model  -  both  pure  and  with  static  non-magnetic  impurities  - 
has  been  studied  within  a  self-consistent  numerical  Hartree-Fock  (HF)  scheme.  The  system  shows 
nesting  properties  only  in  the  absence  of  direct  O-O  hopping.  Spin  excitations  in  the  system  are 
gapless  with  the  existence  of  a  Goldstone  mode  in  the  broken-symmetry  state.  The  variation  of  spin- 
wave  velocity  with  Cu-site  Coulomb  repulsion  shows  a  (1/(2J7^)  +  (1/A))  dependence  in  the 
strong-coupling  limit.  Each  non-magnetic  impurity  in  the  system  gives  rise  to  two  gap  states  for  a 
particular  spin  and  the  local  moment  produced  is  robust  even  at  finite  concentration  of  mobile  hole 
doping.  The  gapless  Goldstone  mode  is  preserved  even  in  case  of  unequal  concentration  of 
impurities  on  the  two  sublattices. 

Keywords.  Three-band  Hubbard  model;  charge-transfer  insulator;  Mott-Hubbard  insulator;  high 
7"c  superconductor;  impurity. 

PACS  Nos    71.27;  71.55;  75.10;  75.20 

1.  Introduction 

The  three-band  Hubbard  model  has  been  proposed  by  many  authors  [1,2]  as  a  rninimal 
model  for  describing  the  physical  properties  of  the  copper-oxide  planes  in  high- 
temperature  superconductors.  Extensive  studies  that  have  been  done  on  this  model  were 
motivated  by  the  observation  that  the  undoped  parent  compounds  of  the  superconducting 
cuprates  are  charge-transfer  insulators  (CTI)  rather  than  Mott-Hubbard  (MH)  insulators. 

It  has  been  argued  that  this  model  can  be  reduced  to  an  effective  one-band  Hubbard 
model  in  order  to  describe  the  low-energy  physics  of  the  copper-oxide  planes  when  only 
the  spin  degrees  of  freedom  are  important.  A  number  of  studies  of  the  magnetic  properties 
of  the  copper-oxide  planes  have  been  done  within  a  one-band  Hubbard  model.  But 
recently,  lot  of  experiments  have  been  done  on  the  high-Tc  cuprates  doped  with  static,  and 
in  particular  non-magnetic  impurities  like  Zn2+,  A13+,  Ga3+  etc.,  and  although  some  of 
the  properties  of  these  systems  have  been  understood  within  a  one-band  model,  others 
require  a  more  detailed  picture  like  the  three-band  model  for  their  understanding. 

It  has  been  established  through  susceptibility  [3]  measurements  that  non-magnetic 
impurities  substituting  Cu  in  the  copper-oxide  planes  generate  local  moments.  NMR 
[4, 5]  measurements  show  that  moments  form  on  the  neighbouring  Cu  sites.  Other  effects 
that  these  impurities  have  include  a  rapid  reduction  in  superconducting  transition 
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temperature  (rc)  [4],  onset  of  insulating  behavior  in  the  metallic  state  [6],  a  reduction  in 
Neel  temperature  TN  [7]  and  spin-glass  behavior  in  the  insulating  state  [7].  Microscopic 
understanding  of  some  of  these  effects  have  been  gained  by  studying  the  effects  of  static 
non-magnetic  impurities  in  MH  insulators  described  by  one-band  Hubbard  model.  Within 
a  HF  description  of  the  Hubbard  model,  the  impurity-problem  has  been  studied  both 
analytically  within  a  7!-matrix  analysis  in  the  limit  of  large  impurity  potential  [9]  and 
within  a  self-consistent  numerical  procedure  on  finite-sized  systems  [10].  In  both  cases 
gap-states  localized  around  the  impurity  sites  are  produced  for  a  particular  spin, 
depending  on  the  sublattice  of  impurity  substitution.  These  states,  when  occupied  with 
electrons,  give  rise  to  local  moments. 

In  one-hand  Hubbard  model  in  hole  picture  the  gap  state  is  formed  slightly  below  the 
upper  Hubbard  band  (UHB),  between  the  two  bands.  This  being  the  lowest  unoccupied 
state  for  the  Cu  3d  holes,  the  first  added  hole  goes  into  this  state  and  the  moment  is  lost. 
At  temperatures  comparable  to  the  energy  difference  between  the  gap  state  and  the  lower 
edge  of  the  UHB,  part  of  the  moment  can  be  recovered  due  to  thermal  excitation  of  the 
hole  from  the  gap  state  to  the  UHB  [11].  But  how  the  moment  survives  at  low 
temperatures  and  finite  concentration  of  mobile  hole  doping  is  not  clear. 

In  this  paper  we  consider  the  full  three-band  Hubbard  model  description  of  the  Cu 
3d  holes  in  the  copper-oxide  planes  in  the  insulating  state  when  there  is  exactly  one 
electron  (or  equivalently  one  hole)  per  copper  site  and  present  a  self-consistent  numerical 
study  of  the  antiferrornagnetic  (AF)  state.  In  the  absence  of  direct  O-O  hopping  the 
pure  system  shows  an  antiferrornagnetic  ordering  as  soon  as  there  is  a  non-zero  Coulomb 
repulsion  on  the  Cu  sites  (l^).  For  non-zero  O-O  hopping  a  critical  value  of  Uj  is 
required  for  the  AF  order  to  set  in.  With  the  generally  accepted  set  of  values  for 
the  parameters,  the  system  is  CTI  at  the  half-filled  level.  It  has  three  bands — lower  and 
upper  Hubbard  bands  at  the  bottom  and  the  top  and  the  oxygen  band  in  the  middle. 
Each  non-magnetic  impurity  in  the  three-band  model  gives  rise  to  two  gap-states — one 
slightly  below  the  UHB  and  one  below  the  oxygen  band.  Oxygen  band  being  lower  in 
energy,  the  upper  gap-state  remains  occupied  even  at  finite  hole  dopings  making  the 
moment  robust. 

We  have  also  studied  the  nature  of  spin-wave  excitation  in  the  system.  In  the  pure  case 
the  spin-wave  excitation  is  gapless  and  one  has  a  Goldstone  mode.  For  Ud  >  tpd  the  spin- 
wave  velocity  increases  with  decreasing  Ud  showing  roughly  a  ((l/2Ud]  +  (I/A)) 
dependence  as  in  the  equivalent  Heisenberg  model.  The  Goldstone  mode  is  preserved 
even  in  presence  of  impurities. 


2.  Pure  system 

We  consider  the  following  three-band  Hubbard  Hamiltonian  for  the  3d  holes  in  the 
copper-oxide  planes,  which  is  shown  in  figure  1  (adapted  from  ref.  [14]) 

H  =  -  $  E  (pi  di*  +  h-c-)  -  C  E  (pip™  +  h-c-)  +  ^  £*U* 

^?'    -  CD 
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Figure  1.  Basis  (solid  line  bounded  square)  and  CuO4  plaquette  (dashed  line 
bounded  square)  of  the  CuOa  plane  of  the  three-band  Hubbard  model.  The  squares  and 
the  circles  mark  the  Cu  3>dx2_y2  and  O  positions,  at  energies  e^  and  6p,  respectively.  The 
2px  and  2py  orbitals  are  located  at  1,3  and  2,4,  t'L  denotes  the  transfer  integral 
between  copper  and  oxygen  and  ft  the  direct  oxygen  hopping.  The  lattice  spacing 
fl  =  2|r|. 

where  p(p^}  and  d(S]  are  the  annihilation  (creation)  operators  for  holes  on  the  0  and 
Cu  sites,  (z,  j}  are  nearest  neighbour  (nn)  Cu  and  O  sites  and  {/,  m)  are  two  neighboring 
O  sites;  n's  are  the  respective  number  densities.  tpd  is  the  hopping  term  between 
neighboring  Cu  3d  and  O  2p  orbitals  and  tpp  is  the  hopping  matrix  element  between 
two  nn  O  2p  orbitals.  ed  and  ep  are  the  on-site  energies  of  a  hole  sitting  on  Cu  3d  or  0  2p 
orbital.  Ud  and  Up  are  the  Coulomb  repulsion  terms  on  the  Cu  and  O  sites  respectively. 
Upd  is  the  repulsion  between  charges  on  the  neighbouring  Cu  and  0  sites,  a  is  the 
spin  index.  The  so  called  charge-transfer  gap  A  denotes  the  energy  difference  between 
oxygen  and  copper,  A  =  ep  —  ed.  In  the  hole  picture  A  is  positive.  The  orbital  symmetries 
of  the  type  dx2_yi  and  px,y  imply  additional  phase  factors  for  the  hopping  integrals  tlpd 
and  f  J,, 


tij  = 
lpp 

where  0  labels  the  central  copper  and  1,  2,  3,  4  the  four  oxygen  sites  on  the  plaquette.  In 
this  section  we  shall  be  talking  about  a  half-filled  system  when  we  have  exactly  one  hole 
per  copper  site. 

For  all  our  calculations  we  take  tpd  =  1.3  eV,  A  =  3.0 eV,  Up  =  OeV  and  Upd  =  OeV 
and  a  10  x  10  CuO2  lattice.  A  more  detailed  discussion  on  the  choice  of  the  values  of 
parameters  is  given  in  the  section  on  doped  system.  In  the  HF  approximation  relevant  to 
symmetry  breaking  along  z-direction  only,  the  interaction  terms  can  be  written  as 
U(n^)nn  +  U(nn)n^t  so  that  the  on-site  energy  of  spin  a  = -a  hole  on  the  zth  Cu  site  is 
U(nia).  In  the  site  basis,  matrix  elements  of  the  Hamiltonian  for  spin  a  are  given  by 
<i  |  Hff  |  i)  =  ed  +  Ud(n&)  if  i  is  a  Cu  site  and  (i\Ha\  i)  =  ^  +  Up(ni&}  if  i  is  an  oxygen 
site,  (i  1  Ha  \  j)  =  ±tpd  if  i  and;  are  nn  Cu  and  0  sites  and  (l\Hff\m}=  ±tpp  if  I  and  m 
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Figure  2.    Sublattice  magnetization  as  a  function  of  f/^  for  different  values  of  tpp  (all 
energies  in  eV). 


are  two  nn  0  sites.  Choice  of  an  initial  configuration  of  spin  a  densities  on  the  Cu  sites 
gives  the  starting  Hamiltonian  matrix  Ha  which  is  diagonalized  to  give  the  eigensolutions 
El*,  4>ia-  From  these  the  spin  densities  are  evaluated  using  (nia)  =  ^E,a<EF  ($CT)  •  Ha  is 
updated  from  these  computed  spin  densities  and  the  procedure  is  continued  till  self- 
consistency  is  achieved. 

Exact  numerical  (QMC)  calculations  reveal  that  the  three-band  Hubbard  model 
with  a  finite  positive  Ud  possesses  an  AF  ground-state  [8].  In  order  to  study  the 
magnetic  behavior  of  the  system  with  changing  Ud  we  have  calculated  the  sublattice 
magnetization  as  a  function  of  Ud.  Figure  2  shows  the  variation  of  sublattice 
magnetization  as  a  function  of  Ud  for  different  values  of  tpp.  For  tpp  =  0  the  system 
goes  into  an  AF  state  for  any  finite  positive  Ud.  This  is  because  of  nesting  of  the  Fermi 
surface.  When  tpp  ^  0  the  system  loses  its  nesting  property  and  a  critical  value  of  Ud  is 
required  for  the  system  to  become  antiferromagnetic.  This  critical  value  of  Ud  increases 
with  tpp. 

A  study  of  the  energy  spectrum  of  the  system  shows  that  for  large  values  of 
Ud(Ud~>  A)  the  system  is  a  CTI.  For  an  L  x  L  CuO2  lattice,  having  L2  Cu  and  2L2  O 
sites,  the  first  L2/2  states  form  the  lower  Hubbard  band  (LHB).  The  oxygen  2p  band 
in  the  middle  has  2L2  states  and  the  UHB  has  another  L2/2  states.  The  2p  band  is 
further  split  into  three  sub-bands  similar  to  Zhang-Rice  singlet-triplet  splitting.  The 
singlet  sub-band  lies  below  the  bare  oxygen  energy,  there  are  a  group  of  non-bonding 
(NB)  states  at  the  bare  oxygen  energy  ep  and  the  triplet  sub-band  lies  above  these  NB 
states.  For  Ud  <  A  but  above  the  critical  value  so  that  the  system  is  an  AF,  the  UHB  goes 
below  the  oxygen  band.  The  charge-gap  is  maintained  and  the  system  is  a  MH  insulator. 
Below  the  critical  value  of  Ud  when  the  sublattice  magnetization  vanishes,  the  charge-gap 
also  disappears  and  the  system  becomes  a  d-type  metal.  There  are  no  singlet-triplet 
splitting  in  the  oxygen  band  in  these  cases  (figure  3).  The  situation  in  intermediate  range 
of  values  of  Ud  is  more  complicated  because  the  UHB  and  the  oxygen  band  are  strongly 
mixed. 
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Figure  3.  Single-particle  spectra  for  the  three-band  Hubbard  model  in  the  hole 
picture:  (a)  metal,  (b)  Mott-Hubbard  insulator,  (c)  charge-transfer  insulator  with  a 
singlet-triplet  splitting.  Shaded  regions  denote  the  occupied  states.  [N]  (A)B  =  [non] 
(anti)bonding,  S  =  singlet,  T  =  triplet,  ECT  =  renormalised  charge-transfer  gap. 


Spin  waves  are  the  low-energy  collective  excitations  representing  the  transverse  spin 
fluctuation  in  the  AF  ground  state.  In  the  one-band  Hubbard  model  and  its  strong- 
coupling  analogue,  the  Heisenberg  model,  the  nature  of  spin  excitations  has  been  studied 
extensively.  It  is  well  known  that  in  these  systems  the  spin-wave  spectrum  is  gapless  with 
the  existence  of  a  Goldstone  mode.  The  dispersion  for  the  long-wavelength  spin-wave 
modes  is  linear  in  the  momentum  Q.  The  spin-wave  modes  are  obtained  from  the  poles  of 
the  time-ordered  transverse  spin  propagator  (T[S~(i,t}S+(j,  r7)]}  which,  in  the  random 
phase  approximation  (RPA),  has  the  form  [x~+(^)]  =  [Xo  +  (^)]/(l  -  U[xo+(fy}). 
matrix  elements  of  [xo 
given  by 


me  ^>are  antiparallel-spin  particle-hole  propagator,  are 


(2) 
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where  g's  are  the  Green's  functions  in  the  AF  state.  In  terms  of  the  eigensolutions  £/,  <pi  in 
the  self-consistent  state      +  O   nas  *h&  f°rm 


Since  only  the  Cu  spins  form  AF  order,  spin-waves  will  have  amplitude  only  on  the  Cu 
sites,  and  so  we  calculate  [Xo"+(^)Ly  connecting  only  the  Cu  sites.  In  (3)  the  site  indices  / 
and;  thus  run  only  through  the  Cu  sites,  but  the  eigenvalue  indices  /  and  m  run  through  all 
three  bands. 

All  information  regarding  the  nature  of  the  spin-wave  excitations  is  contained  in  the 
eigensolutions  of  [xo  +  (^)]>  as  is  evident  from  the  expansion  of  the  full  RPA 
susceptibility  given  below  in  terms  of  the  eigenvalues  A  (17)  and  the  eigenvectors 
|<^(fi)}  of  [%o+(H)].  The  spin-wave  energies  are  obtained  from  the  pole  1  —  U\(fl]  =  0 
in  the  RPA  spin  susceptibility,  and  the  eigenvector  yields  the  spin-wave  amplitude 


In  the  three-band  model,  as  in  the  one-band  model,  the  largest  eigenvalue  Araax(fi  =  0)  of 
the  [Xo"+(^)j  matrix  for  O  =  0  is  found  to  be  exactly  equal  to  1/Ud,  confirming  that  the 
spin-wave  excitations  are  gapless. 

The  higher  (nth)  spin-wave  mode  energies  J7n  are  determined  by  solving 
1  —  U\n(£ln)  =  0  for  the  appropriate  (nth  from  the  top)  eigenvalue  An(0).  The  root  of 
the  equation  1  -  U\n($ln)  =  0  is  determined  by  obtaining  An(fi)  for  several  close  values 
of  fi  on  both  sides  of  the  root  and  then  linearly  interpolating  between  them.  Thus  if 
(A*  ,  Qi  )  and  (A;;,  S7^)  are  two  sets  of  values  of  two  fi's  very  close  to  and  on  either  side  of 
the  root,  then  the  root  fin  is  determined  from 


The  procedure  involves  first  obtaining  the  self-consistent  state  for  the  system  and  then  the 
process  of  constructing  and  diagonalizing  the  [XQ+(^)]  matrix  for  different  values  of  £1 
From  the  set  of  eigenvalues  An(£}),  the  spin-wave  energies  are  then  obtained  as  above. 
Nature  of  spin-wave  modes  can  be  studied  by  obtaining  the  angles  of  rotation  of  local 
spin  vectors  from  the  spin-  wave  amplitudes  and  the  local  magnetization  Slz  using  [12] 

ft  =  sin-^.  (6) 

The  C0  =  0  mode  corresponds  to  a  spin-wave  excitation  which  has  equal  amplitudes  on 
all  sites  and  rotates  all  the  spins  by  equal  angles  and  is  identified  as  the  Goldstone  mode. 
Thus,  as  in  the  one-band  model,  the  spin-wave  excitation  in  a  three-band  model  is  gapless 
and  there  exists  a  Goldstone  mode  as  one  would  expect  in  a  system  with  continuous  spin- 
rotational  symmetry. 

Spin-  wave  modes  can  be  assigned  mode  numbers  [10]  which  yield  wave  vectors 
Qx/y  =  (2K/L)nxjy.  The  spin-wave  energy  is  found  to  be  proportional  to  the  wave  vector 

5  1  0  Pramana  -  J.  Phys.,  Vol.  49,  No.  5,  November  1997 


0.4 
0.39 
0.38 
0.37 
0.36 
0.35 
0.34 
0.33 
0.32 
0.31 

0.3 
0.29 
0.28 


10 


11 


Figure  4.  Spin-wave  velocity  (in  eV)  obtained  at  the  RPA  level  for  the  finite-size 
system  (dashed  line)  and  calculated  from  analytical  results  of  literature  (continuous 
line)  as  a  function  of  L/^  (in  eV). 


for  the  long-  wavelength  modes  (modes  for  a  few  A's  at  the  top)  in  the  strong-coupling 
(Ud  >  tpd)  limit.  The  spin-  wave  velocity  v  can  be  defined  by  OQ  =  vQ  in  the  long- 
wavelength  limit,  where  Q  =  (2-nfL}Jnl  +  nj;  is  the  magnitude  of  the  wave  vector.  The 

spin-wave  energy  scale  in  the  problem  is  set  by  the  exchange  coupling  J  between  nn  Cu 
atoms  in  the  equivalent  Heisenberg  model  to  which  the  three-band  Hubbard  model  can  be 
mapped  in  the  limit  Ud  >  tpd  and  A  >  tpd.  The  spin-wave  velocity  is  then  equal  to 
%/2Ja,  where  a  is  the  lattice  constant,  set  equal  to  unity  henceforth.  The  effective 
exchange  coupling  for  a  three-band  Hubbard  model  is  given  by  [13] 


J  = 


(7) 


In  figure  4  we  plot  the  spin-wave  velocity,  calculated  from  the  energy  of  the  first  spin- 
wave  mode,  for  which  nx  —  l,ny  =  0  (or  equivalently  nx  =  Q,ny  =  I),  and  also  V^J 
calculated  from  eq.  (7).  For  large  values  of  Ud  the  spin- wave  velocity  calculated  from 
our  model  is  found  to  be  in  reasonable  agreement  with  the  analytical  result.  The 
slight  disagreement  is  not  surprising  as  the  condition  A  >  tpd  is  not  really  satisfied  in  this 
case.  On  a  finite  lattice  the  g-space  is  discrete  and  the  first  mode  corresponds  to  a  Q  of 
0.62  for  a  10  x  10  system.  Below  Ud  of  6.0,  spin-wave  energy  no  longer  remains  linear 
for  this  Q  and  calculation  of  spin-wave  velocity  from  the  simple  relation  £IQ  =  vQ  is  not 
possible. 


3.  Impurity-doped  system 

We  have  studied  the  problem  of  static  non-magnetic  impurities  doped  in  the  three-band 
Hubbard  model.  As  in  the  one-band  case  we  model  the  impurities  by  putting  a  high 
repulsive  potential  on  the  impurity  (Cu)  site  [9]  to  restrict  the  Cu  3d  holes  from 
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occupying  that  site.  The  Hamiltonian  now  is 

aaia,  (8) 


where  Hpure.  is  the  Hamiltonian  for  the  pure  system  given  by  (1)  and  /  runs  over  the 
impurity  sites. 

The  values  of  most  of  the  parameters  of  the  model  are  related  to  electron  spectroscopy 
and  are  obtained  from  comparison  with  the  results  of  these  experiments.  Different  kinds 
of  theoretical  techniques  give  slightly  different  sets  of  values.  But  a  generally  acceptable 
set  of  values  is  [14]  tpd  -  1.3eV,  tpp  =  0.65  eV,  Ud  =  8.8  eV,  Up  =  OeV,  Upd  =  OeV, 
A  =  3. OeV.  In  this  section  we  work  with  this  set  of  values  of  the  parameters. 

Starting  from  the  pure  system  at  half-filling  one  Cu  3d  hole  is  removed  for  each  added 
impurity.  For  each  impurity,  depending  on  the  sublattice  of  its  substitution,  a  self- 
consistent  solution  of  this  Hamiltonian  shows  that  in  the  spectrum  of  one  particular  spin 
there  are  three  states  outside  the  bands  and  for  the  other  there  is  one  outside.  Consider  an 
impurity  on  an  A-sublattice  site  (having  majority  of  f -spin  holes),  in  an  L  x  L  system.  In 
the  j-spin  spectrum  there  are  (L2/2  —  1)  states  in  the  LHB.  One  state  goes  out  to  the 
defect  state  which  is  the  highest  in  energy  (~  V).  The  oxygen  band  and  the  UHB  have 
(2L2  -  1)  and  (L2/2  -  1)  states  respectively,  one  state  from  each  going  out  to  form  the 
gap  states.  The  L2/2th  and  the  2L2th  states  are  the  two  gap  states.  In  the  spectrum  for  the 
l-spin  hole,  the  LHB  and  the  oxygen  band  remain  unaffected.  The  UHB  has  (L2/2  -  1) 
states,  one  state  going  to  the  defect  state.  The  situation  is  simply  reversed  if  the  impurity 
is  placed  on  a  5-sublattice  site.  Coming  to  the  nature  of  these  states,  we  find  that  the 
defect  state  is  essentially  site-localized  on  the  impurity  site,  whereas  the  lower  gap  state, 
coming  out  of  the  oxygen  band,  has  amplitude  mainly  on  the  oxygen  sites  around  the 
impurity,  and  the  upper  gap  state  has  amplitude  mainly  on  the  four  Cu  sites  neighbouring 
the  impurity.  In  this  respect  the  upper  gap  state  is  similar  to  the  gap  state  in  a  one-band 
model  [9, 10].  This  state,  when  occupied  by  electrons,  creates  a  local  moment  residing 
predominantly  on  the  four  Cu  sites  neighbouring  the  impurity.  The  defect  state  has 
amplitude  primarily  on  the  impurity  site.  With  only  a  non-magnetic  impurity  on  an  A- 
sublattice  and  no  extra  added  hole,  the  system  has  (L2/2  -  l)|-spin  and  L2/2  |-spin 
holes.  So  the  LHB  is  completely  filled  and  all  the  other  states  are  empty  of  holes.  The 
lower  gap  state  being  the  lowest  unoccupied  state  for  the  holes,  the  first  added  j-spin  hole 
goes  into  this  state  and  subsequent  holes  go  into  the  oxygen  band.  So  even  at  finite 
concentration  of  mobile  hole  doping  the  upper  gap  state  remains  occupied  by  electrons. 
Thus  unlike  in  one-band  model,  the  local  moment  in  three-band  model  is  robust  with 
respect  to  mobile  hole  doping.  In  figure  5  we  show  the  variations  of  the  two  energy 
gaps — between  lower  gap-state  and  oxygen  band  and  the  upper  gap-state  and  the  UHB.  It 
is  interesting  to  note  that  although  the  lower  gap  varies  considerably,  the  upper  gap  is 
relatively  insensitive  to  the  variation  of  V. 

The  magnitude  of  the  local  moment  is  proportional  to  the  density  of  the  gap  state  on 
the  copper  sites.  We  find  that  the  total  density  of  the  upper  gap  state  on  the  copper  sites  is 
less  than  1.  Part  of  the  density  goes  out  to  the  oxygen  sites  because  of  the  Cu-O 
hybridization.  This  explains  the  observation  that  the  measured  moment  is  less  than  the 
theoretically  expected  value  [3].  If  one  spin  is  removed  from  a  compensated  spin  system 
like  an  AF,  the  resulting  moment  should  be  that  due  to  a  spin-i  electron,  which  is 
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Figure  5.     Variation  of  the  two  energy-gaps  with  V  (all  in  eV). 
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Figure    6.    Gap-state  density  on  the  Cu-sites  for  different  impurity  potential  V 
(in  eV). 


(g\/s(s+  1)  =)1.9  u.s.  But  in  experiments  the  moment  is  measured  to  be  1.2u.5,  about 
35%  less  than  the  calculated  value.  More  importantly  this  is  found  to  be  independent  of 
the  nature  of  the  non-magnetic  impurity,  Zn2+,  Al3+,Ga3+ — all  are  seen  to  give  rise  to 
moment  of  about  the  same  magnitude.  In  our  calculations  we  find  that  about  21%  of  the 
gap-state  density  escapes  to  the  oxygen  sites  from  copper.  Figure  6  shows  total  density  of 
the  second  gap  state  on  Cu  sites  which  is  interestingly  found  to  be  essentially  constant 
over  the  range  of  V  studied  in  our  calculations.  This  leads  to  the  significant  conclusion 
that  the  gap-state-induced  moment  is  more  or  less  independent  of  the  details  of  the  non- 
magnetic impurity  within  our  model  of  the  impurity  potential  term. 

We  have  also  studied  the  nature  of  spin-wave  excitations  in  the  impurity-doped  system. 
We  find  that  the  gapless  Goldstone  mode  associated  with  spontaneous  symmetry- 
breaking  in  the  AF  ground  state  is  preserved  in  presence  of  impurities  and  even  when  the 
concentration  of  impurities  on  the  two  sublattices  are  not  equal.  This  is  because  the  SU(2) 
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symmetry  of  the  Hamiltonian,  which  is  broken  in  the  AF  ground  state,  is  still  preserved. 
Wan  et  al  [15]  have  obtained  two  modes  of  spin-wave  excitation  in  case  of  unequal 
concentration  of  impurities  on  the  two  sublattices.  We  think  the  gapless  mode  in  our 
calculation  actually  corresponds  to  their  acoustic  mode. 

4.  Conclusion 

We  have  studied  the  pure  and  impurity-doped  three-band  Hubbard  models.  When  direct 
O-O  hopping  is  not  present  the  pure  system  shows  nesting  property  and  goes  into  an  AF 
state  for  any  non-zero  Ud-  In  presence  of  a  finite  tpp  the  nesting  is  lost  and  the  system 
becomes  an  AF  only  above  a  certain  critical  value  of  Ud,  which  increases  with  tpp.  The 
transverse  spin  excitations  in  the  system  have  a  gapless  Goldstone  mode.  The  spin-wave 
velocity,  in  the  strong-coupling  limit,  shows  a  ((1/217*}  +  (I/A))  dependence  in 
agreement  with  the  strong-coupling  perturbative  approach. 

In  the  doped  system  each  non-magnetic  impurity  produces  two  gap  states.  The  upper 
gap  state  remains  occupied  by  electrons  even  in  presence  of  finite  concentration  of  mobile 
holes  so  that  the  local  moment  formed  is  robust.  The  density  of  the  occupied  gap  state  on 
the  Cu  sites  is  less  than  1,  so  that  the  local  moment  is  less  than  the  theoretical  value  of 
1.9  u.B.  The  local  moment  is  found  to  be  insensitive  to  the  impurity-potential  V  suggesting 
that  the  observed  moment  is  independent  of  the  detailed  nature  of  the  impurity.  Even  with 
unequal  concentration  of  impurities  on  two  sublattices,  the  spin-wave  excitation  remains 
gapless,  and  the  Goldstone  mode  is  also  preserved. 
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Abstract.  Fission-track  registration  characteristics  of  Lexan  solid  state  nuclear  track  detectors 
have  been  used  to  measure  the  fast  neutron  induced  fission  cross  section  of  232Th.  The  fast 
neutrons  (^  14.2  Me V)  were  produced  with  the  help  of  an  AN-400  model  Van-de-Graaff 
accelerator  at  Banaras  Hindu  University  laboratory  using  3H(2H,  n)4He  reaction  and  were  used 
to  irradiate  the  fissile  target  deposited  on  the  plastic  detector.  The  track  density  7",  registered  on 
the  plastic  detector  is  related  to  the  fission  cross  section  <r{,  through  the  relation  T  =  kn&ffa 
where  n  is  the  number  of  fissile  atoms  per  cm2  in  the  deposit,  </>  is  the  neutron  flux,  k  is 
fission  track  registration  efficiency  and  t  is  the  time  of  irradiation.  The  fission  cross  section  Of 
of  232Th,  relative  to  the  well  measured  fission  cross  section  of  238U,  was  found  to  be  0.36  ±  0.04 
barn. 

Keywords.  Nuclear  track  detectors;  induced  fission;  cross  section;  neutron  flux;  track  density; 
Lexan;  thorium. 

PACSNo.    25.85 


1.  Introduction 

Walker  et  al  [1]  were  the  first  to  suggest  that  the  fluence  of  neutrons  can  be  measured  by 
counting  the  fission  tracks  in  a  thin,  track-recording  sheet  in  contact  with  a  foil  of 
fissionable  material.  This  method  has  a  number  of  attractions.  The  foremost  of  these  is 
that  single  fission  produces  a  large  amount  of  energy  (~  200  MeV)  which  is  not  very 
dependent  on  the  energy  of  the  neutron  producing  the  reaction  [2, 3].  Most  of  this  energy 
(~  160  MeV)  is  shared  between  two  easily  detected  fission  fragments  which  travel  in 
opposite  directions  and  which  for  most  nuclides  and  neutrons  (J?n  ~  7  MeV),  are 
approximately  isotropically  distributed  with  respect  to  the  direction  of  the  incident 
neutron  [4,5].  Fission  fragment  'tracks'  can  be  seen  with  an  optical  microscope  in  a 
number  of  insulating  materials  (SSNTDs)  when  properly  etched  [6],  By  choosing  a 
suitable  material,  for  example,  Lexan  plastic,  the  fission  events  can  be  recorded  with 
essentially  a  zero  background  from  competing  nuclear  events. 

Taking  advantage  of  these  attractive  features,  in  the  present  work,  the  fission  cross 
section  of  232Th  has  been  determined  relative  to  the  standard  fission  cross  section  of  238 U 
by  comparing  the  fission  track  densities  produced  in  Lexan  plastic  in  both  the  cases.  The 
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method  employed  uses  a  thin  deposit  of  thorium  solution  on  the  Lexan  plastic  in  a  2vr 
geometry  [7], 

2.  Experimental  details 

Several  pieces  (2  cm  x  2cm)  of  Lexan  plastic  were  cut  from  a  sheet  of  uniform  thickness 

(~  200  urn).  A  known  weight  (1  gm  of  UO2(NO3)2  •  6H2O)  of  the  fissile  material  uranyl 

nitrate  was  first  dissolved  in  10cm3  of  distilled  water  and  a  known  amount  (0.25  cm3)  of 

this  solution  was  deposited  on  five  Lexan  plastic  foils  and  dried  with  the  help  of  an 

infrared  lamp.  In  the  same  way  thorium  nitrate  (ThO2(N03)2-6H2O)  solution  under  the 

same  condition  was  prepared  and  the  same  amount  (0.25cm3)  of  the  solution  was 

deposited  on  five  other  Lexan  plastic  foils.  It  was  ensured  that  the  thickness  of  fissile 

material  in  each  case  was  so  small  that  the  errors  due  to  self-absorption  effects  are 

negligible.  These  coated  plastics  were  exposed  to  the  fast  neutrons  for  different  lengths  of 

time  ranging  from  one  hour  to  several  hours.  The  corresponding  neutron  fluences  varied 

from  1  x  1010  to  6.7  x  1010n/cm2.  All  the  pieces  of  the  Lexan  plastics  were  irradiated 

with  14.2  MeV  neutrons  produced  with  the  help  of  a  400  kV  Van  de  Graaff  accelerator,  at 

a  distance  of  about  1.5  cm  from  the  place  of  the  tritium  target.  Tritium  target  was  at  right 

angle  to  the  deutron  beam.  Both  the  uranium  and  thorium  targets  are  irradiated  together 

using  the  same  fluence.  For  an  independent  determination  of  the  flux,  an  aluminium  foil 

of  the  same  area  as  that  of  target  was  also  irradiated  sandwiched  between  the  thorium  and 

uranium  targets.  After  irradiation,  the  plastic  pieces  along  with  an  unirradiated  (control) 

plastic  were  etched  in  6.25  N  NaOH  solution  at  60°C  for  1-2  hours  in  a  thermostatically 

controlled  oven.  Etched  fission  fragment  tracks  in  plastics  were  counted  to  determine 

track  density  by  viewing  under  an  optical  microscope  (Olympus,  Model  BH-2)  using  a 

magnification  of  600  x.  In  each  plastic  foil,  equal  area  were  scanned  (6.25  x  10~2  cm2). 

During  scanning,  proper  care  was  taken  not  to  count  the  same  area  of  the  detector  more 

than  once  in  any  case. 

3.  Results  and  discussion 

The  neutron  flux,  as  monitored  by  the  gamma  spectrometric  measurement  of  irradiated 
27  Al  foil  at  the  site  where  all  the  detector  pieces  were  irradiated  was  found  to  be  typically 
3  x  106ncm~2s~l.  Table  1  shows  the  irradiation  time  and  number  of  tracks  in 
6.25  x  10~2  cm2  for  uranium  and  thorium  and  table  2  shows  the  irradiation  time,  fluence 
and  track  density  for  uranium  and  thorium.  The  microphotographs  of  fission  tracks 
registered  in  Lexan  plastic  for  uranium  and  thorium  are  shown  in  figures  1  and  2 
respectively.  Figure  3  shows  the  fission  track  density  vs.  neutron  fluence  for  uranium  and 
thorium.  It  can  be  seen  that  the  track  density  varies  linearly  as  the  fluence  and  the  slope  of 
the  straight  line  gives  track  density  per  unit  fluence.  Thus  the  ratio  of  the  slopes  of  the 
two  lines,  <5u/<$Th,  gives  the  ratio  of  track  densities  T^/Tm,  on  a  relative  basis.  Since  the 
detector  is  in  contact  with  the  fissile  material  in  2?r  geometry  one  has  for  238U  and  232Th, 


TV  =  (^K^fUi  (1) 

T-Th  =  (*00«m<7fiv  (2) 
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Table  1.     Number  of  fission  fragments  measured  in  Lexan  plastics  for  uranium 
and  thorium. 


Irradiation  time 
(hrs) 


Number  of  tracks  for 


Number  of  tracks  for 
232Th 


1.00 
2.25 
3.00 
4.50 
6.50 


1127 
2556 
3412 
5162 
7387 


375 

856 

1137 

1700 

2462 


Scanned  area  is  6.25  x  10~2cm2 


Table  2.     Track  density  measured  in  Lexan  plastic  for  both  uranium  and  thorium. 


Irradiation  time 
(hrs) 


Fluence 
1010n/cm2 


Track  density  for 
238U(xl04/cm2) 


Track  density  for 
232Th(xl04/cm2) 


1.00 
2.25 
3.00 
4.50 
6.50 


1.0 
2.3 
3.1 
4.6 
6.7 


1.82 
4.09 
5.46 
8.17 
11.82 


0.60 
1.37 
1.82 
2.72 
3.94 


Figure  1.    Microphotograph  of  fission  tracks  found  in  Lexan  plastic  coated  with 
uranium,  irradiated  with  fast  neutrons  for  6.5  hrs. 


Here,  the  factor  kfa,  the  product  of  efficiency,  flux  and  irradiation  time,  is  the  same  for 
both  cases,  because  they  were  irradiated  together  under  the  same  conditions.  In  (1)  crfu  is 
fission  cross  section  for  238U  and  ny  is  number  of  atoms  per  cm2  of  238U  and  in  (2)  crfTh 
is  fission  cross  section  for  232Th  and  njh  is  number  of  atoms  per  cm2  of  232Th.  From  eqs 
(1)  and  (2) 

—        :=:  .  \J ) 


Pramana  -  J.  Phys.,  Vol.  49,  No.  5,  November  1997 


517 


Figure  2.    Microphotograph  of  fission  tracks  found  in  Lexan  plastic  coated  with 
thorium,  irradiated  with  fast  neutrons  for  6.5  hrs. 


Fast  neutron  flux  =  3xiO    n/cm  /  sec 


Energy  =  1i»  MeV 
6",,    =  1-75  xld6 


Neutron  fluence  x  1010  (  n /cm2),  0t 


Figure  3.    Variation  of  fission  track  density  vs.  neutron  fluence  for  Lexan  coated 
with  (a)  238U  and  (b)  232Th. 


The  value  of  #u/&rh  was  obtained  from  figure  3  as  explained  above.  The  ratio,  nu/n-rh, 
was  determined  from  the  relative  weights  of  the  uranium  and  thorium  deposits  both 
having  the  same  area,  n^  (number  of  atoms  per  cm2  of  the  fissile  target)  can  be  defined  by 

TI7    \T    r> 

(4) 


A'  ) 

i 

where  W/  is  the  weight  of  the  fissile  material  per  unit  area,  Pf  is  the  isotopic  abundance  of 
the  target  isotope  and  Na  is  the  Avagadro's  number  (6.03  x  1023  per  gm  mole).  Thus  the 
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fission  cross  section  of  232Th  is  given  by 

"U^fU^Th  ,-. 

<rt  Th  =  -  T  —  •  (5) 


In  this  way  the  fission  cross  section  of  232Th  was  found  to  be  0.36  ±  0.04  barn,  with  the 
standard  fission  cross  section  of  238U  taken  as  1.205  ±  0.020  barn  from  White  and  Warner 
[8].  The  present  experimental  value  of  fission  cross  section  of  thorium  by  14.2  MeV 
neutrons,  agrees  well  within  errors  with  earlier  value  of  0.34  ±0.03  barn,  obtained  by 
Chowdhuri  et  al  [9],  using  Lexan  detector  but  by  a  different  method  of  studying  the 
angular  distributions  and  integrating  them. 
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stract.  An  on-line  facility  to  measure  coincidences  between  the  recoil  ions  and  the  scattered 
jectiles  (SCORPION)  has  been  designed,  fabricated  and  commissioned  at  Nuclear  Science 
itre  (NSC),  New  Delhi.  The  facility  consists  of  a  four  jaw  slit  assembly,  a  time  of  flight  (TOP) 
ctrometer,  a  parallel  plate  electrostatic  charge  analyser  and  a  one  dimensional  position  sensitive 
allel  plate  avalanche  counter  (PPAC).  Details  of  the  design  and  working  principles  of  various 
iponents  and  the  test  results  obtained  for  the  Si^-Ar  collision  system  are  presented  to  highlight 
performance  of  the  system.  A  multiple  loss  of  up  to  four  electrons  has  been  observed  for 
VleV  Si4"1"  ions  colliding  with  argon  atoms  in  a  single  collision  condition.  Spectra  of  recoil  ions 
jcted  in  coincidence  with  a  particular  charge  state  of  the  scattered  projectile  show  a  bell  shaped 
ribution  as  a  function  of  the  recoil  charge  state  (r)  for  the  electron  loss  events.  However,  the 
id  of  recoil  ions  drops  as  r  increases  for  the  direct  ionization  channel.  Also  for  electron  loss,  the 
k  of  the  recoil  ion  distribution  is  seen  to  shift  to  a  higher  recoil  charge  state  as  the  number  of  lost 
;trons  from  the  projectile  increases. 

pwords.    Coincidence  technique;  recoil  ions;  time  of  flight  spectrometer. 
CS  Nos    07.75;  34.50 


Introduction 

incidence  measurements  between  the  scattered  projectile  ions  and  the  recoil  ions  have 
•acted  the  attention  of  many  workers  [1-4]  since  the  inception  of  the  field  by  Cocke 
.  These  measurements  help  in  understanding  the  multielectron  processes  which  occur 
ing  the  collisions  of  the  type 

Aq+  +  B  ->  A^-')+  +  Bp+  +  (p-  i}e~,  (1) 

;h  studies  not  only  provide  an  indepth  information  on  the  various  fundamental 
icesses  (direct  ionization,  e~-capture  and  e~-loss)  responsible  for  the  production  of 
Itiply  ionized  recoil  ions  but  also  help  in  the  understanding  of  the  dynamics  of  such 
lisions.  The  scattered  projectile  ions  [A^~')+]  in  the  exit  channel  of  the  process 
;cribed  by  eq.  (1)  have  a  mixture  of  charge  states  because  of  the  finite  probability  of 
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the  occurrence  of  all  the  fundamental  processes  mentioned  above.  For  the  direct 

ionization  case,  i  =  0,  i.e.  the  charge  state  of  the  scattered  projectile  is  identical  to  that  of 

the  incident  one.  For  the  electron  capture  case,  i  >  0  implying  thereby  that  the  charge 

state  of  the  scattered  projectile  is  less  as  compared  to  the  charge  state  of  the  incident 

projectile  depending  on  the  number  of  electrons  it  has  captured  from  the  target  atom 

during  collision.  For  the  electron  loss  case,  i  <  0,  incident-ion  loses  additional  electrons. 

Recently,  a  similar  attempt  in  this  direction  has  been  pursued  at  the  15  UD  Pelletron 

accelerator  facility    of  Nuclear   Science   Centre    (NSC)    [6],    New   Delhi.    Some 

measurements  using  a  time-of-flight  spectrometer  (TOF)  have  been  performed  earlier, 

the  details  of  which  are  presented  elsewhere  [7].  In  these  measurements  the  selection  of 

the  final  charge  state  of  the  scattered  projectile  was  not  possible.  As  mentioned  above,  the 

separation  of  the  various  charge  states  of  the  scattered  projectile  is  important  to  identify 

the  channels  leading  to  the  recoil  ion  distributions  for  the  various  ionization  processes. 

This  can  be  achieved  either  by  magnetic  deflection  [2, 4, 8]  or  by  using  a  parallel  plate 

electrostatic   charge   analyser   [1,3,9].   A  new   facility,    SCORPION   (System  for 

Coincidences  between  the  Recoil  and  Projectile  lONs),  which  uses  a  parallel  plate 

electrostatic  charge  analyser,  has  been  developed  and  set  up  at  the  zero  degree  exit  port  of 

the  general  purpose  scattering  chamber  (GPSC)  [10]  beam  line  of  NSC.  The  set  up  has 

been  used  to  perform  coincidence  measurements  between  the  recoil  ions  and  the  charge 

selected  scattered  projectiles.  This  paper  reports  on  the  various  hardware  components  of 

the  SCORPION  and  their  design  details.  A  few  typical  results  obtained  from  the  data  on 

Si9+-Ar  collisions  using  the  SCORPION  facility  are  presented  and  discussed. 

2.  Hardware  details  of  SCORPION 

The  SCORPION  set  up  for  performing  experiments  on  recoil  ion  projectile  ion 
coincidences  is  shown  in  figure  1.  The  charge  state  of  the  recoil  ions  produced  as  a  result 
of  the  interaction  in  a  crossed  beam  geometry  between  the  highly  charged  energetic  ions 
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Figure  1.     Schematic  diagram  of  the  set  up  for  coincidences  between  recoils  and 
projectile-ions. 
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h  the  neutral  target  atoms  are  separated  using  a  TOP  set  up.  The  scattered  projectiles 
ving  in  the  forward  direction  are  charge  state  separated  by  an  electrostatic  charge 
dyser  and  are  finally  detected  by  a  one-dimensional  position  sensitive  parallel  plate 
Janche  counter  (PPAC).  The  fine  control  of  the  incident  beam  is  facilitated  by  a  four 
/  slit  assembly.  A  brief  description  of  the  design  and  working  principles  of  various 
nponents  of  the  SCORPION  set  up  is  given  below. 

Four  jaw  slit  assembly 

2  four  jaw  slit  assembly  connected  to  the  exit  port  of  the  GPSC  is  an  important  part 
the  SCORPION  set  up.  It  is  required  for  controlling  the  incident  number  of 
irged  particles  because  of  the  limited  count  rate  handling  capabilities  of  the  PPAC 
104~5  particles/sec).  It  also  helps  in  reducing  the  diameter  of  the  incident  beam 
ich  is  helpful  in  optimizing  the  time  resolution  of  the  recoil  ion  peaks  as  will  be 
hlighted  in  §  2.2.  The  assembly  is  an  octagonal  aluminum  block  of  thickness  100mm, 
:he  centre  of  which  a  hole  of  85  mm  diameter  is  bored.  The  four  orthogonal  edges  of 
>  block  are  provided  with  a  Wilson  seal  arrangement  through  which  stainless  steel 
!)  shafts  pass.  The  movement  of  the  shafts  is  controlled  with  the  help  of  micrometers. 
5  rotational  motion  of  the  central  shaft  of  the  micrometer  is  converted  into  a  linear 
tion  of  the  SS  shaft  with  the  help  of  ball  bearings.  In  order  to  lock  even  fine  rotations 
the  shaft  during  its  linear  motion,  proper  guides  have  been  provided.  Four  SS  strips, 
ted  on  the  teflon  pieces  which  are  push  fit  at  the  ends  of  the  shafts,  form  an  aperture, 
size  of  which  can  be  varied  with  the  help  of  micrometers.  In  overlapping  position, 
distance  between  any  two  strips  is  2  mm.  Each  strip  is  connected  to  a  hermetically 
led  lemo  connector  for  providing  a  current  read  out.  The  slit  arrangement  is 
[owed  by  a  bellow  (internal  diameter  (ID)  ~  100mm)  and  a  cross  (ID  ~  100mm). 
is  combination  houses  a  Faraday  cup  for  the  GPSC. 

fhe  exit  port  of  the  cross  is  connected  to  an  SS  scattering  chamber  through  a  gate 
ve.  The  chamber  supported  by  a  stand  has  an  internal  diameter  of  300  mm  and  a  height 
1 50  mm.  The  TOP  spectrometer  is  mounted  in  the  chamber  on  the  bottom  port  using  an 
ipter.  The  mounting  arrangement  has  the  facility  of  height  adjustment  of  the 
ctrometer  together  with  the  possibility  of  its  rotation  and  translation  in  a  direction 
pendicular  to  the  beam  direction.  These  features  help  in  proper  alignment  of  the 
'Ctrometer  with  respect  to  the  incoming  beam  direction.  One  of  the  ports  of  the 
ttering  chamber  has  a  gas  handling  flange  with  appropriate  mountings. 

Time  of  flight  spectrometer 

s  TOF  set  up  separates  the  recoils  of  various  charge  states  on  the  basis  of  their 
le  of  flight  over  a  certain  path  length.  The  set  up  consists  of  a  pusher  and  an 
ractor  plate  (+  and  — ),  a  drift  tube  and  a  channeltron  detector  as  shown  in  figure  1. 

.1  Time  resolution  of  the  TOF  spectrometer.  The  advantage  of  such  a  spectrometer  is 
speed  of  collection  of  ions  and  a  simple  design,  without  any  limitation  on  its  shape  and 
B.  However,  it  is  found  to  have  a  limited  time  resolution  [11].  Ideally  if  all  the  recoil 
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ions  formed  in  the  interaction  zone  have  zero  initial  velocity  and  move  parallel  to  the 
extraction  field,  then  the  time  of  flight  of  all  the  ions  having  the  same  mass  to  charge  ratio 
will  be  the  same  and  in  this  case  the  resolution  of  the  spectrometer  will  be  limited  by  the 
resolution  of  the  detector.  In  practice,  the  other  limiting  factors  contributing  to  the  time 
spread  are: 

2.2.1.1  Initial  space  distribution  of  ions:  Due  to  a  finite  width  of  the  beam  and  the  finite 
spread  of  the  gaseous  target  atoms,  ions  are  born  at  different  positions.  This  leads  to  a 
variation  in  flight  times  of  ions  having  the  same  m/q  ratio. 

2.2.1.2  Initial  kinetic  energy  distribution  of  ions:  The  time  spread  due  to  an  initial 
kinetic  energy  distribution  of  the  ions  is  due  to  the  difference  in  flight  times  of  two  ions 
born  at  the  same  position  but  with  the  velocity  vectors  pointing  in  opposite  directions. 

2.2.2  Estimation  of  time  spreads:  If  the  ions  are  born  with  an  initial  energy  C/o,  then  the 
total  energy  of  the  ions  in  charge  state  q  impinging  on  the  detector  (see  figure  1)  is 
given  by 

U  =  U0  +  qsEs  +  qdEd  +  qxEx  (2) 

where  Es,  Ed  and  Ex  are  the  electric  fields  in  the  spaces  s,  d  and  x  respectively.  The  total 
time  of  flight  is  given  by  the  relation 

T  =  Ts  +  Td  +  TD  +  Tx  (3) 

where, 

TD  =  time  of  flight  throught  drift  length  D, 


Td  =      [(u°  +  qsEs  +  qdEd]l'2  ~  (u° 

(2m)1/2D 


-  (t/o  +  qsEs  +  qdEtf*].  (7) 


As  mentioned  in  §  2.2.1.1,  the  time  resolution  of  the  spectrometer  is  limited  by  the  time 
spread  due  to  initial  space  distribution  of  ions.  To  minimise  this  time  spread,  it  is 
necessary  that  all  the  ions  having  the  same  m/q  and  born  around  the  mean  SQ  reach  the 
detector  at  the  same  time.  The  condition  is  satisfied  if,  at  the  detector 

-«•  « 

/  U0s0 

Using  condition  (8)  in  (3)  and  assuming  that  the  ions  are  born  with  zero  initial  velocity, 
we  get 
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(^  (9) 

where  D  gives  the  optimum  drift  length  required  for  the  best  time  resolution.  To  estimate 
the  contribution  from  the  time  spread  due  to  kinetic  energy  distribution  (§2.2.1.2), 
consider  two  ions  (ion  1  and  ion  2)  born  at  the  same  initial  position  s  with  the  same  initial 
speed  but  with  their  velocity  vectors  pointed  towards  •+-  and  —  respectively.  Ion  1  moves  a 
certain  length  towards  +  before  it  is  pulled  back  by  the  potential  on  — .  Subsequently  its 
motion  is  identical  to  that  of  ion  2  moving  towards  —  from  the  beginning.  Hence,  the  time 
difference  between  ion  1  and  ion  2  reaching  the  detector  is  the  'turn  around  time'  given 
by  the  relation, 

T  =  Turn  around  time 

1  /9 

=  2  (Deceleration  time)  =  2^  m  £' —  .  (10) 

2.2.3  Mass  resolution:  The  maximum  resolvable  mass,  M,  [11]  depends  on  the  initial 
space  and  energy  distribution  functions.  Consider  the  relation 

l=-l+±,  (ID 

where  Ms  is  the  maximum  resolvable  mass  for  which  time  spread  due  to  space 
distribution  of  ions  ATS  equals  the  time  spread  between  adjacent  mass  peaks  and  M$  is 
the  maximum  resolvable  mass  for  which  the  time  spread  due  to  kinetic  energy 
distribution  of  ions  AT0  equals  the  time  between  adjacent  mass  peaks.  M  will  be  smaller 
than  either  Ms  or  MQ.  On  the  other  hand,  it  will  be  at  least  as  large  as  the  value  M  obtained 
above  by  assuming  the  total  spread  to  be  the  sum  of  the  energy  and  space  time  spreads. 

2.2.4  The  present  TOP  spectrometer.  The  TOP  spectrometer  is  a  SS  box  of  dimensions 
100  mm  x  60  mm  x  100mm.  The  spectrometer,  besides  housing  the  TOP  set  up,  has 
provisions  for 

(1)  adjustable  collimators  for  beam  entrance  and  exit  made  from  tantalum. 

(2)  arrangement  for  gas  input  through  a  hypodermic  needle  (diameter  =  1  mm)  with  a 
provision  for  adjusting  its  height  with  respect  to  the  incoming  beam.  The  needle  is 
connected  to  the  gas  handling  flange  through  a  nalgene  tube  of  diameter  10mm.  The 
gas  flow  in  the  interaction  region  is  controlled  with  the  help  of  fine  needle  valves. 

+  and  —  are  copper  plates  of  dimensions  20mm  by  20mm  and  thickness  4mm.  The 
plates  are  separated  from  each  other  by  20  mm  (=  2s}  with  the  help  of  teflon  spacers.  The 
extractor  plate  has  a  5  mm  circular  hole  in  the  centre  for  allowing  the  recoils  to  pass 
through  after  extraction  from  the  interaction  region.  To  avoid  field  penetration  through 
the  hole  and  through  the  ends  of  the  drift  tube,  a  grid  of  parallel  wires  (25  micron 
diameter  wires  spaced  1  mm  apart)  is  epoxied  using  a  conducting  glue.  The  transmission 

Pramana  -  J.  Phys.,  Vol.  49,  No.  5,  November  1997  525 


M  J  Singh  et  al 

efficiency  of  the  grid  is  about  90%.  The  30mm  (=  £>)  long  drift  tube  is  separated  from 
the  extractor  plate  by  3mm  (=  d).  Following  the  drift  tube  is  the  channeltron  detector 
spaced  5  mm  (=  x]  from  the  end  of  the  former. 

2.3  Parallel  plate  electrostatic  charge  deflector 

An  ion  of  mass  m,  having  an  energy  T  and  a  charge  state  q  suffers  a  deflection  X  when  it 
passes  through  a  pair  of  plates  across  which  an  electric  field  of  E  (kV/cm)  exists.  The 
deflection  X  is  given  by  the  expression 

X  =  ^[L(L  +  2d}l  (12) 

where  L  is  the  length  of  the  deflector  plate  and  d  is  the  separation  between  the  end  of  the 
deflector  plate  and  the  detector  for  the  ions. 

Using  the  above  principle,  a  parallel  plate  electrostatic  charge  analyser  set  up  was 
fabricated  and  mounted  at  the  exit  port  of  the  scattering  chamber.  The  assembly  consists 
of  two  parallel  aluminum  plates,  each  400  mm  long  and  60  mm  wide.  The  plates  are 
housed  in  a  150mm  O.D.  and  600mm  long  beam  pipe.  High  voltage  is  applied  to  the 
plates  through  the  specially  designed  feedthru's  which  are  detachable.  The  feedthru  is 
insulated  from  the  beam  pipe  using  teflon  cylinders  which  pass  through  a  Wilson  seal 
arrangement  provided  in  the  housing  for  the  plates.  The  length  of  the  trapped  air  column 
between  the  feedthru  and  the  teflon  cylinder  is  reduced  using  a  single  O-ring  which  is 
pressed  onto  the  plate  by  the  cylinder.  Such  an  arrangement  reduces  the  chances  of 
breakdown  because  of  poor  vacuum  due  to  trapped  gases.  The  place  of  application  of 
high  voltage  is  covered  by  a  teflon  cap.  The  gap  between  the  plates  can  be  varied  with  the 
help  of  nylon  spacers.  In  the  present  arrangement,  the  plates  are  separated  by  25  mm  with 
the  top  plate  being  5  mm  above  the  beam  height.  The  parallel  plate  deflector  is  followed 
by  a  bellow,  a  long  tube,  a  TEE,  a  gatevalve  and  a  PPAC.  The  total  flight  path  of  the  ions 
after  exiting  from  the  charge  analyser  to  the  PPAC  is  1600mm,  which  is  sufficient  to 
provide  a  good  separation  between  the  charge  states  of  the  scattered  projectile.  The 
bellow  helps  in  bending  the  entire  assembly  in  such  a  way  that  for  a  given  electric  field 
between  the  plates,  the  incident  charge  state  hits  the  centre  of  the  detector  with  the  charge 
states  due  to  electron  capture  and  loss  on  either  side.  The  expected  deflection  of  a 
60MeV  Si4+  ion  for  a  field  of  1.2kV/mm  between  the  plates,  as  found  out  using  (12)  is 
29mm  and  the  separation  between  neighbouring  charge  states  is  7mm. 

The  SCORPION  incorporates  pumping  stations  which  are  fitted  with  turbomolecular 
pumps  to  provide  a  oil-free  vacuum. 

2.4  One  dimensional  position  sensitive  PPAC 

A  one  dimensional  position  sensitive  PPAC  [12]  detector,  mounted  at  the  end  of 
the  SCORPION,  is  housed  in  a  SS  flange  of  diameter  100mm.  The  window  foil  of 
the  detector  is  a  1.6  urn  aluminized  mylar  foil.  The  anode  is  a  similar  foil  glued  to 
1.6mm  thick  PCB.  The  cathode  is  a  printed  circuit  board  having  aluminized  parallel 
strips.  The  width  of  each  strip  is  1.4mm  and  the  spacing  between  the  strips  is 
0.6mm.  The  cathode  is  made  position  sensitive  using  the  resistive  chain  method. 
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The  value  of  the  resistance  between  any  two  strips  is  300  0.  The  spacing  between  two 
electrodes  is  5  mm.  The  anode  is  kept  at  a  high  voltage  whereas  the  two  ends  of  the 
cathode  are  grounded  through  100  Mfi  resistances.  The  active  area  of  the  PPAC  is 
30mm  x  70  mm. 


3.  Commissioning  tests  of  SCORPION 

The  entire  assembly  was  pumped  to  a  vacuum  of  4  x  10~6  mbar.  The  GPSC,  pumped  by 
a  20001 /sec  diffstak  pump  showed  a  vacuum  of  1  x  10~6mbar.  For  initial  tests,  the 
PPAC  was  replaced  by  a  glass  viewport  with  quartz  pieces  stuck  along  the  vertical  central 
axis.  With  the  slits  fully  open,  a  beam  of  60MeV  Si4+  ions  was  allowed  to  fall  onto 
alumina  pieces  stuck  to  the  sides  of  the  entrance  collimator  of  the  TOP  spectrometer. 
The  beam  was  focussed  and  steered  so  as  to  pass  through  the  tantalum  collimator.  With  a 
suitable  electric  field  applied  to  the  deflector  plates,  the  bent  beam  was  viewed  on 
the  quartz  pieces  of  the  glass  ports.  With  changes  in  the  voltages  applied  to  the  plates, 
the  movement  of  the  beam  on  the  quartz  pieces  was  observed.  The  tests  ensured 
correct  alignment  of  all  the  components  of  the  SCORPION  set  up.  The  slits  were  closed 
using  the  micrometers  and  the  decrease  in  the  intensity  of  the  spot  was  observed  as 
expected. 

3.1  Coincidence  measurements  between  recoils  and  scattered  projectiles 

For  the  coincidence  measurements,  the  view  port  at  the  end  of  the  assembly  was  removed 
and  replaced  by  the  PPAC.  Initially,  the  gate  valve  isolating  the  PPAC  from  the  rest 
of  SCORPION  line  was  closed  and  the  slits  were  fully  opened.  A  pulsed,  60MeV 
Si4+  beam  from  the  accelerator,  with  a  repetition  rate  of  1  us,  was  properly  focussed 
and  passed  through  the  spectrometer  so  as  to  crossfire  a  neutral  beam  of  argon  atoms. 
The  flow  of  the  gas  was  controlled  with  the  help  of  the  needle  valves.  The  recoils 
in  various  charge  state  were  extracted  from  the  interaction  region  and  made  to  drift 
towards  the  channeltron  detector  by  using  optimized  voltages  on  the  different 
components  of  the  set  up,  which  are  listed  in  table  1.  The  signals  from  the  channeltron 
were  fed  into  a  fast,  current  sensitive  preamplifier.  The  TOF  spectrum  of  the  recoils 
was  obtained  by  giving  the  'start'  signal  to  the  time-to-amplitude  converter  (TAG)  from 
the  channeltron  and  a  'stop'  signal  from  the  rate  divided  RF.  Single  collision  conditions 


Table  1.    Optimized  values  of  voltages  and  distances  in  the  time 
of  flight  set  up. 

Distance  of  the  interaction  region  from  —  (s)  10  mm 

Distance  of  the  drift  tube  from  —  (d)  3  mm 

Length  of  the  drift  tube  (Z>)  30mm 

Distance  of  GEM  from  the  drift  tube  (x)  5  mm 

Voltage  on  +  plate  +1  kV 

Voltage  on  -  plate  -IkV 

Voltage  on  the  drift  tube  - 1 .3  kV 

Voltage  on  the  channeltron  —  2.2  kV 
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Figure  2.    Schematic  diagram  of  the  electronics  used  to  process  the  signals  for  the 
SCORPION  experiment. 


were  ascertained  by  studying  the  variation  in  the  yield  of  Ar+  recoil  ions  normalized  to 
the  number  of  ions  detected  by  the  PPAC  as  a  function  of  the  gas  pressure.  In  the  absence 
of  a  capacitance  manometer,  the  pressures  were  measured  at  the  gas  entrance  with  the 
help  of  a  Pirani  gauge  and  just  below  the  TOP  spectrometer  with  the  help  of  a  Penning 
gauge.  After  ensuring  that  single  collision  conditions  prevailed  in  the  interaction  region, 
fine  tuning  of  the  beam  was  done  to  get  an  optimized  argon  recoil  spectrum.  The 
observed  count  rate  of  the  channeltron  was  about  3000  counts  per  second.  Following  this 
the  slits  on  the  four  jaw  assembly  were  closed  in  a  controlled  fashion  with  the  TOP 
spectrum  being  monitored  after  each  change.  Maintaining  a  consistent  recoil-ion 
spectrum,  the  count  rate  in  the  channeltron  was  reduced  from  3000  counts  per  second  to 
10  counts  per  second.  Subsequently,  voltages  of  ±  lOkV  were  applied  to  the  deflector 
plates  and  the  gate  valve  isolating  the  PPAC  from  the  rest  of  assembly  was  opened.  Slits 
were  fine  tuned  so  that  the  PPAC  counted  at  a  rate  of  8kHz  to  10  kHz. 

The  electronic  block  diagram  for  processing  the  signals  from  the  channeltron,  the 
PPAC  anode  and  the  two  ends,  of  the  PPAC  cathode  is  shown  in  figure  2.  The  processed 
signals  were  fed  to  an  analog  to  digital  converter  (ADC).  A  data  acquisition  program 
NSCSORT,  is  used  to  acquire  the  data  in  list  mode.  The  strobe  to  the  ADC  was  obtained 
from  the  channeltron.  A  typical  TOP  spectrum  of  the  recoils  produced  in  60  MeV  Si4+- 
Ar  collisions  recorded  from  the  channeltron-PPAC  TAC  is  shown  in  figure  3  without 
any  gating  from  the  charge  selected  projectiles.  The  position  spectrum  of  the  charge 
separated  projectiles  shown  in  figure  4  for  the  60  MeV  Si4+-Ar  case  was  obtained 
by  dividing  the  energy  signal  from  one  end  of  the  cathode  with  the  sum  of  the  signals 
from  both  the  ends.  In  addition  to  the  incident  beam  charge  state,  projectiles  which 
have  lost  up  to  4  electrons  are  also  seen.  With  the  change  in  voltage  of  ±  2  kV  on  the 
deflector  plates,  the  change  expected  in  the  position  of  the  projectile  peaks  is  ~  4  mm.  A 
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Figure  3.    Time-of-flight  spectrum  of  recoils  obtained  from  the  channeltron-PPAC- 
TAC  for  60  MeV  Si4+  ions  interacting  with  argon  gas. 
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Figure  4.    Position  spectrum  of  the  scattered  projectiles  produced  in  60  MeV  Si4+- 
Ar  collisions. 
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Figure  5.    Position  spectrum  of  the  60MeV  Si4+  charge  state  of  the  beam  for  the 
increase  in  the  deflector  plate  voltage  in  steps  of  ±  2  kV. 


typical  position  spectrum  of  the  60MeV  Si4+  charge  state  of  the  beam,  for  the  variation  in 
the  voltages  on  the  deflector  plates  in  steps  of  ±2kV,  is  shown  in  figure  5.  It  may  be 
noted  that  the  time  of  aquisition  is  not  the  same  for  all  the  peaks.  The  channel  numbers 
along  the  X  axis  correspond  to  the  position  of  the  PPAC  in  the  vertical  direction  along 
which  the  deflection  is  observed. 


4.  Recoil  ion  distributions  for  various  ionization  channels 

The  recorded  data  were  processed  using  the  NSCSORT  program  in  order  to  extract 
recoil  ion  spectra  corresponding  to  particular  charge  states  of  the  projectiles.  With 
conditions  applied  to  the  total  recoil-ion  spectrum,  the  recoil  ion  distributions  for 
direct  ionization  and  for  electron  loss  up  to  4  electrons  were  obtained  as  shown  in 
figures  6(a-e).  For  the  direct  ionization  process  (figure  6a),  the  recoil  ion  yield  drops 
with  the  increase  in  the  recoil  charge  state,  indicating  collisions  with  large  impact 
parameters.  The  recoil  ion  distributions  become  bell  shaped  for  the  case  of 


530 


Pramana  -  J.  Phys.,  Vol.  49,  No.  5,  November  1997 


electron  loss  (figure  6b-e),  with  the  peak  of  the  distribution  shifting  to  higher 
recoil  charge  states.  This  bell  shaped  distributions  point  to  collisions  of  smaller 
impact  parameters  as  compared  to  the  direct  ionization.  The  shifting  of  the  peak  to 
the  higher  recoil  charge  state  with  the  increasing  number  of  electrons  lost  by  the  incident 
ion  indicates  a  deeper  penetration  by  the  projectile  [3].  Note  that  for  Si4+  incident 
beam,  electron  capture  processes  are  not  observed.  On  increasing  the  charge  state  of 
the  incoming  beam,  the  position  spectrum  of  the  scattered  projectiles  shows  peaks 
which  correspond  to  electron  capture  processes  in  addition  to  direct  ionization  and 
electron  loss  processes.  Detailed  results  on  the  studies  of  direct  ionization,  electron 
capture  and  electron  loss  processes  and  their  effect  on  the  recoil  ion  distributions  for 
60-120  MeV  Si^+-Ar  collision  system  will  be  reported  elsewhere  in  a  separate 
publication. 

5.  Conclusion 

A  facility  to  perform  coincidences  between  recoil  ions  produced  in  fast,  heavy,  ion-atom 
collisions  with  the  charge  separated  projectiles,  has  been  developed  and  installed  at  NSC, 
New  Delhi.  The  design  features  of  the  various  components  have  been  described  in  detail. 
This  facility  has  been  used  to  study  the  direct  ionization,  electron  capture  and  electron 
loss  channels  in  collisions  of  multiply  charged  silicon  ions  with  neutral  argon  atoms. 
Some  typical  spectra  of  the  recoil  ions  for  various  channels  have  been  presented  and 
briefly  discussed. 
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Figure  6(a). 
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Figure  6.  Recoil  distributions  corresponding  to  (a)  direct  ionization,  (b)  l-e~  loss, 
(c)  2-e~  loss,  (d)  3-e~  loss  and  (e)  4-e~  loss  events  in  the  case  of  60MeV  Si4+-Ar 
collisions. 
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Abstract.  Time  differential  perturbed  angular  correlation  measurements  done  on  the  482  keV 
level  of  l81Ta  probe  nuclei  in  well  annealed  reference  foil  samples  of  a-ZrHf,  a-TiHf  and  a-Hf 
indicate  that  all  probe  nuclei  are  defect  free,  substitutional  and  experience  quadrupole  frequencies 
characteristic  of  these  matrices.  But  mostly  the  ratio  of  the  intensities  of  the  harmonic  components 
of  the  quadrupole  frequency  is  never  in  3: 2:  1,  which  is  understood  to  be  due  to  the  selective 
orientation  of  microcrystallites  brought  out  by  the  pre  thermo-mechanical  treatments  on  the  sample. 
This  paper  illustrates  as  to  how  texturing  in  general  could  cause  ambiguities  in  the  measurements  of 
the  hyperfine  interaction  parameters  of  probe  nuclei  particularly  in  hep  foil  samples  with  or  without 
the  association  of  any  defects  and  the  ways  to  delineate  the  effect  of  texturing. 

Keywords.    TDPAC;  electric  field  gradient;  texturing. 
PACS  Nos    81.40;  82.20 

\.  Introduction 

The  hep  samples  like  a-Hf,  ct-Ti  and  a-Zr  are  non-magnetic.  The  quadrupole  interaction 
(i.e.,  the  interaction  between  the  quadrupole  moment  of  probe  nuclei  and  electric  field 
gradient  at  their  sites)  at  the  isomeric  state  separating  133  and  482  keV  7-7  cascade  of 
181  Ta  probe  nuclei  in  these  samples  leads  to  the  partial  removal  of  degeneracy  of  the 
isomeric  state  into  doubly  degenerate  states  with  m- values  ±5/2,  ±3/2  and  ±1/2. 
Choosing  the  direction  of  the  first  7  ray  as  the  quantization  axis  leads  to  the  selective 
.population  of  the  above  magnetic  substates.  This  results  in  the  emission  of  the  second  7 
ray  of  the  above  cascade  of  the  probe  nucleus  with  an  altered  population  distribution  and 
this  change  is  responsible  for  the  attenuation  of  the  angular  correlation  [1,2].  The  Fourier 
transform  of  the  anisotropy  spectra  in  the  case  of  the  probe  nuclei  occupying  defect  free 
axially  symmetric  charge  environment  in  a  polycrystalline  hep  sample  having 
microcrystallites  oriented  randomly,  should  have  peaks  at  u>i,tJ2  and  W3  having  the 
ratio  of  1:2:3  and  the  corresponding  intensity  ratio  w  3  :2: 1.  The  symmetry  of  the 
charges  that  are  distributed  at  the  nearest  neighbouring  environment  of  probe  nuclei  is 
characterized  by  an  asymmetry  parameter  which  is  roughly  given  as  (2  —  w2/wi). 

The  probe  nuclei  occupying  the  defect  free  environment  of  the  above  matrix  in  a  single 
crystal  of  a  non-cubic  and  axially  symmetric  sample  will  experience  the  same  quadrupole 
frequency  having  the  similar  ratio  between  its  harmonic  components  as  that  of  the 
polycrystalline  sample.  However  the  ratio  of  the  intensities  of  the  components  of  the 
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quadrupole  frequency  will  not  be  3  : 2 : 1  and  is  sensitively  dependent  upon  the  orientation 
of  the  crystal  with  respect  to  detector  geometry.  Measurements  in  a  single  crystal  indicate 
a  'drastic  difference  in  intensities  of  the  components  of  the  quadrupole  frequencies  for 
different  orientations  of  the  sample  with  respect  to  detector  geometry.  By  determining  the 
orientation  of  the  respective  principle  axes  of  the  EFG's  we  can  find  out  the  geometry  of 
the  defects  as  trapped  by  probe  nuclei  in  the  measurement  [3].  A  textured  sample  is 
essentially  composed  of  preferentially  oriented  and  random  microcrystallites  with  the 
former  out  numbering  the  latter.  Therefore  in  the  case  of  the  textured  sample  for  some 
fraction  of  the  probe  nuclei  the  principal  axis  of  the  EFG  tensor  will  be  oriented 
selectively  and  for  the  remaining  fraction  the  latter  will  be  in  random.  This  carries  the 
information  about  the  orientation  of  microcrystallites  in  a  sample.  The  formulation  of 
angular  correlation  and  distribution  experiments  in  the  presence  of  a  texturized  hyperfine 
interaction  has  been  given  by  Rots  et  al  [4]. 

The  texturing  effects  if  present  predominantly  in  a  hep  sample,  could  cause  ambiguities 
regarding  the  hyperfine  interaction  parameters  as  experienced  by  probe  nuclei 
viz.,  quadrupole  frequency  and  asymmetry  parameter.  The  former  could  be  the  case 
if  the  intensity  of  the  fundamental  component  of  the  quadrupole  frequency  is  almost 
zero.  The  latter  is  possible  if  the  intensities  of  the  second  and  third  harmonic  com- 
ponents of  the  quadrupole  frequency  are  almost  zero  which  in  general  would  give  an 
impression  that  the  probe  nuclei  are  occupying  an  axially  asymmetric  charge 
environment.  These  effects  have  to  be  seriously  considered  in  textured  samples  in 
which  defects  are  introduced  by  any  conventional  method  such  as  light  or  heavy  ion 
implantation,  quenching  or  due  to  the  introduction  of  extrinsic  defects  such  as  impuri- 
ties. All  TDPAC  measurements  in  such  a  sample  following  each  step  of  any  heat 
treatment,  in  general  has  to  be  necessarily  carried  out  in  an  unique  position  of  the 
sample  with  respect  to  detector  geometry.  This  is  required  to  be  done  since  the  aniso- 
tropy  spectra  and  hence  its  Fourier  transform  would  be  varying  in  terms  of  the  intensities 
of  the  frequency  components  corresponding  to  probe  nuclei  occupying  oriented 
microcrystallites. 

Considering  the  case  of  a  hep  sample,  if  it  is  well  homogenized  and  in  the  form  of  a 
spherical  lump  it  would  most  likely  be  perfectly  polycrystalline  with  a  random  orientation 
of  microcrystallites.  Therefore  the  probe  nuclei  occupying  the  substitutional  and  defect 
free  environment  in  it  will  have  the  ideal  intensity  ratio  of  the  frequency  component 
corresponding  to  the  concerned  matrix.  Even  such  samples  under  certain  conditions  seem 
to  have  texturing  behaviour.  For  example  the  preferred  orientation  of  microcrystallites  has 
been  reported  in  In  metal  just  below  the  melting  point  by  mCd  TDPAC  measurements 
[5].  Rasera  et  al  [6]  have  proposed  a  method  of  rotation  of  the  sample  around  an  axis 
perpendicular  to  the  plane  of  the  detectors  to  get  a  polycrystalline  analogue  of  the 
texturized  samples. 

In  this  paper  we  are  aimed  at  the  following:  (1)  the  illustration  of  texturing  effects  in 
hep  foil  samples  and  the  possible  ambiguities  that  arise  in  resolving  and/ or  interpreting 
the  intrinsic  or  extrinsic  defects  in  such  samples,  (2)  to  experiment  the  ways  to  get  the 
quadrupole  interaction  parameters  analogue  of  the  polycrystalline  sample  with  random 
microcrystallites  and  hence  resolve  the  hyperfine  interaction  parameters  of  probe  nuclei 
associated  with  defects  if  any  occur  in  the  sample.  Herewith  we  have  proposed  a  method 
to  obtain  the  polycrystalline  analogue  of  the  textured  sample. 

536  Pramana  -  J.  Phys.,  Vol.  49,  No.  5,  November  1997 


The  TDPAC  of  the  1  33-482  keV  7-7  cascade  of  181Ta  was  measured  in  the  samples  of 
Hf,  ZrHf  and  TiHf  samples  respectively  by  a  three  detector  twin  fast-slow  coincidence 
setup  [7]  having  Nal(Tl)  detectors.  One  of  the  detectors  was  gated  for  the  START 
(133  keV)  7-ray  while  the  other  two  detectors  were  located  at  90°  and  180°  respectively 
with  respect  to  the  START  detector  to  detect  the  STOP  (482  keV)  7-ray.  The  delayed  time 
resolution  spectra  were  obtained  in  the  form  of  the  count  rate  as  a  function  of  the  time 
elapsed  after  the  emission  of  the  first  7-ray.  The  two  time  spectra  W  (90°,  t)  and 
W(180°,r)  were  recorded  simultaneously.  The  prompt  time  resolution  of  the  setup 
measured  with  a  60Co  source  was  2.2  ns  FWHM  when  gated  for  the  above  cascade  of 
181  Ta  [7]. 

From  the  delayed  time  resolution  spectra  W(9Q°,t)  and  W(180°,f),  the  normalized 
anisotropy  function  R(t]  was  calculated  as 

D/N       A^f^      « 
R(t]  =  A2G2(t]  =  2 

where  A2  is  the  effective  anisotropy  coefficient  and  67  (0  is  the  perturbation  factor. 
W(90V)  and  W(180V)  are  the  coincidence  count  rates  at  90°  and  180°  respectively 
between  the  START  and  STOP  detectors.  In  general  during  the  data  acquisition  using  a 
three  detector  PAC  system  the  START  detector  is  moved  at  periodic  intervals  between 
90°  and  180°  positions  with  respect  to  either  of  the  STOP  detector  and  the  delayed 
time  resolution  spectra  are  obtained  in  the  form  of  the  count  rate  as  a  function  of  the 
time  elapsed  after  the  emission  of  the  first  7-ray  [8].  Hence  for  each  position  of  the 
START  detector  two  time  spectra  W(9Q°,  r)  and  W(180°,  t)  are  recorded  simultaneously. 
This  is  done  essentially  to  cancel  out  the  term  representing  the  efficiency  of  the  detectors 
that  appears  in  eq.  (1),  so  that  one  gets  the  normalized  anisotropy  coefficient  independent 
of  any  detector  parameter.  In  this  work  some  experiments  are  done  as  prescribed 
above  and  the  remaining  with  a  single  geometry  of  the  detecting  system  i.e.  by  keep- 
ing the  START  detector  fixed.  The  latter  method  is  justified  because  of  the  reasoning 
that  two  STOP  detectors  are  identical  and  their  detection  efficiencies  remain  almost  the 
same. 

The  R(t)  spectra  were  least  squares  fitted  to  the  function  [2] 

<(0,  (2) 


A2G2(r)  =  A2  ]£X  exp[-^(77,)ufi,r]  cosfefo)^],  (3) 

m=0 

where  4=0,  *}fa)  +4fa,)  =*3fa)  and  ELo<fa)  =  L 

If  the  probe  nuclei  occupy  axially  symmetric  aand  non-cubic  sites  in  a  sample  in  which 
microcrystallites  are  randomly  oriented  the  values  of  the  amplitudes  dm  are  given  as  [2] 
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where  2|m2  —  m\\  =n  for  half-integer  /.  The  values  of  am  are  tabulated  for  the  isomeric 
state  of  different  spin  as  given  in  [2].  In  the  case  of  a  textured  sample  these  alm  have  to  be 
taken  as  free  parameters  while  doing  the  data  analysis. 

The  spin  value  of  the  isomeric  state  of  181Ta  being  5/2,  we  have 

(VQ)  =  eQVjh  =  10a;Q/37r,  (5) 

where  V&  is  the  principal  component  of  the  electric  field  gradient  (EFG)  tensor.  When  the 
EFG  is  not  axially  symmetric,  the  asymmetry  parameter  r)  =  (Vxx  -  Vyy}/Vzz  where 
I  Va  >  \Vyy\  >  | V^ |  is  extracted  from  the  fit  of  R(t)  data  to  equation  (2).  The  value  of  r 
which  occurs  in  (2)  is  dependent  upon  the  number  of  frequency  components  that  appear 
in  the  Fourier  transform  of  the  anisotropy  spectra. 

The  EFG  tensor  is  completely  determined  by  the  frequency  VQ  and  the  asymmetry 
parameter  77.  In  the  case  of  probe  nuclei  being  present  in  a  non-cubic  and  axially  charge 
symmetric  environment  in  a  polycrystalline  sample  the  value  of  the  asymmetry  parameter 
will  be  zero  which  will  result  in  km(r\  =  0)  =  m.  The  probe  nuclei  present  in  an 
asymmetric  charge  environment  are  characterized  by  an  asymmetry  parameter  which  is 
given  as  77  w  2  —  (ki/k\).  The  exponential  factor  in  the  sum  accounts  for  the  possible 
existence  of  a  quadrupole  frequency  distribution  which  is  assumed  to  be  correctly 
described  by  a  Lorentzian  shape  with  a  relative  width  6.  A  non-vanishing  value  of  8 
implies  either  a  significant  concentration  of  defects  and/or  impurities  in  the  material 
under  study,  or  with  a  disordered  arrangement  of  atoms  in  the  probe  surroundings  [8,9]. 

The  ratio  of  a\  :ai'.  #3  will  be  approximately  3:2:1  in  the  case  of  the  probe  nuclei 
present  in  an  axially  charge  symmetric  non-cubic  sample  in  which  the  microcrystallites 
are  randomly  oriented.  The  probe  nuclei  present  in  a  single  crystal  of  the  above  sample 
will  experience  the  same  quadrupole  frequency  as  that  of  the  polycrystalline  sample.  But 
the  difference  between  these  two  cases  is  shown  up  in  the  values  of  am(rf)  which  are 
dependent  upon  the  orientation  of  the  crystal  and  hence  the  direction  of  the  principal 
axis  of  the  EFG  tensor  with  respect  to  detector  geometry  [10].  The  theoretical  expres- 
sion for  the  time  dependent  anisotropy  spectra  R(t]  in  a  textured  sample  can  in 
principle  be  written  as  a  sum  of  fractions  of  probe  nuclei  experiencing  an  EFG  whose 
principal  component  is  oriented  preferentially  along  some  direction  and  the  remaining 
fraction  with  the  latter  oriented  randomly  [11].  A  detailed  XRD  measurement  has  to  be 
done  to  get  any  quantitative  information  on  texturing  of  the  sample.  But  selective 
orientation  of  impurity  precipitates  if  any  in  a  sample  could  be  found  out  by  TDPAC, 
where  XRD  cannot  be  used  if  the  concentration  of  impurity  is  less  than  the  detectable 
limit. 


3.  Results  and  discussion 

We  shall  first  consider  the  results  of  the  TDPAC  measurements  carried  out  on  helium 
implanated  a-Zr  sample  [12].  The  homogeneous  helium  implanation  of  the  sample  of 
dimension  1  cm  x 0.1  cm  x  3  80  urn  has  been  carried  out  with  a  40MeV  alpha  beam  to  a 
dose  of  100  appm  at  VEC,  Calcutta.  Measurement  on  a-ZrHf  reference  sample  has  shown 
that  all  probe  nuclei  experience  a  Lorentzian  distribution  of  quadrupole  frequencies 
having  a  value  of  (i/Go)  =310  ±  4  MHz  and  an  asymmetry  parameter  770  =  0.08.  This  is 
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Figure  1.  The  experimental  R(t]  vs  /  spectra  and  its  Fourier  transformed  spectra  at 
room  temperature  in  the  reference  and  He  implanted  ct-ZrHf  sample.  The  continuous 
curve  in  R(t)  is  the  one  calculated  using  the  fitted  values  of  the  parameters. 


in  agreement  with  the  results  reported  in  the  literature  [13].  The  R(t)  spectra  and  its 
Fourier  transform  of  the  helium  implanted  sample  in  principle  could  lead  to  a  misleading 
inference  that  a  large  fraction  («  0.89)  of  probe  nuclei  are  associated  with  a  unique 
helium  implantation  induced  defect  experiencing  a  quadrupole  frequency  of  620  MHz 
and  the  remaining  are  defect  free  and  substitutional.  As  this  frequency  coincides  with  the 
second  harmonic  component  of  the  quadrupole  frequency  corresponding  to  the 
substitutional  fraction  of  probe  nuclei  we  have  to  find  out  whether  the  observed  effect 
is  due  to  texturing  or  due  to  any  defect  trapping  by  a  major  fraction  of  probe  nuclei.  This 
can  be  found  out  by  carrying  out  the  measurements  in  different  orientations  of  the  sample 
with  respect  to  detector  geometry.  The  variation  of  the  intensities  of  the  quadrupole 
frequency  components  with  different  orientations  of  the  sample  confirms  that  the  result  is 
due  to  the  texturing  effects  of  the  sample  and  not  due  to  probe  nuclei  trapping  any 
defects. 

In  the  present  case  the  selective  orientation  of  the  microcrystallites  has  resulted  in  a 
larger  intensity  of  the  second  harmonic  component  of  the  quadrupole  frequency  as 
observed  by  the  probe  nuclei  shown  in  figure  1.  Data  analysis  of  the  R(t)  spectra  on  the 
helium  implanted  sample  taking  into  consideration  the  texturing  effects  of  the  sample  has 
shown  that  the  probe  nuclei  experience  the  following  hyperfine  interaction  parameters 
viz.,  {z/fil)  =  310  ±4  and  ??i  =  0.10.  Above  results  indicate  that  all  probe  nuclei  occupy 
substitutional  sites  in  hep  Zr  matrix  as  reported  in  the  literature  [13].  A  low  value  of  the 
asymmetry  parameter  77  in  the  above  cases  implies  an  almost  axially  charge  symmetric 
environment  of  probe  nuclei. 
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of  the  quadrupole  frequency  components  is  seen  with  increasing  speed  of  rotation  of  the 
sample.  This  has  been  illustrated  in  figure  8.  The  probe  nuclei  are  found  to  experience  a 
quadrupole  frequency  (vQo)  =•  290  ±  4 MHz  and  an  asymmetry  parameter  770  =  0.08.  By 
rotating  the  sample  about  an  axis  perpendicular  to  the  plane  of  the  detector,  we  could 
average  the  selective  orientations  of  microcrystallites  of  the  sample.  Therefore  we 
may  infer  that  the  fraction  of  probe  nuclei  occupying  the  oriented  microcrystallites 
may  not  contribute  for  the  total  anisotropy  observed  in  the  experiment.  Hence  this  leads 
to  a  slight  loss  of  anisotropy  depending  upon  the  speed  of  rotation.  This  can  be  seen  in 
figure  8. 

The  measurements  conducted  either  by  averaging  the  R(t]  obtained  at  different 
geometries  of  the  sample  or  by  rotating  it  at  a  constant  speed  of  rotation  during  the 
measurements  would  result  in  the  poly  crystalline  analogue  of  the  textured  samples.  These 
measurements  would  help  us  to  find  out  the  hyperfine  interaction  parameters  of  the 
defect(s)  related  fraction(s)  occurring  in  such  hep  samples  without  any  ambiguity  as  we 
are  able  to  delineate  the  fraction  of  probe  nuclei  that  are  defect  free  in  the  matrix. 
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1.  Introduction 

„    L     A  A  AI  rnntainine  IH-V  compounds 
f  t^tvoV»»rlrflllv  bonded  Al-conumuug  *"       ,     n     •    i 

The  lattice  dynamical  properties  ot  tetraneuKuiy  ^^  ig  cruciai  for  technological 

are  interesting,  since  understanding  its  P^on°f  J*  P.  ^  Bragg  reflector  superlattices, 
plication.  These  include  ^^^^^^^^  onphonon  dispersion 
solid  state  lasers  and  high  electron  m°bl^"^n  ^  non.radiative  relaxation  process 
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are  of  great  interest  [1-7  J.  in  aiiinc^v  Recently  Strauch  ef  fl/  [«]  have  aeier 

data  is  only  available  for  AlSb  at  15  K  ^^  ^  for  A1Sb  by  using  inelastic 
mined  the  phonon  dispersion  ^^^^  ^  model  calculation  by  using  bond 
neutron  scattering  at  15  K.  They  have  also  P^™^  oMn&d  from  a  least  square  fit.  In 
charge  model,  where  the  ^ode\p^f^e  studied  the  phonon  dispersion  curves  along 
*  recent  paper,  Molinas-Mata  et  al  [9]  have  smaie  F  ^_^  comp0unds  including 
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case  of  AlAs,  the  mass  approximation  method  has  been  adopted  to  calculate  the  phonon 
dispersion  curves  (PDC)  by  considering  GaAs  as  the  reference  material.  With  respect  to 
AlAs,  one  of  the  typical  ffl-V  compound  semiconductors,  no  measurement  on  phonon 
dispersion  has  been  performed  so  far,  because  it  is  difficult  to  grow  sufficiently  large 
single  crystals  of  good  quality  which  are  free  from  oxidation.  In  the  early  stage  of 
studying  the  phonon  structure  in  AlAs,  several  workers  have  reported  phonon  frequencies 
at  critical  points  in  Brillouin  zone  (BZ)  by  various  experimental  methods  [10, 11, 15, 16]. 
The  phonon  dispersion  of  AlAs  along  the  A  [12-14]  and  A  directions  have  also  been 
obtained  using  confined  optical  phonons  in  GaAs /AlAs  superlattices.  In  recent  studies, 
Spencer  et  al  [17]  and  Wagner  et  al  [18]  have  measured  second  order  Raman  bands  in 
AlAs  layers  on  GaAs  and  reported  the  overtone  frequencies  at  the  X  and  L-points.  Quite 
recently,  Azuhata  et  al  [19]  have  measured  the  second  order  Raman  spectra  in  AlAs  layer 
grown  on  a  GaAs  substrate  by  Raman  spectroscopy.  They  have  also  calculated  the 
phonon  dispersion  curves  by  using  the  modified  version  of  adiabatic  bond  charge  model 
but  the  values  of  parameters  have  been  obtained  from  ab  initio  calculations  for  AlSb  by 
using  a  similar  approach.  Thus  a  realistic  lattice  dynamical  model  still  seems  to  be  useful 
for  the  theoretical  studies  of  phonon  properties  for  Al-containing  EU-V  compound 
semiconductor  to  understand  the  phonons  in  them. 

In  the  present  paper,  we  report  the  results  of  the  phonon  dispersion  curves  for  AlAs  and 
AlSb  by  using  the  formalism  of  a  simplified  version  of  the  deformation  dipole  model 
[22],  called  deformation  bond  approximation  (DBA)  model  [23].  In  §2  the  model  is 
described  briefly,  and  the  results  and  discussion  in  §3. 


2.  Model 

The  deformation  dipole  model  is  based  on  the  hypothesis  that  an  overall  charge 
rearrangement  due  to  overlap  that  produces  a  net  concentration  of  positive  charges  at  the 
bonds.  During  lattice  vibration,  a  new  charge  distribution  is  set  which,  in  principle,  may 
be  described  in  terms  of  a  multiple  expansion.  Kunc  et  al  [22]  incorporated  this  idea  by 
considering  the  terms  up  to  dipole  which  are  assumed  to  be  on  the  ion  site.  Fifteen 
parameters  take  into  account  the  polarization  and  deformation  of  electronic  orbitals. 
These  fifteen  parameters  are  very  difficult  to  find  due  to  very  limited  number  of  input 
parameters,  which  is  difficult  to  employ  for  the  study  of  lattice  vibrations.  Kunc  et  al  [23] 
have  simplified  this  model  for  practical  purposes  and  used  for  several  compound 
semiconductors.  This  simplified  version  of  deformation  dipole  model  is  known  as 
deformation  bond  approximation  and  is  quite  successful  in  explaining  the  phonon 
properties  [24].  The  simplification  consists:  (i)  In  assumption,  reducing  the  number  of 
independent  deformabilities.  (ii)  In  the  neglect  of  "nonlocal  electronic  polarizabilities". 
By  neglecting  the  nonlocal  polarizabilities,  we  get  a  model  equivalent  to  that  of  Karo  and 
Hardy  [25,26].  This  approximation  is  formally  equivalent  to  the  shell  model  in  the  case 
of  ionic  and  semi-ionic  crystals  [22]. 

The  dynamical  matrix  corresponding  to  deformation  bond  approximation  (DBA) 
model  is  written  as  [23] 


C(q)  =  CSI(q}  -  M~2(e  +  7V+)(7  -  Ba)(e  +  N}M~l/\  (1) 
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Figure  1.    Phonon  dispersion  curves  of  AlSb.  Experimental  points  are  taken  from 
[8,21]. 


icre  I  is  a  unit  matrix,  Csr(q)  is  short  range  matrix,  and  the  matrices  N  and  a  are  the 
urier  transform  of  the  deformability  and  polarizability  respectively  [23, 27].  The  matrix 
in  the  dynamical  matrix  is  the  contribution  from  the  Coulomb  coefficients  and  can  be 
ind  in  [28, 29].  We  have  also  calculated  the  PDC  for  II-VI  compound  semiconductors 
using  the  same  theoretical  approach  [30],  The  results  are  in  good  agreement  with 
periment.  The  present  model  has  ten  parameters  and  most  of  them  are  determined  from 
;ir  relations  with  some  macroscopic  experimental  data.  These  are  listed  in  table  1, 
lere  A,  B,  C^D,-,  F,-  (i  =  1,  2)  are  the  short  range  force  constants,  and  are  given  in  ref. 
3].  The  input  parameters  are  taken  from  [31,32]  and  presented  in  table  1  alongwith 
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Figure  2.    Phonon  dispersion  curves  of  AJAs.  Experimental  points  are  taken  from 
[19,34]. 


output  parameters.  The  notations  have  their  usual  meaning.  The  values  of  the  force 
constants  listed  in  table  1  are  quite  reasonable  and  have  not  attained  any  unphysical  value 
though  they  are  partially  fitted  to  macroscopic  properties. 


3.  Results  and  discussion 

The  calculated  phonon  dispersion  curves  of  AlSb  by  using  the  model  mentioned  above 
are  shown  in  figure  1.  The  calculated  results  are  compared  with  the  measured  data  at  15  K 
[8]  due  to  the  non-availability  of  room  temperature  experimental  data  for  all  the  wave 
vectors  in  the  symmetry  directions  of  Brillouin  zone  (except  at  F-point).  This  can  also  be 
justified  from  the  fact  that  the  F  point  frequencies  are  nearly  the  same  at  300  K  and  15  K 
[8].  It  is  revealed  from  figure  1  that  the  calculated  results  using  DBA  model  agree 
reasonably  well  with  the  available  neutron  scattering  data. 

The  dispersion  of  both  optical  and  acoustic  phonons  are  explained  more  or  less  satis- 
factorily in  the  A  direction  for  AlSb.  However,  minor  disagreement  for  LO  and  TA  modes 
along  X-direction  can  be  observed.  Also,  the  LO  and  TO  branches'are  almost  parallel  from 
F  to  X  point.  The  phonon  modes  in  E-direction  of  the  Brillouin  zone  are  also  reproduced 
reasonably  well  from  the  present  model.  The  other  important  feature  of  the  PDC,  the 
flattening  of  the  acoustic  branches  which  is  observed  in  almost  all  the  ffl-V  compound 
semiconductors  has  been  correctly  predicted  from  the  present  model  calculations. 

The  calculated  phonon  dispersion  curves  for  AlAs  by  using  the  modified  version  of 
deformation  dipole  model  are  presented  in  figure  2.  For  the  calculations  of  PDC  of  AlSb 
except  the  mass  and  lattice  parameters  very  limited  informations  about  the  microscopic 
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Table    2.     Phonon  frequencies  at  critical  points  of  the  symmetry  direction  of  the 
Brillouin  zone  for  AlAs. 


Phonon  frequency  (cm"1) 

Previous  work 

Present  work 

Mode 

Experiment 

Ab  initio 

BCM' 

DBA 

calculation* 

LO(D 

404fl>s,404*'«)402^ 
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222C 
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TA(X) 

103a,  103*  ,  109c104/r 
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LO(L) 

•   373d, 
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TO(L) 

350a,350*,349f 
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352 

LA(L) 

- 
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212 

TA(L) 

83*,  77/ 

74 

78 

75 

*[17], T  =  36 K;  b[l$\,T  =  77 K;  C[36}T  =  4K;  d[l&}T  =  300 K;  '[20];  f[l9],T  =  300 K;  «from  the 
first  order  Raman  spectra. 


Table    3.     Phonon  frequencies  at  critical  points  of  the  symmetry  direction  of  the 
Brillouin  zone  for  AlSb. 

Phonon  frequency  (cm"1) 
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Present  work 

Mode 
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Ab  initio 
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TOCO 
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LO(X) 

338°,  341* 
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TO(X) 

294a,294*,290^ 
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LApf) 

154* 
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TA(X) 

65a,69*,70rf 

64 

74 

74 

LO(L) 

320*, 

325 

317 

323 

TO(L) 

306",307*,309rf 

306 
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307 

LA(L) 

142°,  147* 

148 
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TA(L) 

58°,  56*,  53^ 

49 

55 

53 

a[36],T  =  300K;  *[8],r=15K; 
spectra;  /[1 9],  T  =  300  K. 


:[20]T  =  4K;  d[l&}T  = 


£from  the  first  order  Raman 


properties  for  AlAs  are  available  so  far.  The  phonon  dispersion  curves  for  AlAs  could 
also  not  be  compared  with  the  experimental  measurements.  However,  the  phonon 
frequencies  at  the  critical  points  of  the  symmetry  directions  of  BZ  are  listed  in  table  2 
with  some  experimental  data  obtained  from  second  order  Raman  spectra  and  ab  initio 
calculations  of  Giannozziet  et  al  [20],  Thus  there  is  a  good  agreement  between  the 
present  calculations  and  previous  experimentally  and  theoretically  obtained  values.  It  can 
also  be  seen  from  figure  2  that  all  the  common  features  of  III-V  compound 
semiconductors  have  been  correctly  predicted  from,  the  present  version  of  deformation 
dipole  model. 
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We  also  present  a  comparative  study  of  the  phonon  frequencies  for  AlAs  and  AlSb 
at  critical  points  of  the  symmetry  direction  of  BZ,  calculated  by  the  present  model 
theory  and  some  earlier  calculated  results  in  tables  2  and  3  to  judge  the  validity  of 
the  present  model.  It  is  quite  successful  in  explaining  the  phonon  frequencies  at  critical 
points. 

Thus  we  have  presented  here  the  results  on  phonon  dispersion  curves  of  AlAs  and  AlSb 
using  DBA  model.  The  present  model  has  been  quite  successful  in  explaining  the  gross 
features  of  PDC  of  this  compound  as  in  the  case  of  other  ffl-V  compound  semiconductor. 
We  emphasize  for  the  neutron  scattering  measurements  of  these  compound. 
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bstract.  This  paper  reports  the  results  of  the  study  of  anisotropy  in  elastic  wave  propagation 
single  crystal  superconducting  BSCCO.  The  inverse  and  group  velocities  of  elastic  waves 
opagating  in  different  directions  have  been  computed  and  the  corresponding  slowness  and  ray 
locity  surfaces  plotted,  taking  elastic  constant  data  from  literature.  In  addition,  the  phenomenon 
phonon  focussing  has  been  investigated  in  this  material  by  computing  the  phonon  enhancement 
£tor  along  different  directions  in  spherical  polar  coordinates.  The  abnormally  high  values  in 
lonon  enhancement  factor  exhibited  in  certain  directions  for  the  phonon  modes  are  interpreted  as 
ic  to  caustics  occurring  in  the  geometrical  acoustics  approximation  adopted  in  the  computational 
alysis.  The  results  in  LSCO  and  YBCO  are  found  to  be  similar  to  those  in  BSCCO. 

eywords.  High  Tc  superconductors;  slowness  surfaces;  ray  velocity  surfaces;  phonon  focussing 
tastrophes. 

LCS  Nos    74.25;  63.20;  62.20 

Introduction 

is  well  known  that  a  detailed  description  of  the  nature  of  elastic  wave  propaga- 
>n  in  anisotropic  solids  can  be  done  by  plotting  the  phase  velocity,  slowness  and 
y  velocity  surfaces  [1],  Of  these,  the  ray  surface  is  physically  the  most  raean- 
gful  one  because  it  represents  the  wave  front  of  equal  phase  for  an  oscillatory 
sturbance  a  unit  time  interval  after  it  has  been  created  at  the  origin.  Several  papers  and 
>oks  have  appeared  in  literature  depicting  the  features  of  these  surfaces  in  different 
ystal  systems  and  it  is  found  that  several  crystals  exhibit  cuspidal  edges  in  ray 
:locity  surfaces  along  specific  directions  for  selected  modes  [1-3].  The  slowness 
rface,  which  is  the  polar  reciprocal  of  the  ray  surface,  plays  an  important  role  in 
e  discussions  that  follow  since  one  can  trace  all  the  important  features  of  ray 
rfaces  from  the  corresponding  slowness  surfaces.  The  analytical  techniques  for 
Derating  slowness  and  ray  surfaces  are  well  established  and  the  conditions  for  the 
istence  of  cuspidal  edges  in  ray  surfaces  have  been  worked  out  for  different  crystal 
asses. 

Another  important  feature  of  elastic  anisotropy  is  'phonon  focussing',  which  arises  due 
the  non-collinearity  of  the  ray  and  phase  velocities.  Whenever  the  slowness  surface  is 
mspherical  in  shape  in  any  direction,  more  than  one  wave  vector  may  correspond  to  a 
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single  ray  velocity  vector  and  the  corresponding  ray  surface  will  contain  folds  or  cuspidal 
edges  in  that  direction.  Consequently,  energy  flow  in  that  direction  is  enhanced  compared 
to  other  directions.  This  effect,  known  as  phonon  focussing,  is  now  well  understood  and 
has  been  a  subject  of  intense  research  for  the  past  two  decades  or  so  both  theoretically  and 
experimentally  [4-7]. 

Several  workers  have  carried  out  heat  pulse  experiments  in  ultrapure  single  crystals  of 
Ge,  GaAs,  Si  etc.  and  have  demonstrated  phonon  focussing  effects  along  selected 
directions  for  transverse  acoustic  modes.  Most  of  these  experiments  exploit  temporal 
analysis  of  the  heat  pulse  intensity.  Results  of  ballistic  phonon  imaging  experiments 
carried  out  on  Ge  [7],  GaAs  [8]  and  KDP  [9]  show  striking  differences  in  the  intensity  of 
phonons  propagating  along  different  directions  which  have  correspondence  with  phonon 
enhancement  calculations  in  these  crystals.  Ballistic  phonon  imaging  offers  a  geometric 
visualization  of  anisotropic  phonon  propagation  in  crystals. 

The  mechanism  of  superconductivity  and  the  role  played  by  phonons  in  super- 
conducting transition  in  high  Tc  superconductors  remain  unclear  even  today.  Of 
late,  with  the  success  in  growing  single  crystals  of  many  of  the  high  Tc  super- 
conductors, it  has  become  possible  to  get  a  better  insight  into  these  materials  with  the 
aid  of  fine  experiments.  The  resonant  ultrasound  technique  has  been  used  to  isolate 
the  independent  elastic  constants  of  many  of  these  materials  [10-12].  However,  all 
the  independent  elastic  constants  are  available  only  for  a  few  high  Tc  superconductor 
crystals,  that  too  only  at  room  temperature.  The  only  material  for  which  all  the 
elastic  constants  above  and  below  Tc  have  been  reported  is  a  textured  BSCCO 
(2212)  crystal  with  cylindrical  symmetry  about  the  c-axis  [13].  Assumption  of  cylin- 
drical symmetry  merges  some  of  the  elastic  constants  resulting  in  only  five  independent 
ones. 

In  this  paper,  we  trace  the  slowness  and  ray  surfaces  of  single  crystal  BSCCO,  taking 
elastic  constant  data  from  literature  [13].  Phonon  enhancement  factors  have  been 
evaluated  in  spherical  polar  coordinates  and  plotted.  An  outline  of  the  computational 
procedure,  results  obtained  and  a  discussion  of  the  results  are  given  in  the  following 
sections.  Even  though  results  have  been  obtained  on  YBCO  and  LSCO,  they  are  not 
reported  here  as  these  are  similar  to  those  of  BSCCO. 

2.  Slowness  and  ray  surfaces  for  BSCCO  above  and  below  Tc 

The  Christoffel  equation  for  the  propagation  of  elastic  waves  through  a  crystal  is  of  the 
form  [1] 

n(w,*e,^1^)  =  0.  (1) 

A  vector  m,  with  m  =  n/v,  having  the  direction  of  the  wave  normal  and  magnitude  equal 
to  the  reciprocal  of  the  phase  velocity  v,  is  known  as  the  reciprocal  velocity  vector  or 
slowness  vector. 
The  ray  velocity  or  the  velocity  with  which  energy  is  transported  is  given  by  [1] 

s= 
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8x10~4(s/m) 


8x10"4(s/m) 


Figure  1.  Sections  of  the  slowness  surfaces  for  BSCCO  in  the  a-c  plane  at  20  K.  L, 
T\  and  T-±  denote  the  quasilongitudinal,  pure  shear  and  quasishear  modes  respectively. 
Because  of  transverse  isotropy  assumed,  the  surfaces  are  concentric  circles  in  the  a-b 
plane.  Surfaces  for  a-c  and  b-c  planes  are  identical. 


Expressions  for  the  components  of  the  slowness  and  ray  velocities  for  wave  propagation 
in  different  planes  for  orthorhombic  symmetry  have  been  used  to  plot  the  corresponding 
surfaces  for  high  Tc  superconductor  crystals.  Corresponding  to  the  three  solutions  of 
equations  (1)  and  (3),  three  modes  of  elastic  waves  propagate  in  any  direction,  which 
correspond  to  quasilongitudinal,  pure  shear  and  quasishear  modes.  The  slowness  and  ray 
velocity  surfaces  have  been  plotted  for  the  high  Tc  superconductor  BSCCO  in  different 
symmetry  planes  at  two  temperatures,  one  above  and  the  other  below  TC)  taking  elastic 
constant  data  from  literature  [13]. 

As  is  expected  for  an  orthorhombic  crystal  with  cylindrical  symmetry,  wave  propagation 
in  the  a-b  plane  is  isotropic  and  the  corresponding  slowness  and  ray  surfaces  are  simply 
concentric  circles.  The  surfaces  have  been  plotted  for  the  a-c  plane  at  290  and  20  K  and 
those  at  20  K  are  shown  in  figures  1  and  2.  It  may  be  noted  that  the  slowness  surface  for  the 
quasishear  mode  deviates  from  circular  shape  and  contains  regions  of  positive  and  negative 
curvatures  which  give  rise  to  cuspidal  edges  or  folds  in  the  ray  surface. 


3.  Computation  of  phonon  enhancement  factor  for  BSCCO 

The  direction  of  energy  flux  (Os,  <f>s)  is  obtained  from  the  ray  velocity  components  which 
in  turn  depend  on  the  corresponding  directions  of  the  phase  velocity  (9k,  <f>k)-  This  k  space 
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Figure  2.    Sections  of  the  ray  velocity  surfaces  for  BSCCO  at  20  K  in  the  a-c  plane. 
L,  TI  and  T2  have  the  same  meaning  as  in  figure  1. 


to  s  space  transformation  may  be  expressed  as 


&),  (3) 

where  the  functions  /  and  g  are  determined  from  the  components  of  s.  Equations  (3)  are 
basically  a  mapping  of  one  two-dimensional  space  (6k,  fa)  into  another  two-dimensional 
space  (0j,0j).  The  ratio  of  the  product  of  the  differentials  in  these  two  spaces  is  the 
Jacobian  of  the  functions  /  and  g.  This  can  be  written  as 


d£ls  =  d(cos  9s)d(j)s  =  7d(co 
where  the  Jacobian  is  given  by 


dg/d(f>k 


(4) 


(5) 


This  equation  provides  the  desired  link  between  the  mathematical  formalism  and  the 
phonon  intensities.  The  phonon  enhancement  factor  A,  defined  as  the  ratio  of  the  solid 
angle  in  the  phase  velocity  space  to  the  corresponding  solid  angle  in  the  ray  velocity 
space,  is  now  related  to  the  Jacobian  by  the  relation  [2] 


A  = 


_L 

W\ 


(6) 
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Figure  3.  Pseudo-3D  representation  of  the  distribution  of  phonon  intensities  for  the 
quasishear  mode  of  BSCCO  at  20  K.  A  is  the  phonon  enhancement  factor,  with  6 
(theta)  and  0  (phi)  designating  the  polar  and  azimuthal  angles  in  spherical  polar 
coordinates. 


The  geometrical  interpretation  of  the  Jacobian  J  is  that  /  =  K\k2\  cos£,  where  K  is  the 
Gaussian  curvature  of  the  slowness  surface  and  ( is  the  angle  between  the  phase  velocity 
vector  and  ray  velocity  vector.  The  Gaussian  curvature  is  the  product  of  the  two  extremal 
curvatures  (inverse  radii)  of  an  elemental  surface.  If  either  or  both  of  the  extremal 
curvatures  vanish,  /  and  K  will  vanish.  The  Jacobian  is  dimensionless  and  is  directly 
related  to  the  phonon  enhancement  factor  A  by  (6). 

We  have  computed  the  phonon  enhancement  factors  for  single  crystal  BSCCO  at  290 
and  20  K  following  the  method  outlined  above.  Computations  have  been  performed 
varying  Ok  and  fa  from  0  to  ?r/2,  each  in  steps  of  2°  resulting  in  performing  the 
computation  at  2025  points  in  the  wave  vector  space.  Figure  3  gives  a  pseudo-3D  view  of 
the  phonon  intensities  distributed  in  the  first  quadrant  of  the  wave  vector  space  for  the 
quasishear  mode  in  BSCCO  at  20  K.  Even  though  we  have  done  the  computation  for  the 
pure  shear  and  quasilongitudinal  modes  as  well,  these  are  not  reproduced  here  as  no 
anomalous  features  are  expected  to  be  exhibited  by  these  modes  in  phonon  intensity 
distribution.  However,  similar  to  the  peaks  observed  in  the  quasishear  mode,  very  sharp 
peaks  are  seen  in  the  enhancement  factors  for  the  pure  shear  and  quasilongitudinal  modes 
as  well,  but  in  other  directions.  Mirror  reflections  of  this  figure  give  a  complete  pseudo- 
3D  representation  of  the  phonon  intensities  distributed  in  the  wave  vector  space  for 
quasishear  mode. 

Phonon  enhancement  factor  is  found  to  take  physically  unrealistic  values  for  all  the 
modes  of  wave  propagation  in  certain  directions.  In  certain  cases  the  values  run  into 
several  thousands,  particularly  for  the  pure  shear  mode.  This  can  be  attributed  only  to 
singularities  occurring  in  the  phonon  enhancement  factor.  As  has  been  described  by 
several  workers  before  [14, 15],  these  singularities  are  a  consequence  of  the  geometrical 
acoustics  approximation  used  in  the  definition  and  evaluation  of  phonon  enhancement 
factor.  Note  that  the  ray  surfaces  for  the  pure  shear  mode  do  not  contain  folds  or  cusps 
and  so  one  cannot  expect  any  anomalous  values  for  the  phonon  enhancement  factor  for 
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Figure  4.  Variation  of  phonon  intensity  with  the  polar  angle  9  for  the  propagation  of 
quasishear  mode  in  the  a-c  plane  of  BSCCO  at  20  K.  The  peak  in  the  figure 
corresponds  to  the  point  at  which  caustics  intersect  the  a-c  plane. 


this  mode.  This  is  true  for  the  quasilongitudinal  mode  as  well.  The  only  mode  for  which 
we  can  expect  to  see  interesting  features  in  phonon  enhancement  is  the  quasishear  mode. 
We  have  computed  the  phonon  enhancement  factors  along  the  cusp  directions  for  the 
quasishear  mode.  The  general  program  developed  to  compute  phonon  enhancement 
factors  along  general  directions  has  been  modified  to  compute  phonon  enhancement 
factors  along  the  directions  in  which  cusps  occur  in  the  ray  velocity  surface.  The  com- 
putation have  been  performed  on  BSCCO  and  the  20  K  result  is  shown  in  figure  4.  The 
directions  in  which  peaks  in  phonon  intensities  occur  in  this  figure  correspond  to  the 
points  at  which  the  caustics  intersect  the  (101)  plane  in  this  crystal.  A  qualitative  analysis 
of  the  positions  of  these  peaks  in  comparison  with  the  directions  in  which  cusps  occur 
indicate  that  these  are  the  directions  along  which  the  phonon  intensity  is  getting  amplified. 
The  values  of  phonon  enhancement  factors  are  not  abnormally  high,  and  these  are  the 
directions  in  which  one  should  look  for  phonon  focussing  effects  in  an  experiment.  Since 
the  results  in  YBCO  and  LSCO  are  similar  to  these,  they  are  not  reproduced  here. 


4.  Conclusions 

We  have  computed  and  plotted  the  slowness  surfaces,  ray  surfaces  and  phonon  enhance- 
ment factors  in  single  crystals  of  the  high  Tc  superconductors  BSCCO,  YBCO  and  LSCO. 
The  results  bring  out  the  changes  that  the  slowness  and  ray  surfaces  undergo  when  the 
material  undergoes  superconducting  transition.  The  results  indicate  that  there  are  no 
significant  changes  in  these  surfaces  due  to  superconducting  transition  or  superconducting 
transition  does  not  significantly  affect  the  elastic  anisotropy  of  these  materials. 

It  is  known  that  phonon  focussing  does  not  have  any  direct  bearing  on  superconducting 
transition.  All  we  see  is  a  change  in  the  magnitude  of  the  phonon  enhancement  factor  at 
temperatures  above  and  below  Tc .  This  change  merely  reflects  the  changes  that  the  elastic 
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constants  undergo  over  this  temperature  range.  We  have  identified  the  directions  in  which 
folds  occur  in  the  ray  velocity  surfaces  and  verified  that  phonon  intensity  for  the 
quasishear  mode  gets  enhanced  in  these  directions.  The  phonon  mean  free  path  near  Tc  is 
very  small  in  these  materials  and  one  cannot  expect  to  see  phonon  focussing  effects  at 
such  elevated  temperatures.  One  must  look  for  these  effects  in  ultrapure  single  crystals  at 
ultralow  temperatures,  or  under  the  boundary  scattering  regime. 
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bstract.  Darboux  transformation  is  applied  to  three  classical  potentials,  namely  the  harmonic 
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eywords.     Schrodinger  equation;  Hamiltonian;  wavefunction;  Darboux  transformation. 
VCS  No.    03.65 

Introduction 

.nee  the  first  reported  work  [1],  the  Darboux  transformation  has  been  an  area  of  great 
terest.  Perhaps  this  interest  was  first  reflected  in  [2],  then  this  method  was  rediscovered 
:  the  factorization  method  [3,4].  The  next  stimulus  to  its  development  was  given  by  the 
ipersymmetric  formulation  of  the  Schrodinger  equation  [5].  (For  a  recent  review  in  this 
)main  see  [6]).  The  soliton  theory  must  be  mentioned  especially  because  the  Darboux 
•uisformation  played  a  considerable  role  in  the  development  of  this  theory  (see  [7]  and 
ferences  therein).  This  transformation  was  investigated  recently  in  connection  with  the 
>ecrral  theory  of  the  Schrodinger  operator  by  the  techniques  of  dressing  chain  [8]  and  as  a 
lurce  of  new  exactly  solvable  potentials  [9-11].  Despite  the  fact  that  this  type  of  trans- 
rmation  has  been  studied  for  a  long  period,  the  number  of  quantum  mechanical  problems 
:actly  solved  in  elementary  functions  is  not  too  large,  especially  if  the  question  consists 
finding  the  normalized  discrete  spectrum  wave  functions.  In  this  article  we  make  an 
tempt  to  fill  this  gap.  We  give  and  investigate  new  exactly  solvable  potentials  for  the  one- 
mensional  Schrodinger  equation  as  applied  to  the  harmonic  oscillator,  effective  Coulomb 
id  Morse  potentials.  On  the  base  of  each  potential  we  construct  a  family  of  isospectral 
)tentials.  For  almost  all  potentials  we  give  a  set  of  normalized  discrete  spectrum  wave 
nctions.  We  concentrate  our  attention  on  the  solutions  of  elementary  form. 

Generating  properties  of  the  Darboux  transformation 

this  section  we  give  a  brief  overview  of  the  main  properties  of  the  Darboux 
insformatibn  discussed  in  a  number  of  earlier  publications. 
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,     //o  =  -d2/dr2  +  VQ(JC),     xe[a,b\.  (1) 

The  potential  VQ(X)  is  supposed  to  be  a  real  and  sufficiently  smooth  function  in  the 
interval  R  =  [a,  b]  which  can  be  infinite.  It  is  also  supposed  that  we  know  the  general 
solution  of  this  equation  for  all  values  of  the  parameter  E  (complex  in  general).  Let 
functions  M/(JC)  called  transformation  functions  be  particular  solutions  of  (1)  with  a/  as 
eigenvalues.  Using  these  functions  we  can  introduce  the  following  operator  called  the  N- 
order  Darboux  transformation  operator. 


MI  Ui         •  •  •  1 

u\        u'2      ••  •       d/dx 
>)     >)        '     , 


(2) 


where  W(u\  ,  w2,  •  •  •  5  MAT)  is  the  Wronskian  of  functions  u\  ,  w2?  •  •  •  5  MW,  (W(u\  )  =  u\  ),  the 
prime  denotes  a  derivative  with  respect  to  x,  and  the  determinant  is  a  differential  operator 
obtained  by  the  development  of  the  determinant  in  the  last  column  with  the  functional 
coefficients  placed  before  the  derivative  operators. 
Operator  LN  has  the  property  [11] 

^/v^o  =  H^LM,  (3) 

where 

VN(x)  (4) 


is  a  new  Hamiltonian  and  the  potential  difference  A^f(x}  =  Vi\j(x]  —  VQ(X)  is  given  by  the 
formula  [12,  13]: 

AN(x)  =  -2^1og  W(ui,  .  .  .  ,  uN}.  (5) 

The  operator  LN  when  applied  to  any  solution  of  (1)  gives  the  known  Crum-Krem 
formula  [12,  1  3]  for  the  solutions  of  a  new  Schrodinger  equation  with  the  Hamiltonian  HN 

(pE(x)  =  LN^E(x}.  (6) 

It  can  be  shown  [8,11]  that  any  W-order  differential  transformation  operator  satisfying  (3) 
can  always  be  presented  in  the  form  (2)-  by  properly  choosing  its  arbitrary  constants. 

If  HQ  and  HN  are  formally  self-adjoint  operators  (in  the  sense  of  some  scalar  product) 
then  we  have  from  formula  (3) 


(7) 

It  follows  from  this  relation  that  the  operator  Lj  =  L^  [being  Hermitian  conjugated  to  LN 
with  respect  to  an  inner  product  for  which  (d/dx)+  =  -(d/dx)]  realizes  the 
transformation  in  the  inverse  direction  i.e.  from  the  solutions  of  the  new  Schrodinger 
equation  to  the  solutions  of  the  initial  one,  and  consequently  the  product  L^L^  is  a 
symmetry  operator  for  (1).  In  full  analogy,  the  operator  LNL^  is  a  symmetry  operator  for 
the  new  Schrodinger  equation.  Since  we  deal  with  a  one  dimensional  Schrodinger 
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equation  the  above-mentioned  symmetry  operators  are  the  Hamiltonian  and  its 
polynomial  functions.  As  a  result,  we  have  the  following  remarkable  factorization 
properties  [14,  11]: 


(8) 
LNL+  =  (HN  -  a})(HN  -  a2}  •  •  •  (HN  -  aN}.  (9) 

In  the  case  N  =  \  we  have  the  conventional  Darboux  transformation  [1] 
L  =  L\  --•  —u'(x)/u(x)  +  d/djt,     H§u  =  au 


which  is  the  first  order  transformation.  The  relations  (8)  and  (9)  take  for  this  case  the 
form  L+L  =  HQ  —  a,  LL+  =  HI  —  a.  These  are  the  properties  that  are  used  in  the 
supersymrnetric  quantum  mechanics  when  one  defines  the  superhamiltonian 

t-f  —  f  ^°      ^ 

a  ~  v  o    HI 

and  supercharge  operators 


L  o  Q    o 


which  form  superalgebra  sl(\/l)  [5]  with  commutation  relations  [#,  Qj  =  [H,  Q+]  =  0 
and  anticommutation  ones  {£>,  Q]  =  {Q+,  Q+}  =  0,  {0,  Q+}  =H-aI,  where  /  is  the 
unit  2x2  matrix.  Note  that  the  use  of  the  //-order  transformation  operator  L#  and  its 
conjugate  L^  in  supercharges  Q  and  Q+  gives  AT-order  superalgebra  [11, 14] 

{<2,  Q+}  =  (H-  Ict\)(H  -  Ia2)  ---(H-  la*,} , 

where  superhamiltonian  H  has  to  be  constructed  with  the  help  of  the  Hamiltonians  H0  and 
HN  and  /  is  (N  +  1)  x  (N  +  1) -dimensional  unit  matrix. 

It  follows  from  the  definition  of  the  operator  L  that  Ker  L  =  spanjw}  and  Ker 
L+  =  span{z/}  where  v  —  u~l  and  span  denotes  the  linear  hull  over  the  complex  number 
field.  Note  that  the  function  v  is  an  eigenfunction  of  the  Hamiltonian  H\  and  it  corres- 
ponds to  the  eigenvalue  a.  Let  u  and  v  be  another  linearly  independent  solutions  of  the 
Schrodinger  equations  with  the  Hamiltonians  H0  and  H\  respectively  corresponding  to 
the  same  eigenvalue  a.  If  they  are  chosen  such  that  W(u\ ,  w2)  =  1  and  W(v\ ,  z^)  =  1  then 

/r 
u~2dx,     v  •=  v  I  v~2dx 


and  Lu  =  v,  L+  v  =  -u.  This  signifies  that  with  the  help  of  the  operators  L  and  L+  we  can 
establish  the  one-to-one  correspondence  between  the  solutions  of  the  initial  Schrodinger 
equation  with  the  Hamiltonian  HQ  and  the  transformed  one  with  the  Hamiltonian  HI. 
Every  two  dimensional  space  T£  of  the  solutions  of  the  input  equation  with  the 
eigenvalue  E  =£  a  is  transformed  in  the  space  T{E  of  the  solutions  of  the  final  equation 
with  the  same  eigenvalue  E.  If  E  =  a  we  have  u  — >  v,  v  — *  —u.  This  means  that  the 
Darboux  transformation  operator  L  gives  a  complete  information  on  the  transformed 
Schrodinger  equation.  In  particular  we  can  obtain  not  only  the  discrete  spectrum 
eigenfunctions  but  the  scattering  data  for  the  Hamiltonian  H\  as  well. 
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The  scattering  data  tor  me  scnroamger  equation  (i)  consiaerea  on  run  axis 
#  =  (-oo,  +00)  can  be  obtained  with  the  help  of  its  lost  solutions  if^+(x,k}  and 
1/r  (x,  k]  (see  for  example  [15])  with  k2  =  -E  and  A;  is  a  complex  number.  These  solutions 
have  the  following  asymptotic  behavior  -0±(jc,  k)  -»  exp^fac)  as  x  —  >  ±00  at  Re(fc)  >  0. 
We  suppose  that  the  discrete  spectrum  of  (1)  (if  exists)  is  negative  (£,-  <  0)  and  the 
continuous  one  is  positive.  The  four  lost  solutions  ^  (x,  k}  and  ^  (x,  —  fe)  are  linearly 
dependent  from  each  other,  namely  any  of  them  can  be  expressed  as  a  linear  combination 
of  any  two  others.  One  can  use  ip+(x,k]  and  ip+(x,-k]  as  the  basis  in  the  two- 
dimensional  space  of  the  solutions  of  (1)  at  E  =  -k2  since  their  Wronskian  equals 
2k  ^  0.  Then  i}r(x,k}  can  be  expanded  in  terms  of  this  basis  as  follows  [9]: 

ij>-(x,k)  =  a0(k)if)+(x:  -k)+b0(k)il>+(x,k),     E  =  -k2,     Refc  >  0. 

Coefficients  oo(fc)  and  fcq(fc)  define  the  scattering  data  [15]  for  the  potential  VQ(X).  For  the 
real  valued  potentials  these  coefficients  satisfy  the  following  conditions 


where  the  asterisk  implies  the  complex  conjugation. 

Consider  first  the  case  when  the  transformation  function  u  is  the  ground  state  function 
of  the  Hamiltonian  HQ:  HQu  =  au,  E0  =  a  =  —k^  <  0.  In  this  case  the  energy  EQ  does  not 
belong  to  the  discrete  spectrum  of  the  transformed  Hamiltonian.  Using  the  known 
asymptotic  behavior  of  the  function  u  we  find  the  scattering  data  for  the  Hamiltoman  H\  . 
(Note  that  differentiating  of  the  asymptotic  of  functions  can  be  completely  justified  in  this 
case).  Since  L+L  =  HQ  —  ex.  and  LL+  =H\  —  a  the  lost  solutions  for  the  two  Schrodinger 
equations  with  the  Hamiltoman  HQ  and  H\  are  interrelated  by  the  operators  L  and  L+  [9] 


k2  =  -a>  0. 

It  follows  from  these  relations  that  the  coefficients  a\  (k}  and  b\  (k}  defining  the  scattering 
data  for  the  Hamiltonian  H\  are  expressed  in  terms  of  the  coefficients  ao(k)  and  bo(k]  as 
follows  [9]: 


If  we  insert  a  new  eigenvalue  in  the  spectrum  of  the  initial  Hamiltonian  we  should  replace 
fco  —  »  —  &o  since  this  procedure  is  equivalent  to  deletion  of  the  ground  state  level  from  the 
Hamiltonian  H\  . 

It  can  be  shown  [11]  that  the  Af-order  operator  LN  can  always  be  presented  as  a  product 
of  TV  first  order  Darboux  transformation  operators:  LN  =  X/W-I.AO  £(#-2,^-1)  .  .  .  ^(0,1)  an(j 
consequently  the  formula  (2)  represents  the  final  result  of  the  iteration  of  N  first  order 
transformations.  Every  operator  L^~1^  intertwines  the  Hamiltonians  Hp-\  and  Hp: 
L(P~l'P)Hp-i  =  Hp  l(p-l'P\p  =  1,  2,  ...  ,N  and  indeed  we  have  a  chain  of  Hamiltonians 
HQ  —  >  HI  —>•••—»//#  obtained  one  from  another  by  the  chain  of  sequential 
transformations  L(0il),  L(1)2),  L^'1'^  (so  called  dressing  chain,  see  for  example  [8]). 
Some  properties  of  such  a  chain  was  recently  studied  in  connection  with  the  construction 
of  reflectionless  potentials  with  infinite  discrete  spectrum  [9]. 
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In  the  two  cases  the  chain  so  obtained  can  have  ill-defined  elements  [16]  although  the 
final  Hamiltoman  remains  well-defined.  The  first  case  which  corresponds  to  complex- 
valued  intermediate  potentials  has  been  described  in  [14].  We  can  illustrate  this  case  bv 
the  following  simple  example  [17].  It  can  be  shown  that  for  N  =  2  the  formula  (5)  gives 
the  real-valued  potential  if  the  (essentially  complex)  transformation  functions  «,  and  «, 
correspond  to  mutually  conjugated  eigenvalues:  H0«i  =  aH,,Hoi«2  =  o?u2.  The  inter- 
mediate transformations  give  in  this  case  the  complex-valued  potential  differences  and 
the  intermediate  Hamiltoman  HI  is  not  self-adjoint. 

In  the  second  case  we  can  obtain  using  (5)  a  regular  potential  V2(x)  =  V0(x)  +  A2(x] 
using  two  juxtaposed  discrete  energy  spectrum  eigenfunctions  MI(JC)  =^-(*)  and 
u2(x)  =  ijjj+](x)  of  the  Hamiltoman  HQ  as  transformation  functions.  This  fact  was 
proved  by  Krein  [13]  and  recently  rediscovered  by  Adler  [18].  The  intermediate  potential 
V\  (x)  is  in  this  case  a  singular  function  in  the  interval  R  and  the  spectral  problem  for  it 
strongly  differs  from  the  .one  for  the  Hamiltonians  H0  and  H2.  Using  transformations  of 
these  kind  we  can  construct  a  supersymmetric  quantum  mechanical  model  with  unusual 
properties  [19],  namely,  the  states  which  are  annihilated  by  supercharges  are  located  in 
the  middle  of  the  discrete  spectrum  of  the  superhamiltonian  and  the  ground  state  of  the 
superhamiltonian  is  degenerate. 

In  the  general  case  of  N  transformation  functions  «mi,«m2,...,«mw  the  potential 
difference  [see  the  formula  (5)]  is  a  regular  function  if  the  Wronskian  W(umi, 
Mm2 , . . . ,  umN]  conserves  its  sign  on  the  interval  R.  For  the  case  when  um.,i=  1 , 2, . . . ,  Af, 
are  the  discrete  spectrum  eigenfunctions  of  th6  Hamiltonian  HQ  the  sign  conservation 
condition  of  this  Wronskian  is  known  [13].  The  Wronskian  W(umi,um2,...,umfl) 
conserves  its  sign  for  um.  G  L2  (the  space  of  square  integrable  functions  on  the  interval  R) 
if  the  integers  (0)  <  m\  <  m2  <  •  •  •  <  m^,  being  equal  to  a  number  of  zeros  of  the 
function  um,,  satisfy  the  condition  (m  —  m\}(m-  m2)  ••  -(m-m^}  >  0  for  all 
m  =  0, 1,2, ....  This  condition  is  satisfied,  in  particular,  if  am.  are  two  by  two,  the 
juxtaposed  points  of  the  discrete  spectrum.  Using  this  property  we  can  construct  exactly 
solvable  potentials  in  terms  of  elementary  functions.  The  levels  with  E  =  ami  will  be 
absent  in  the  discrete  spectrum  of  the  transformed  Hamiltonians.  Nevertheless  the 
functions  (fi  =•  L^ipi  form  the  discrete  basis  of  the  space  L2  [13, 18]. 

It  follows  from  the  formulae  (6)  and  (1)  that  LNu{  =  0,z  =  1,2,..., AT  i.e. 
Kerl/v  =  span{w;,  i  =  1,2, . . .  ,N}.  Nevertheless,  with  every  solution  uf  of  the  initial 
Schrodinger  equation  we  can  associate  the  function 

Vm  =  wW(ul,u2,...,uN}W-l(ul,u2,...,uN)  (10) 

which  is  the  solution  of  the  Schrodinger  equation  with  the  potential  VN(x)  = 
Vo(x)+AN(x),AN(x)  being  calculated  using  the  formula  (5).  W(m)(wi,"2,---,"tf)  is 
the  Wronskian  of  the  functions  MI  ,  w2,  -  -  - ,  UN  except  the  function  um.  Since  the^operator 
Lt  assures  the  transformation  in  the  inverse  direction  we  have  LN(pm  =  0, 
m  =  1,2,. ..,JV,  i.e.  KerL+  =  span{^m,m  =  1,2,.  ..,#}.  If  the  functions  pm  satisfy 
the  boundary  condition  of  the  discrete  spectrum  eigenfunctions  of  the  Hamiltoman  HN 
operator  £„  creates  N  additional  discrete  spectrum  levels  for  this  Hamiltoman  with 
respect  to  the  Hamiltonian  HQ. 

Operator  LN  completely  defines  the  properties  of  the  Hamiltonian  HH.  For  example, 
using  the  factorization  property  (8)  we  can  easily  obtain  the  normalization  constants  tor 
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!](£<• -O-  01) 

m=l 


The  same  formula  permits  one  to  find  the  coefficients  «#(&)  %&•&  b^(k]  for  the 
Hamiltonian  HM.  For  example,  if  all  the  transformation  functions  appertain  to  the  discrete 
spectrum  of  the  initial  Hamiltonian  we  obtain 

M*)  =  (-!)%(*),     #  =  -am  >  0. 

m=l  m 

Let  us  now  consider  the  scattering  data  for  the  radial  Schrodinger  equation  for  the 
Coulomb  potential.  One  dimensional  spectral  problem  for  this  case  should  be  considered 
on  the  half  -line  R  =  [0,  oo)  and  the  potential  has  an  additional  term  /(/+  l}x~2.  The 
notation  for  k  used  in  the  papers  [20,21]  is  different  from  the  one  introduced  here.  To 
facilitate  the  comparison  of  our  results  with  that  of  [21],  we  change  now  the  notation  for 
k  :  k2  =  E  >  0  for  the  continuous  spectrum  of  the  radial  Schrodinger  equation.  The 
presence  of  the  centripetal  member  /(/  +  1  )x~2  makes  the  analysis  slightly  different  from 
the  one  on  full-line.  Two  linearly  independent  lost  solutions  depending  now  on  the 
angular  quantum  number  /,  //(&,  r)  and  //(—&,  r)  are  defined  by  the  following  asymptotic 
behavior  at  r  —  >  oo  [20] 


The  regular  at  r  =  0  solution  of  the  Schrodinger  equation  defined  by  the  boundary 
condition 


is  decomposed  in  terms  of  the  basis  functions  //(A:,  r)  and//(—  &,  r)  with  the  help  of  the 
lost  function  F/(fc)  [20] 


(12)  f 


Let  us  choose  the  ground  state  function  of  the  initial  Schrodinger  equation  as  the 
transformation  function:  u  =  -0o(fc,  r),  H0u  —  cm,  k^  =  -a  =  —Eo  >  0.  The  transformed 
equation  differs  in  this  case  from  the  initial  one  only  by  the  value  of  /  which  has  to  be 
changed  as  follows  /—»•/+  1  .  Using  the  known  asymptotic  behavior  of  the  function  u  and 
the  factorization  property  L+L  =  HQ  -  a  we  find 

Lff(k,r)  =  (k-ikQ}flM(k,r),     L+/ii(*,r)  =  (*  +  ik,}f?(k,r},         (13) 

where  the  value  of  superscript  is  related  with  the  number  of  Hamiltonian.  Moreover,  for 
the  case  under  consideration  the  Jost  solutions  for  two  Hamiltonians  are  related  as 
follows:  fll+l=f®_l=ifl°.  Using  the  asymptotic  behavior  of  the  regular  solution 
i()?(k,  r)  at  k  -*  oo  [20]: 
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it  is  not  difficult  to  obtain  the  following  relations: 

L$(k,  r}  =  (k2  +  k2M+l  (*,  r),     L+^+{  (*,  r)  =  $(*,  r).  (14) 

It  follows  from  the  formulae  (12),  (13)  and  (14)  that 


This  formula  differs  from  that  given  in  [21]  and  obtained  with  the  help  of  the  integral 
representation  of  the  Jost  function  only  by  the  sign.  This  difference  is  due  to  the  different 
definition  of  the  tranformation  operator:  L  =  -A+.  The  extension  of  the  formula  (15)  to 
the  iteractive  procedure  is  obvious.  Using  the  asymptotic  behavior  of  other  transformation 
functions  we  can  find  the  Jost  function  for  other  transformations. 

We  will  now  make  some  comments  on  the  possibility  of  getting  multiparameter 
families  of  isospectral  potentials.  Such  a  possibility  has  earlier  been  discussed  in  a 
number  of  publications,  for  example  [22-27]  (see  as  well  [6]).  In  [28],  the  author 
described  the  possibility  of  using  the  differential  transformation  operators  to  obtain  a  one 
parameter  family  of  potentials  which  are  identical  to  the  ones  obtained  using  the 
Gelfand-Levitan-Marchenko  integral  operator.  The  paper  [16]  contains  the  general- 
ization of  this  approach  making  possible  to  get  TV-parameter  family  of  potentials.  As  an 
illustration  of  the  method  a  new  representation  of  the  known  /V-soliton  potential  (e.g.  N- 
parametric  potential  with  N  arbitrary  disposed  discrete  energy  spectrum  levels)  has  been 
obtained  [16].  In  particular  case  N  =  2  this  potential  completely  coincides  with  the  one 
reported  in  [26]. 

The  possibility  of  getting  the  family  of  isospectral  potentials  resides  on  the  use  of  the 
general  solution  of  the  initial  Schrodinger  equation  which  is  given  E  =  a  <  EQ  a  linear 
combination  of  its  two  linearly  independent  solutions  as  the  transformation  function  u. 
The  position  of  the  discrete  energy  levels  does  not  depend  on  the  value  of  the  coefficients 
of  this  linear  combination.  Hence,  we  obtain  strictly  isospectral  potentials  having  the 
same  discrete  spectrum  levels  and  reflection  coefficients.  If  the  function  v  =  u"1  is 
square  integrable  (this  is  the  ground  state  function  for  the  whole  family  in  this  case)  the 
potentials  differ  only  by  the  value  of  the  normalization  coefficient  of  the  function  v.  Its 
calculation  method  is  described  in  [16]. 


3.    Elementary  exactly  solvable  potentials 

If  the  initial  Schrodinger  equation  has  elementary  solutions,  the  double  Darboux 
transformation  [see  formulae  (2),  (5)  and  (6)  at  N  -  2]  with  the  adjacent  points  of  the 
discrete  spectrum  functions  as  transformation  functions  gives  a  new  elementary  exactly 
solvable  potential.  Almost  all  elementary  solutions  in  one-dimensional  quantum 
mechanics  are  related  with  the  hypergeometric  function  or  its  confluent  form.  The 
general  potential  exactly  solvable  in  hypergeometric  functions  is  cited  in  [29].  The 
application  of  the  double  Darboux  transformation  to  this  potential  leads  to  very 
complicated  formulae.  We  shall  consider  now  some  special  simpler  cases  corresponding 
to  the  harmonic  oscillator,  effective  Coulomb  and  Morse  potentials. 
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3.1  Harmonic  oscillator 

Let  HQ  be  given  by  HQ  =  -dP/dx2  +  x2/4-  1/2.  Consider  first  a  case  where  the 
transformation  function  does  not  belong  to  the  space  L2.  There  exist  a  family  of 
elementary  solutions  of  the  Schrodinger  equation  for  the  harmonic  oscillator.  For 
example,  for  even  m  =  2p,  we  can  choose 

um(x]  =  V-mW  =  exp(:t2/4)//m(a/v/2),     HQum(x}  =  -(m  +  I)MW(JC) 

111  =  0,1,2,.  ..,          (16) 

where  Hm(x)  are  the  Hermite  polynomials  [30].  The  Darboux  transformation  with  these 
functions  produces  the  family  of  potentials 


qp(x]  =  (-iYHep(ix\     Hep(x)  =  2^2Hp(x/V2),  (17) 

qp+l  (x)  =  xqp  (x)  +pqp~i  (x),     qQ(x)  =  1  ,      q\(x]  =  x. 

Potential  (17)  has  been  studied  in  detail  for  m  =  2  by  Dubov  et  al  [31].  These  potentials 
have  been  previously  obtained  by  us  [11]  but  their  eigenfunctions  were  not  cited.  All 
these  potentials  have  a  sharp  minimum  in  the  region  x  =  0  and  with  growing  x  they  tend 
to  the  parabola  x2/4-  Tne  discrete  spectrum  of  the  new  Hamiltonians  H^  =  -d2/ 
Ax2  +  V[m'(x}  has  one  additional  level  £0  =  -(m  +  1)  with  respect  to  the  Hamiltonian 
HO.  The  discrete  spectrum  wave  functions  have  the  form 


(18) 
x  [Hen(x}q2p+i  (x)/q2p(x)  -  nHen-i  (x)],     n=  0,  1,  2,  .... 

With  odd  m  =  2p  +  1,  functions  (16)  become  zero  only  for  x  =  0,  and  one  can  use 
them  as  transformation  functions  in  the  region  jc  >  0.  This  yields  the  family  of  the  new 
potentials: 

=x2/4  - 


As  a  solution  of  the  new  Schrodinger  equation  for  E  =  n  (n  —  0,  1,  2,  .  .  .),  we  obtain  the 
functions 


x  [Hen(x)q2p+2(x}/q2p+1  (x}  -  nHen^  (x)}  exp(-^/4).  (19) 

When  n  is  odd,  these  functions  are  the  solutions  of  the  new  Schrodinger  equation 
becoming  zero  for  x  -  0,  oo,  and  when  n  is  even,  they  are  singular  for  x  =  0.  Due  to  this 
fact,  the  discrete  spectrum  has  only  odd  n  values.  Functions  (19)  are  normalized-at-unity 
on  the  interval  (0,  oo).  When  n  =  1,  we  have  the  ground  state  function. 

The  second  order  Darboux  transformation  (see  the  formulae  (2),  (5)  and  (6)  at  N  =  2) 
with  the  discrete  spectrum  functions  ^p(x]  =  exp(-^/4)Hep(^)  and  VP+i  (x)  produces 
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-4-2  24* 

Figure  1.    The  £-well  oscillator-like  potentials, 
family  of  potentials: 


i  potentials  are  even  functions  of  :c  and  resemble  the  parabola  x2/4  with  N  shallow 
na  of  equal  height  at  the  bottom.  We  plot  in  figure  1  the  functions  V=  y^'p+1)  +  5p 
5  p  is  equal  to  the  curve  number.  Their  discrete  spectrum  differs  from  that  of  the 
onic  oscillator  potential  by  the  absence  of  the  levels  E  —  p  and  E  =  p  4-  1. 
e  set  of  normalized-at-unity  wave  functions  for  these  potentials  can  easily  be 
led  from  formulae  (2)  and  (6): 

x  [(n-p)Hen(x) 


iot  difficult  to  study  the  properties  of  the  second-order  Wronskian  constructed  from 
ions  (16): 

WmJ(x)  =  W(um,u{)  =/mX*)exp(*V2), 
fm,l(x)  =  qm(x}qi+i(x]  -  qt(x)qm+i  (x}.      , 

le  derivative  of  this  function  we  obtain  Wm^(x}  =  (I  -  m)qm(x}qi(x}  exp(x2/2).  It 
vs  from  the  definition  of  the  polynomials  qm'(x)  (17)  that  their  parity  coincides  with 
irity  of  the  polynomial  number  m,  all  their  coefficients  are  integer,  and  qm(x)  >  0  for 
m.  values,  and  qm(x)  =  0  only  for  odd  m  value  and  x  =  0,  and  the  zero  is  simple.  It  is 
to  establish  that  Wm,/(0)  =  l\\(m  -  1)!!  >  0.  Hence,  it  follows  that  if  m  and  /,  both 
ve,  have  the  different  parity  then  Wm,i(x)  with  I  >  m  decreases  for  x  <  0,  increases 
>  0  and  has  only  one  minimum  at  x  =  0,  and  WOTj  i(x)  >  0  is  valid  for  all  x  values.  If 
'  then  WMti(x)  increases  for  x  <  0,  decreases  for  x  >  0,  and  has  two  symmetrically 
sed  real  simple  zeros.  If  m  and  /  have  the  same  parity  and  we  put  for  definiteness 
then  for  odd  m,  /  we  have  W'm  f(jc)  >  0  and  the  equality  holds  only  for  x  =  0  and  the 
is  of  a  second  degree,  for  even  m,l  we  have  Wm^(x]  >  0  and  in  both  cases 
x)  =  Wm^(-x).  The  function  Wmj(x)  in  this  case  is  an  odd  monotonically 
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increasing  function  having  at  x  —  0  the  only  simple  zero  for  even  m  and  /  and  triple  zero 
for  odd  m  and  /.  By  this  means,  for  m  =  0, 2, 4, ...  and  /  =  m  +  1 ,  m  +  3,  m  +  5, . . .  the 
functions  (16)  are  suitable  for  the  second  order  Darboux  transformation. 
For  the  new  potentials,  formula  (5)  yields  the  following  expression: 

V(™>l\x]  =  x2/4  -  5/2  -  <,(*)//„,/(*)  +  2[/;/«//,,!,,Wf  -  (20) 

Potentials  (20)  are  regular  functions  on  all  real  axes.  The  Hamiltonians  H^1'1'  have  two 
additional  discrete  energy  levels,  E  =  — /  —  1  and  E  =  -m  -  1,  with  respect  to  HQ.  The 
first  level  corresponds  to  the  ground  state  and  the  second  one  to  the  excited  state.  The 
normalized-at-unity  wave  functions  for  these  states  are 


Another  discrete  spectrum  wave  functions  have  the  form 

Vfc+aOc)  =(27r)-l/4(n'.)~1/2[(«  +  /  +  l)(n  +  m  +  1)]~1/2  exp(-//4) 
x  [(«  +  l}Hen(x]  +  ((m  -  l}qm(x)qi(x)Hen+\(x) 
-  mlHen(x)fn-iti-i(x))/fm;i(x)],     n  =  0,  1,2.  ... 

In  full  analogy,  one  can  consider  higher-order  transformations.  For  example,  the  fourfold 
Darboux  transformation  with  two  discrete  spectrum  wave  functions  with  n  =  2  and  n  =  3 
and  with  two  functions  (12)  with  m  =  2  and  m  —  3  generates  the  following  potential: 


-  1/2  -  24(1467;c2  +  6x6  -  xl°)Q~l  (x)  +  82944 
x  (105jc2+  140/+  3x10)(r2(*),     Q(x)=  315  +  315/ 


Consider  now  the  generation  of  simpler  potentials  of  non-elementary  form.  Choose  as  a 
transformation  function  the  following  solution  of  the  initial  Schrodinger  equation: 


M(JC)  =  e*(C  +  erfOc/N2)),     HQu(x)  =  -u(x). 

This  transformation  function  generates  the  well-known  family  of  isospectral  potentials 
[32,33] 


V,  (x)  =  x*/4  -  3/2  + 


(plotted  recently  in  ref.  [34])  but  the  normalizing  constant  of  the  ground  state  function  has 
never  been  met  by  the  authors  in  the  available  literature.  For  |C|  >  1  we  obtain  the 
following  system  of  normalized-at-unity  wave  functions 
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The  general  solution  of  the  initial  Schrddinger  equation  for  E  =  -2, 


generates  another  family  of  the  isospectral  potentials  for  \C\  < 


Another  interesting  potential  occurs  for  the  single  Darboux  transformation  with  the 
function  i/j_i/2(x)  =QF](3/4^x4/64-)  (QF\  is  a  conventional  symbol  for  the  hypergeo- 
metric  function  pFq),  which  is  a  solution  of  equation  (1)  for  the  harmonic  oscillator 
potential  with  £=-1/2.  This  potential  is  a  double  well  with  |xmin|  w  1.68, 
U(xm\n]  ~  —0.94,  and  with  a  maximum  at  x  =  0  and  t/(0)  =  —1/2,  i.e.,  the  energetic 
level  of  the  ground  state  touches  the  potential  curve.  It  occurs  in  the  discrete  spectrum 
of  this  potential  an  additional  level  E  —  —1/2  with  respect  to  the  harmonic  oscillator 
spectrum  with  the  ground  state  eigenfunction  (up  to  a  normalization  factor) 

<A)(*)  =  Cl/2W- 

Every  potential  can  be  studied  in  more  detail.  Consider,  for  example,  potential  (17)  for 
p  =  2.  The  solutions  of  the  new  Schrodinger  equation  are  intimately  connected  with 
Hermite  polynomials.  To  avoid  the  square  roots  in  their  arguments,  we  make  a  change  of 
the  variable:  x2  —  >  2jc2.  Solutions  (18)  can  be  expressed  through  new  nonclassical 
polynomials  Pn(x)  orthogonal  on  all  real  axes: 


(f>n(x)  =  NnPn(x)R(x)  exp(-*72),  R(x)  =  3  +  l2x*  +  4x*,     n  =  0, 1, 2, . . . . 

The  weight  function  of  these  polynomials /(A:)  =  R~2(x}  exp(-;c2),  in  contrast  with  the 
classical  ones,  does  not  satisfy  the  Pearson  equation.  If  one  normalizes  the  polynomials 
Pn(x)  with  weight  f(x)  as 

/oo 
f(x)P2n(x)dx=l, 
•oo 

the  normalizing  constants  are:  N^  =  24/^  and  N2+l  =  [2n+1v/5r(«  +  5)n!]~1.  The 
connection  of  the  new  polynomials  with  the  Hermite  ones 

Pn+l  (x}  =  Hn(x)R'(x)  +  Hn+l  (x)R(x),     P'n+l  (x}  =  2(n  +  5)R(x)Hn(x), 
permits  one  to  obtain  their  generating  function 

Pk+i(x)  _k 


F(x:  z)  =  2[4^  +  20^3  +  I5x  -  ?R(x}}  exp(2zx  -  z2)  = 
which  obeys  the  differential  equation 


-  4(,  -  Z)  +  2[1  +  2(,  -  z)      fe  z)  =  0. 


In  spite  of  the  simple  connection  of  the  new  polynomials  with  the  Hermite  ones,  they 
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4n(n  -  l)/Vi  (x)  -  BxnPn(x)  +  2(1  +  2n  +  2x2)PH+i  (x) 
-  4xPn+2(x')  +  Pn+3(x]  =  0. 

The  differential  equation  for  these  polynomials  follows  from  those  of  the  Heraiite  one: 
P£(JC)  -  2x[l  +  8(3  +  2x2}R~l  (x)}P'n  (x}  +  2(n  +  5)PB(*)  =  Q. 

The  existence  of  the  ladder  operators  a  —  x  +  d/dx  and  a+  =  x  -  d/dx  for  the  harmonic 
oscillator  potential  permits  one  to  construct  similar  operators  for  the  new  one.  For 
example, 

aL  =  LaL+  =  jc3  +  Ix  +  13824*(1  +  2*2)/T3(jt)  -  384^(6  -  5*2)/r2(jt) 
-  &c(15  -  2^}R-\x]  +  [5  +  x2  +  U52x2R'2(x}  -  24(3  - 


These  operators  have  the  properties 

aLipn+i(x)  =  4n(5  +  n}(pn(x],     a£<pn(x)  =  2(n 
=  0,     aL(p\  (x]  =  0. 


It  is  remarkable  that  the  first  polynomial  is  equal  to  the  unity  but  the  nth  one  is  a 
polynomial  of  degree  n  +  4.  Nevertheless,  in  agreement  with  the  oscillator  theorem  for 
the  transformed  Hamiltonian  the  polynomial  of  order  n  has  n  zeros  in  full  real  axis. 
Finally,  we  cite  some  of  the  first  polynomials 

P0(*)  =  1,  Pi  (jc)  =  2*(4x4  +  20JC2  +  15),     P2(jc)  =  I6x6  +  72x4  +  36X2-  6, 

P3(x)  =  4x(8x6  +  28x4  -14^-21), 

P4(*)  =  64x*  +  128X6  -  48Oc4  -  288^  +  36, 

PS(JC)  =  8^(16^8  -  216x4  +  81). 


3.2  Effective  Coulomb  potential 

The  next  simplest  potential,  after  the  harmonic  oscillator  potential,  is  the  effective 
Coulomb  one: 

En  =  -?/n\     n=  1,2,3,..  ., 


JVS  =  2/n2(2/n)V+3/V(»  -  Z  -  !)!/(»  +  ty  - 

Here,  I^(jc)  are  the  generalized  Laguerre  polynomials  [30]  and  functions  •?/>„/  (jc)  are 
normalized  by  the  condition  J£°  ^(jc)dA:  =  1. 

The  second  order  Darboux  transformation  with  these  functions  with  n  =  p  and 
n=p  +  l  produces  the  following  exactly  solvable  potentials: 
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where 

zX/(p  +  1)) 
+  1))  -  2pL2£ll(2zx/(p  +  1))]. 

The  expression  for  the  normalized-at-unity  wave  functions  follows  from  formulae  (6) 
and  (11) 


*np 


.       . 

••>  ~r 


(2xz/(p+  \}}^L2^t 
where 


w,  (*)  =2n(p  +  l^L^te/^I^i^^/Cp  +  1})  +  L2py(2Xz/(p  +  1)) 
x  [(n  -  1)1^+1,  (2XZ/P)  -  2p(nL2ply_2(2Xz/P})  +  L2^  (2xz/p)l 
and 

Nnp  =  n2p(p  +  l)[(p2  -  n2}((p  +  I)2  -  n2)]-1/2. 
The  simplest  nontrivial  potentials  correspond  to  the  case  /  =  0,p  =  2: 

^0,2,3)  =  __2z/x  +10/A.2+  4()e-l  (jcz)(2  _  ^yj.  _  100fiJ2(az)(2xZ  -  S)/^2, 

QoW  =  -  15  +  10^-2^. 

The  levels  with  n  =  2  and  n  =  3  in  its  discrete  spectrum  are  absent.  The  normalized-at- 
unity  discrete  spectrum  eigenfunctions  are  expressed  via  a  system  of  new  polynomials 
Pn(x]  orthogonal  on  the  interval  (0,  cc): 


These  polynomials  are  related  with  the  Laguerre  ones  as  follows: 

x3Pn(x}  =10n(-54  +  63x  -  22X2  +  2x3)L2_2(2x/n] 

+  Lj_!  (2x/n)[270n(n  -  1)  -  45(2  -  7n  +  5n2}x 
+  10(6  -  lln  +  Sn^x2  -  2(6  -  5n  +  n2)*3]. 

We  cite  the  first  five  polynomials, 

Pi(x)  =  -4,     P2(x)  =  P3(jc)  =  0,     P4(x)  =  i(-84  -j-  63*  -  18*2  -I-  2^;3) 
P5  W  -  ^  (-875  +  700*  -  220JC2  4-  SOjc3  -  x4}. 

The  properties  of  Pn(x)  strongly  differ  from  the  properties  of  the  Laguerre  polynomials, 
though  they  are  completely  defined  by  the  latter.  For  example,  forn  >  3  the  polynomial 
Pn(x]  is  a  polynomial  of  degree  n  but  it  has  n  —  3  zeros  in  the  (0,  oo)  interval,  and  this 
fact  corresponds  well  to  the  oscillator  theorem  for  the  Hamiltonian  HI. 

Pramana  -  J.  Phys.,  Vol.  49,  No.  6,  December  1997  575 


I  =  0,  m  =  3,  HI  —  4,  MS  =  5  and  714  =  6,  the  new  potential  is 


0,3,4,5,6) 


22 


21xz  - 


-  31  104;T20;r2(jtz)(9240  -  264(kz  +  255x2z2  - 
£>2  M  =  1  1  880  -  3960*  +  540x2  -  36x3  +  jc4. 

The  levels  with  n  —  n\^n2-,n^,  and  #4  are  absent  in  its  discrete  spectrum. 

In  contrast  with  the  harmonic  oscillator  potential,  we  can  obtain  here  isospectral  family 
of  potentials  of  elementary  form.  For  this  purpose,  the  solutions  of  the  initial  Schrb'dinger 
equation  singular  at  x  =  0,  oo  can  be  used  as  transformation  functions.  We  can  construct 
elementary  solutions  having  such  properties  with  the  use  of  the  following  functions: 

uni(x)  =  x~lL~21-1  (2zx/(n  -  /))  exp(-zx/(n  -  /)), 
H0uni(x]  =  -z2/(n  -  lfun[(x). 

For  I  =  I  and  n  =  2,  the  general  solution  of  the  Schrodinger  equation  has  the  form 
u(x)  =  jrV^&Otz),  &(*)  =  1  +  2x+  2x2  +  Ce2*,     HQu(x)  =  -z2u(x}. 


This  transformation  function  leads  to  the  family  of  isospectral  potentials  with  a  hydrogen- 
like  discrete  spectrum: 

V^x)  =  -  2z/x  -  I6z3x(xz  -  l}Qil(xz)  +  32zVfiJ2(zz), 
C€  (-oo,-l)U(0,oo). 

These   potentials  with   z  =  1    are   plotted   in  figure   2.   The   normalized-at-unity 
eigenfunctions  are 


-}    2 


(n2  - 


-  xz/n}Ll_2(2xz/n)  -  2x2z/nL4n_3(2xz/n) 
}+2x3z3}Ll_2(2xz/n}Qi}  (xz)]  exp(-jcz/n), 
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C=10' 


-5 


C=l 


Figure  2.  The  isospectral  Coulomb-like  potentials. 

Pramana  -  J.  Phys.,  Vol.  49,  No.  6,  December  1997 


Darboux  transformation 


Figure  3.  The  isospectral  Coulomb-like  potentials  with  a  centripetal  member. 


For  n  —  4,  1  =  2  the  function 


+  Ce* 
produces  a  family  of  isospectral  potentials  with  a  centripetal  member 

Vi(x)  =  -2z/x  +  2/x2  +  2zV(4  -  xz)Q4l  (xz)  +  2zwx*Q;2(xz} 

plotted  for  z  =  1  in  figure  3.  The  normalized-at-unity  wave  functions  for  these  potentials 
are  given  as  follows: 


ip2(x)  =  Z5/2^C(C/41  +  1)  •  «-!(*),  C  e  (-00,  -4!)  U  (0,  oo) 
ipn(x]  =  2N°2n/z(n2  -  4)~1/2exp(-^/«)[^2(3  ~xz/n}L5n_3(2xz/n] 

x  Lj_4(2xz/n)  +  ^04 ]  (jcz) (96  +  72xz  +  24x2z2  +  4cY  +  x5z5 

+  (4-xz)Cexz)L5n_3(2xz/^},n  =  3,4,5, .... 

It  is  interesting  to  note  that,  as  can  be  seen  from  figures  2  and  3,  the  plots  of  the  Coulomb- 
like  potentials  resemble  the  diagram  of  a  moving  soliton,  especially  if  one  changes  the 
sign:  V  — »  —  V. 

Note  as  well  that  the  lost  functions  for  every  potential  can  be  found  with  the  help  of  the 
asymptotic  behavior  of  the  transformation  functions.  We  do  not  dwell  on  these 
calculations. 

3.3  Morse  potential 

One  more  example  is  a  rather  complicated  potential  known  as  the  Morse  potential: 

VQ(X)  —  exp(— 2ax]  —  Aexp(-or), 

En  =  -J[A  -  a(2n  +  I)]2,  ^ (x)  -  z»  exp(-z/2)  •  L2/^), 



oa),^=  VS.I/Q!,     n  =  0,1,2,.... 
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-20 
C=0.01 

Figure  4.  The  isospectral  one-level  Morse  potentials  with  k  =  2  and  a  =  I. 


We  consider  the  variable  x  to  span  all  real  axis.  The  second  order  Darboux  transformation 
with  the  function  ^iW  and  ip2(x)  gives  a  new  potential  of  the  form 

V^\x]  =  exp(-2a*)  -  exp(-ax)(A  -  4a)  +  128(2o;  -  A)~lo?Q£2(x) 
x  [(A  —  3a)  exp(ca)  —  1]  -f  8(2a  —  A)"~  cx2Q^l(x) 
x  [4a  -  (A2  -  5Aa  +  6a2)  exp(oa), 
g4(^)  =  4  -  4(A  -  3a)  exp(co:)+  (A2  -  5Aa  +  6a2)  exp(2ox), 


2o. 


In  its  discrete  spectrum,  the  states  with  n  =  1  and  n  =  2  are  missing. 

On  the  base  of  this  potential,  we  can  construct  a  family  of  isospectral  potentials  of 
elementary  form  with  a  single  discrete  spectrum  energy  level.  This  possibility  is  due  to 
the  fact  that  when  fj,  is  entire  or  half-integer,  the  general  solution  of  the  Schrodinger 
equation  has  an  elementary  form.  Let  p,  take  a  fixed  value  as  /n=  —  (p  +  l)/2  and 
A  =  —pot,p  =  0,  1,  2,  ____  In  this  case,  the  Morse  potential 


has  no  discrete  spectrum,  at  all.  However,  for  EQ  =  —  \  (p  +  I}2  a2  we  have  the  following 
general  solution  of  the  initial  Schrodinger  equation: 


=  l+  Ce' 


This  function  when  used  as  a  transformation  function,  generates  a  one-level  potential 


with  the  energy  level  E  =  EQ  and  the  normalized-at-unity  wave  function  of  the  form: 


It  is  clear  from  this  relation  that  for  even  p  values  for  the  constant  C  we  have 
C  €  (-00,  -1/p!)  U  (0,  oo)  and  for  oddp  values  it  must  fall  in  the  interval  C  e  (0,  1/p!). 
The  simplest  of  these  potentials  corresponds  to  p  =  0: 
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(x)  =  exp(-2ox)  +  la  1  -  Cexp  (  -  e"0"  ] 

L  \a      )\ 


1  + 

These  potentials  are  plotted  for  p  =  2  in  figure  4. 
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Abstract.  The  space  overlap  of  an  attractor  reconstructed  from  a  time  series  with  a  similarly 
reconstructed  attractor  from  a  random  series  is  shown  to  be  a  sensitive  measure  of  determinism. 
Results  for  the  time  series  for  Henon,  Lorenz  and  Rossler  systems  as  well  as  a  linear  stochastic 
signal  and  an  experimental  EGG  signal  are  reported.  The  overlap  increases  with  increasing  levels  of 
added  noise,  as  shown  in  the  case  of  Henon  attractor.  Further,  the  overlap  is  shown  to  decrease  as 
noise  is  reduced  in  the  case  of  the  EGG  signal  when  subjected  to  singular  value  decomposition.  The 
scaling  behaviour  of  the  overlap  with  bin  size  affords  a  reliable  estimate  of  the  fractal  dimension  of 
the  attractor  even  with  limited  data. 
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A  basic  problem  in  the  analysis  of  a  nonlinear  dynamical  system  based  on  its  measured 
time  series  is  how  to  decide  whether  the  dynamics  is  generated  by  a  deterministic  or  a 
random  process  or  by  a  combination  of  these  two.  The  first  step  in  the  study  of  an 
experimental  time  series  is  usually  the  reconstruction  of  the  attractor  by  the  standard 
procedure  using  time  delay  vectors  [1,2].  Methods  available  to  disentangle  deterministic 
chaos  from  a  stochastic  process  can  be  broadly  divided  into  two  categories:  (a)  Study  of 
the  temporal  properties  of  the  flows  on  the  attractor.  These  include  determination  of 
Lyapunov  exponents  [3]  measuring  the  divergence  of  trajectories,  the  average  tangent  of 
the  flows  on  the  attractor  [4-6]  and  short  term  predictability  of  the  time  series  [7].  (b) 
Methods  based  on  the  spatial  structure  of  the  attractor  such  as  correlation  dimension  [8] 
and  K2  entropy  [9].  Presence  of  even  low  levels  of  noise,  which  is  unavoidable  in  a 
measured  time  series,  can  seriously  affect  the  efficiency  of  these  methods.  For  instance, 
determination  of  Lyapunov  exponents  and  correlation  dimension  is  unreliable  [10-12] 
when  noise  level  exceeds  1%. 

Here  we  propose  a  simple  geometric  procedure  to  determine  the  overlap,  77,  in  phase 
space  of  the  reconstructed  chaotic  attractor  under  study  and  a  surrogate  random  attractor 
reconstructed  in  the  same  manner,  with  identical  reconstruction  parameters,  from  a  series 
of  random  numbers  with  a  chosen  distribution.  It  turns  out  that  the  magnitude  of  the 
overlap  varies  from  r\  «  1  for  a  purely  random  process  to  77  w  0.1  for  deterministic  chaos. 
77  is  found  to  be  very  sensitive  especially  to  low  levels  of  noise  added  to  a  chaotic  time 
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increases  with  additive  noise  and  the  attractor  for  a  pure  random  series  fills  up  the  whole 
phase  space. 

In  what  follows,  we  first  detail  the  procedure  for  the  evaluation  of  the  overlap  77  and 
then  apply  it  to  time  series  generated  for  standard  chaotic  systems  like  the  Lorenz, 
Rossler  and  Henon  systems  [13]  and  to  a  linear  stochastic  signal  [14].  An  experimental 
ECG  signal  for  a  healthy  human  heart  is  also  analysed.  We  then  report  the  effect  on  77  due 
to  addition  of  different  levels  of  noise  to  the  Henon  attractor  as  a  test  case.  The  scaling 
behaviour  of  r\  is  also  investigated  and  it  is  shown  to  give  a  fair  estimate  of  the  fractal 
dimension  d?  of  the  attractor  even  with  a  limited  number  of  data  points.  The  sensitivity  of 
77  and  df  to  noise  is  demonstrated. 

The  following  procedure  is  used  to  determine  the  phase  space  overlap  r;  of  the  attractor 
reconstructed  from  the  time  series  with  an  attractor  reconstructed  similarly  from  a 
random  series. 

The  time  series  Y  =  (vi,y2,  .  •  .  ,VM)  of  M  data  points  is  first  linearly  scaled  so  as  to  lie 
in  a  unit  interval  as 

xi  =  [CVi  ~  }'min)/Cymax  ~  Jmin)]  ~  1/2.  (1) 

Thus  we  have  —  1/2  <  *,-  <  1/2.  This  scaling  fixes  the  volume  of  the  state  space  in  which 
the  attractor  is  embedded  to  be  unity,  for  convenience  of  comparison  with  other  attractors. 
The  attractor  for  this  time  series  is  then  reconstructed  by  the  method  of  delays  [2]  using 
delay  vectors,  s(-  =  {xi,xi+T,Xi+2r,-  •  •  >  */+(<*-!  )T}»  choosing  appropriate  values  of 
reconstruction  parameters  namely  delay  time  r  and  embedding  dimensi'on  d.  This  gives 
N  =  M  —  (d  —  l)r  points  on  the  attractor.  We  call  this  attractor  S  =  {si  ,  82,  .  .  .  ,  s#}. 

The  same  reconstruction  procedure  with  identical  r  and  d  values  is  now  applied  to  M 
computer  generated  random  points  of  uniform  distribution  and  a  random  attractor  of  N 
points  is  thus  constructed  within  the  same  unit  volume  of  phase  space  defined  by  the 
attractor  S.  We  designate  the  random  attractor  as  R  =  {FI,  r2,  .  .  .  ,  r#}. 

As  an  example,  figure  1  shows  the  superposition  of  the  reconstructed  Rossler  attractor 
and  the  corresponding  random  attractor  for  N  =  5000  points,  r  =  5  and  d  =  3  as  a 
typical  case.  The  near  coverage  of  the  unit  phase  space  by  the  random  attractor  and  the 
limited  region  to  which  the  Rossler  attractor  is  confined  may  be  noted. 

We  now  define  the  overlap  rj  of  the  two  attractors  S  and  R  as 


where  /(z)  =  0  for  z  +  0  and/(0)  =  1,  and 

|r,--s;|).  (2b) 


Here  ©  is  the  Heaviside  step  function,  e  is  the  chosen  bin  size.  The  summation  in  (2a) 
goes  over  the  N  points  of  the  random  attractor  R  and  that  in  (2b)  goes  over  the  N  points 
of  the  attractor  S  under  study.  That  77  as  defined  is  a  measure  of  the  overlap  between  two 
attractors  in  their  common  phase  space  can  be  seen  as  follows. 
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Figure  1.  Rossler  attractor  reconstructed  from  x  time  series  of  the  system  super- 
imposed on  a  random  attractor  of  the  same  number  of  data  points,  N  =  5000.  x  series 
is  generated  by  4th  order  Runge-Kutta  integration  of  the  Rossler  system: 
{x,y,z  =  -(y  +  z),x  +  ay,b  +  xz-cz}  with  a  =  0.2,  b  =  0.2  and  c  =  5.7,  and  the 
uniformly  distributed  random  series  is  generated  by  the  Matlab  language  command 
'rand'.  Reconstruction  parameters  for  both  attractors  are:  dimension  d  =  3  and  time 
delay  r  =  5. 

Consider  the  two  atrractors  R  and  S  to  be  identical.  Thus  for  every  point  r/,  there  is  an 
identical  point  S[  so  that  gn  >  0  and  hence  f(gn)  =  0  for  every  /-,-.  Consequently,  the  sum 
in  (2b)  yields  N  and  we  therefore  have  77  =  1  for  this  case  of  two  identical  attractors. 

On  the  other  hand,  if  the  two  attractors  occupy  non-overlapping  regions  of  the  unit 
phase  space  volume  such  that  no  point  of  R  is  within  a  distance  e  of  any  point  of  S,  we 
have  gri  —  0  for  every  r,-.  Therefore,  f(gr,}  =  1  for  every  r,  and  we  have  77  =  0  for  this 
case.  It  is  in  this  sense  that  we  call  77  as  the  overlap  between  two  attractors  and  its  value 
can  range  from  1  to  0. 77,  as  per  eq.  (2a)  is  the  ratio  of  the  number  of  points  on  the  random 
attractor  R  that  are  within  a  distance  e  of  the  points  on  the  chaotic  attractor  S,  to  the  total 
number  of  points  N.  Since  the  random  attractor  R  is  supposed  to  fill  the  whole  of  the  unit 
phase  space,  rj  can  be  considered  to  be  a  measure  of  the  spatial  extent  of  the  chaotic 
attractor  S.  This  procedure  is  essentially  a  Monte  Carlo  [15]  method  of  determining  the 
volume  of  an  object  in  a  multidimensional  space. 

The  overlap  77  should  be  distinguished  from  the  correlation  integral  C(e)  defined 
as  [8] 


(3) 


or  the  cross  correlation  sum  [16] 


(4) 


y€Y 
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between  two  attractors  that  fall  within  a  distance  of  E. 

Ideally  Tj(Af,  e)  should  be  studied  as  a  function  of  A7  and  E.  However  we  may  make  use 
of  the  assumption  that  the  N  random  points  uniformly  cover  the  whole  of  the  unit  phase 
space  volume  so  that  we  may  fix  E  for  a  given  N  as 

ed  =  1/Ar,  (5) 

where  d  is  the  integer  phase  space  dimension.  From  now  on  we  denote  77  as  rj(N)  or  as 
TJ(E)  on  account  of  the  relation  (5).  This  relation  is  prompted  by  the  following  reasoning. 
Ed  is  the  volume  of  a  single  bin  and  since  we  have  scaled  the  phase  space  to  unit  volume, 
this  should  be  given  by  1/N\>  where  A^  is  the  number  of  bins.  If  Nb  were  chosen  to  be 
^>  N,  corresponding  to  very  small  value  of  E  then  77  w  0  since  the  bin  is  so  small  that  the 
probability  of  a  given  bin  having  two  points,  one  each  from  the  two  attractors,  would  be 
very  small.  On  the  other  hand,  if  A^  <C  N,  corresponding  to  large  E,  then  77 «  1  since 
every  bin  is  likely  to  have  a  point  from  each  of  the  two  attractors.  Hence  setting  A/b  =  N 
is  a  reasonable  choice,  fixing  the  bin  volume  to  the  effective  volume  occupied  by  a  point 
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Figure  2.  Overlap  rj  (eq.  2)  of  reconstructed  attractor  with  the  reconstructed  random 
attractor,  as  a  function  of  data  points  used  in  reconstruction.  For  each  curve,  the  same 
reconstruction  parameters,  namely  phase  space  dimension  d  and  time  delay  r  are  used 
for  the  two  attractors.  (a)  Another  random  attractor,  d  =  3,  r  =  10;  (b)  Rossler  x  series 
with  parameters  specified  as  in  figure  1,  d  =  3,  r  =  5;  (c)  Lorenz  x  series  of  the  system 
{x,ytz=-ffx  +  ay,rx-y-xz,-bz  +  xy}  with  <r=10,  6  =  8/3,  r  =  28,  d  =  3, 
r  =  5;  (d)  Clean  Henon  map:  {xk+l,yk+l  =yk  +  1  -at£,foct}  with  a  =1.4  and 
b  =  0.3,  d  =  2,  r  =  1;  (e)  Stochastic  time  series  of  eq.  (6),  J  =  2,  r  =  5;  (f )  x  series  of 
noisy  Henon  map,  eq.  (7) ,  withp  =  50%,  d  =  2,  r  =  5;  (g)  Experimental  ECG  signal 
from  a  healthy  human  heart  recorded  at  sampling  frequency  of  250  Hz  with  12  bit 
resolution,  d  =  2,  r  =  4.  In  order  to  avoid  minor  fluctuations  in  77  due  to  the  random 
number  generation  algorithm,  the  random  numbers  are  chosen  from  a  very  large  set  of 
random  numbers  (~  15000)  generated  just  once.  The  time  delay  r  used  for  the  various 
attractors  are  rather  arbitrary  and  no  optimization  of  r  has  been  done  in  this  work. 
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on  the  random  attractor.  This  procedure  is  similar  to  the  usual  fixing  of  e  in  the 
intermediate  region  where  the  logarithm  of  the  correlation  integral  of  (3)  scales  linearly 
with  log(e)  [13]. 

77(7^)  is  plotted  against  N  in  figure  2  for  a  few  dynamical  systems,  for  N  going  from 
500  to  6000  points.  Curve  (a)  is  for  two  independently  realised  random  attractors  in  3d.  It 
shows  that  rj(N)  «  1  for  practically  all  values  ofN.  Curves  (b)  and  (c)  are  for  the  Rossler 
and  Lorenz  differential  systems  reconstructed  in  3d  and  curve  (d)  is  for  the  reconstructed 
discrete  Henon  attractor  in  Id.  Remarkably,  for  ail  these  attractors  representing 
deterministic  chaos,  77  »  0.1,  for  large  N.  Further,  r/(Af)  levels  off  as  N  -*  6000  in  all 
these  cases.  The  dependence  of  77  on  TV  or  equivalently  on  e  and  its  relation  to  the  fractal 
dimension  of  the  attractor  is  discussed  later. 

A  time  series  generated  by  a  linear  stochastic  process  has  been  reported  earlier  [14]  to 
correspond  to  a  correlation  dimension  «  2.5,  a  value  normally  considered  indicative  of 
low  dimensional  chaos.  This  series  thus  constitutes  a  counter-example  to  the  trend  of 
correlation  dimension  increasing  with  increasing  embedding  dimension  for  stochastic 
processes.  The  series  is 


where  0  =  —0.9  and  u(t)  is  a  standard  Gaussian  white  noise  process.  Our  estimate  of  77 
for  the  attractor  for  this  series  reconstructed  in  Id  is  0.56,  clearly  showing  its  stochastic 
origin  (see  curve  (e)  in  figure  2). 

Reported  in  figure  (2),  curve  (f  ),  is  another  noisy  series  generated  by  adding  uniform 
random  noise  to  the  Henon  map  as 

,  (v) 


where  (xn,yn)  is  the  nth  iterate  of  the  clean  Henon  map  and  the  primed  coordinates 
denote  the  same  with  p  per  cent  noise  added.  Rf  is  a  random  number  with  uniform 
distribution  lying  in  the  unit  interval  between  -0.5  and  +0.5  and  lx  and  ly  are  the 
maximum  extent  of  the  clean  Henon  map  in  the  x  direction:  lx  =  xmax  -Xminl  and 
similarly  for  ly.  Figure  3,  which  is  a  superposition  of  the  clean  Henon  attractor  with  one  of 
10%  noise,  clearly  shows  the  spreading  of  the  attractor  with  noise.  Curve  (f  )  in  figure  2  is 
for  the  reconstructed  Henon  attractor  with  50%  noise  and  this  gives  an  77  value  of  0.63  for 
large  AT,  representing  the  high  level  of  noise. 

As  a  final  example,  the  77  (A7)  values  for  an  experimental  time  series,  namely  the  ECG 
of  a  healthy  human  heart  is  displayed  by  curve  (g)  in  figure  2.  The  large  N  value  of  77  for 
this  series  is  0.23  which  indicates  deterministic  chaos  probably  mixed  with  some  noise. 
The  presence  of  noise  can  be  verified  by  applying  one  of  the  noise  reduction  techniques 
[10]  to  the  time  series  and  then  determining  77.  Presently  we  applied  the  Broomhead  and 
King's  method  [17]  of  singular  value  analysis  to  the  ECG  signal  and  reconstructed  the 
attractor  using  the  time  series  obtained  by  a  projection  of  the  trajectory  matrix  onto  the 
most  significant  singular  vector.  This  reconstructed  attractor  gives  a  considerably  reduced 
77  value  of  0.16  indicating  the  presence  of  noise  in  the  original  data  which  corresponded  to 
77  =  0.23. 

A  study  of  77  for  the  Henon  map  of  (7),  for  a  fixed  value  of  N  =  5000,  at  various  values 
of  the  percentage  of  added  noise,  p,  is  reported  in  figure  4.  The  high  sensitivity  of  77  to 
noise,  at  low  levels  of  noise  is  obvious.  Note  that  77  is  proposed  here  as  an  index  of 
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Figure  3.  Clean  Henon  attractor  as  defined  in  figure  2,  superimposed  on  another 
reconstructed  noisy  Henon  attractor  with  p  =  50%  i.e.  noise/ signal  ratio  of  0.5. 
Number  of  data  points  =  5000,  d  —  2  and  r  =  1  for  both  attractors. 


0.4         0.5         0.6 
noise/signal  ratio 

Figure  4.     Overlap  r\  of  noisy  Henon  attractor  with  random  attractor  as  a  function  of 
added  noise.  Noise  to  signal  ratio  corresponds  to  p/100  (eq.  7). 

determinism  in  the  time  series  and  hence  if  noise  is  present  in  the  observed  signal,  it 
should  show  up  as  increased  value  of  rj  compared  to  that  of  a  noise  free  signal.  A  major 
problem  in  the  analysis  of  experimental  signals  is  to  discern  if  the  observed  nonlinearity 
is  part  of  the  dynamics  or  due  to  noise.  Hence  removal  or  addition  of  noise  should  alter 
the  index  of  determinism  (rj  in  our  case)  sensitively,  especially  at  low  levels  of  noise 
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which  is  the  level  normally  present  in  a  measured  signal.  At  high  levels  of  noise,  97  is 
anyway  high,  approaching  1,  indicating  the  signal  is  dominantly  noise.  Figure  4  shows 
that  77  has  this  desirable  property. 

These  numerical  results  indicate  that  the  overlap  77  of  a  chaotic  attractor  with  its 
surrogate  random  attractor  in  phase  space  can  serve  as  one  of  the  measures  of 
stochasticity  in  a  time  series.  77  values  of  the  order  of  w  0.1  is  indicative  of  deterministic 
chaos  and  significantly  larger  values  point  towards  the  presence  of  noise. 

It  is  possible  to  determine,  at  least  approximately,  the  fractal  (box  counting)  dimension 
of  the  attractor  from  rj(e)  values  determined  as  a  function  of  e.  Denoting  the  number  of 
points  on  the  random  attractor  that  fall  on  the  chaotic  attractor  as  Na,  we  may  set 


v/ea 


(8) 


where  v  is  the  constant  volume  occupied  by  the  attractor  in  the  total  phase  space  of  unit 
volume,  after  the  transients  have  died  down  and  df  is  the  fractal  dimension  of  the 
attractor.  Combining  (5)  and  (8)  we  have 


77(6) 


(9) 


Plots  of  log??  vs.  loge  for  several  attractors  are  given  in  figure  5.  From  the  linear  least 
squares  fit  (solid  lines),  it  is  clear  that  a  scaling  region  exists  for  all  these  attractors, 
despite  the  different  dimensions  and  time  delay  used,  for  moderate  number  of  points  in 
the  range  500-6000.  From  the  slope  of  these  lines,  (d  -  df)  and  hence  the  fractal 
dimension  df  can  be  determined.  This  gives  values  of  2.04  ±  0.02  and  1 .34  ±  0.01  for  the 
Lorenz  and  Henon  attractors  for  the  chosen  parameters,  which  compares  well  with  the 
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.  Log(?7)  vs.  log(e)  for  various  attractors,  for  N  =  500  to  6000  in  steps  of 
Henon  attractor;  (b)  Lorenz  attractor;  (c)  Rossler  attractor;  (d)  random 
All  time  series  and  attractor  reconstruction  parameters  are  as  defined  in 
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Figure  6.  Log(rj/£d~d!)  vs.  embedding  dimension  d,  (a)  for  Henon  attractor  with 
N  =  5000;  (b)  Henon  attractor  with  AT  =  1000;  (c)  random  attractor  with  N  =  2000. 
df  =  1.34  for  the  Henon  attractor  and  df  =  d  for  the  random  attractor.  Attractor  and 
reconstruction  parameters  as  in  figure  2. 
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Figure  7.  Log(?7)  vs.  log(e)  for  Henon  attractor  with  different  noise  levels,  p,  eq.  (7). 
(a)  Clean  Henon,  p  =  0%;  (b)  p  =  5%;  (c)  p  =  10%;  (d)  p  =  50%.  Attractor  and 
reconstruction  parameters  as  in  figure  2. 

exact  values  2.05  ±0.01  and  1.21  ±0.01  respectively  [18].  For  the  Rossler  attractor  we 
get  d f  =  1.67  ±0.06  for  the  parameters  chosen  here.  For  the  random  attractor,  as 
expected,  (d  —  df )  w  0  showing  that  77  is  nearly  independent  of  e  in  this  case  (see 
figure  5(d)). 
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From  (9),  the  ratio  g  —  rj(e]/£d~dl  should  be  a  constant.  A  plot  of  log(g)  as  a  function 
of  the  embedding  dimension  is  shown  in  figure  6  for  the  Henon  map,  for  fixed  number  of 
data  points  N  =  5000  and  N  =  1000.  Saturation  of  this  ratio  around  d^6-l 
irrespective  of  N  is  clear.  On  the  other  hand,  for  a  random  attractor,  as  d  —  df  «  0,  g 
is  nearly  independent  of  the  embedding  dimension  as  seen  from  curve  (c)  in  figure  7. 

In  order  to  study  the  effect  of  added  noise  on  the  attractor  overlap,  plots  of  log  17  vs. 
log  e  for  the  Henon  attractor  with  various  levels  of  noise  along  with  the  best  linear  fit  are 
displayed  in  figure  7.  The  systematic  decrease  in  slope  with  increase  in  noise  level  is 
obvious.  The  slopes  are  0.66,  0.26,  0.12  and  -0.02  for  levels  of  noise,  p  =  0, 5, 10  and 
50%  respectively  corresponding  to  increasing  fractal  dimensions  of  1.34,  1.74,  1.88  and 
2.02  respectively. 

It  is  also  interesting  to  note  that  the  quality  of  the  linear  fit  as  measured  by  the 
correlation  coefficient  deteriorates  with  increasing  noise,  these  being  0.99,  0.98,  0.97  and 
—0.60  for  the  above  p  values.  This  demonstrates  that  the  estimation  of  the  dimension  in 
the  presence  of  very  high  noise  levels  of  the  order  of  50%  or  more  is  unreliable. 

In  summary,  we  have  proposed  that  the  phase  space  overlap  of  reconstructed  attractor 
with  its  random  surrogate  attractor  can  serve  as  an  index  of  determinism.  The  low  value 
of  the  order  of  w  0. 1  for  the  phase  space  overlap  r]  of  a  deterministic  chaotic  attractor 
with  its  random  attractor  is  found  to  be  true  for  a  variety  attractors  studied  here, 
irrespective  of  the  different  phase  space  dimensions  and  time  delay  employed  in  the 
reconstruction  of  the  attractors  from  time  series.  77  is  found  to  be  extremely  sensitive  to 
noise,  especially  at  low  levels  of  noise.  Reduction  in  77  can  also  serve  as  a  measure  of  the 
efficiency  of  noise-reduction  technique  applied  to  the  time  series.  The  existence  of  a 
scaling  region  for  moderate  number  of  points  of  a  few  thousands  makes  possible  the 
economical  determination  of  the  fractal  dimension  of  the  attractor. 

Further  studies  of  the  overlap  method  using  surrogate  data  generated,  for  example  by 
randomizing  the  phase  of  the  Fourier  transform  of  the  time  series  [19],  will  be  reported  in 
future. 


References 

[1]  F  Takens,  in  Dynamical  Systems  and  Turbulence  of  'Springer  Lecture  Notes  in  Mathematics' 

edited  by  D  A  Rand  and  L-S  Young  (Springer-Verlag,  New  York,  1981)  vol.  898,  p.  366 
[2]  J-P  Eckmann  and  D  Ruelle,  Rev.  Mod.  Phys.  57,  617  (1985) 
[3]  A  Wolf,  J  B  Swift,  H  L  Swinney  and  J  A  Vastano,  Physica  D16,  285  (1985) 
[4]  D  T  Kaplan  and  L  Glass,  Phys.  Rev.  Lett.  68,  427  (1972) 
[5]  D  T  Kaplan  and  L  Glass,  Physica  D64,  431  (1993) 
[6]  L  W  Salvino  and  R  Cawley,  Phys.  Rev.  Lett.  73,  1091  (1994) 
[7]  D  H  Holton  and  R  M  May,  in  The  nature  of  Chaos  edited  by  T  Mullin  (Clarendon  Press, 

Oxford,  1993)  p.  149 

[8]  P  Grassberger  and  I  Procaccia,  Phys.  Rev.  Lett.  50,  346  (1983) 
[9]  P  Grassberger  and  I  Procaccia,  Phys.  Rev.  A28,  2591  (1983) 
[10]  E  J  Kostelich  and  T  Schreiber,  Phys.  Rev.  E48,  1752  (1993) 
[11]  T  Schreiber,  Phys.  Rev.  E48,  R13  (1993) 
[12]  However,  a  recent  report  shows  that  for  HD  Gaussian  noise,  correlation  dimension  can  be 

reliably  estimated  up  to  noise  levels  of  20%.  See  C  Diks  Phys.  Rev.  E53,  R4263  (1996) 
[13]  S  H  Strogatz,  Nonlinear  dynamics  and  chaos  (Addison-Wesley  Publishing  Co.,  Reading, 
1994) 

Pramana  -  J.  Phys.,  Vol.  49,  No.  6,  December  1997  589 


M  S  Gopinathan 

[14]  A  Provenzale,  L  A  Smith,  R  Vio  and  G  Murante,  Physica  D58,  31  (1992) 

[15]  W  H  Press,  S  ATeukolsky,  W  T  Vetterling  and  B  P  Flannery,  Numerical  recipes  in  Fortran 

(Cambridge  University  Press,  1992)  p.  295 
[16]  H  Kantz,  Phys.  Rev.  E49,  5091  (1994) 
[17]  D  Broomhead  and  G  P  King,  Physica  D20,  217  (1986) 
[18]  P  Grassberger  and  I  Procaccia,  Physica  D9,  189  (1983) 
[19]  J  Theiler,  A  Longlin,  B  Galdrikin  and  J  D  Farmer,  Physica  D58,  77  (1992) 


590  Pramana  -  J.  Phys.,  Vol.  49,  No.  6,  December  1997 


PRAMANA  ©  Printed  in  India  Vol.  49,  No.  6, 

—journal  of  December  1997 

physics  pp.  591-601 


Schrodinger  picture  formalism  of  $6  theory 


K  P  SATHEESH  and  K  BABU  JOSEPH 

Department  of  Physics,  Cochin  University  of  Science  and  Technology,  Kochi  682002,  India 

MS  received  24  July  1997 

Abstract.  The  static  effective  potential  for  a  scalar  field  with  <fr6  interaction  is  calculated  using 
the  effective  action  in  Schrodinger  picture  formalism.  It  is  found  that  the  effective  potential 
obtained  is  same  as  the  Gaussian  effective  potential  as  far  as  static  case  is  concerned.  Equivalence 
with  the  CJT  formalism  can  also  be  established.  As  in  CJT  formalism  after  renormalization  an 
unrenormalized  mass  term  persists.  Nonzero  turning  points  are  obtained  both  for  positive  and 
negative  A.  Results  are  analysed  numerically.  Graphical  analysis  indicates  a  behaviour  similar  to 
that  obtained  for  CJT  formalism  at  zero  temperature. 
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1.  Introduction 

Variational  methods  in  functional  Schrodinger  picture  have  been  found  to  be  very  useful 
in  the  study  of  detailed  structures  of  the  quantum  fields,  both  for  the  bosonic  and 
fermionic  field  theories.  Recently  various  interesting  applications  of  this  formalism  have 
been  presented  [1-3].  In  (2+1)  dimensional  Thirring  model,  Gaussian  approximation 
provides  better  information  than  the  large-Af  approximation  [4].  The  formalism  has  been 
successfully  used  to  derive  effective  potential  in  (2  +  1)  dimensional  Liouville  model  [5]. 
Quantum  field  theoretic  analysis  of  inflation  dynamics  in  a  (2  +  1)  dimensional  universe 
has  been  worked  out  using  this  method.  Taking  into  consideration  the  recent  applications 
of  the  formalism  in  (2+1)  dimensional  theories  we  propose  to  apply  the  method  to 
the  most  general  renormalizable  scalar  theory  in  (2  +  1)  dimensions  that  is  a  <3>6  model. 
We  find  that  the  effective  potential  expression  that  emerges  using  functional  Schrodinger 
picture  is  same  as  that  derived  using  CJT  formalism  [6,7].  The  functional  Schrodinger 
picture  formalism  for  quantum  field  theory  is  a  generalization  from  ordinary  quantum 
mechanics  to  infinite  number  of  degrees  of  freedom  that  comprise  a  field  [8].  The  method 
is  suitable  for  both  static  and  time-dependent  problems  at  zero  and  finite  temperatures 
and  for  quantum  fields  far  from  equilibrium.  It  has  also  been  shown  that  renormalization 
in  this  model  does  not  pose  any  special  difficulties  for  static  or  time-dependent 
problems  [9-15].  Among  the  applications  of  this  approach  are  scalar  QED,  quantum 
mechanics  of  inflation,  quantum  roll  process  and  quantum  processes  in  non-euclidean 
space-time  [16]. 
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to  be  superior  to  conventional  Fock  space  methods  for  analysing  detailed  structural 
properties  of  a  quantum  field.  In  this  method  one  need  not  choose  a  vacuum  and  normal 
ordering  is  not  required.  Schrodinger  picture  method  has  been  extensively  used  in 
studying  solitons  and  other  collective  phenomena,  topological  defects  in  gauge  theories 
and  confinement.  Time  dependent  problems  relevant  to  early  universe  studies  and  non- 
equilibrium  thermal  physics  cannot  be  studied  using  conventional  Greens's  function 
methods  which  require  an  initial  condition  for  the  solution.  In  these  areas  time-dependent 
Schrodinger  picture  has  been  profitably  used.  Also  for  analysing  representations  of 
transformation  groups  the  method  is  very  useful  [9].  One  can  achieve  intrinsic 
regularization  and  renormalization  without  any  reference  to  vacuum  state  and  an  unique 
representation  is  obtained.  In  this  method  a  quantum  mechanical  state  1^(0)  is  replaced 
by  a  functional  of  the  c-number  field  cj)(x) 

!*(*))-»  *[*,*].  (i) 


The  action  of  an  operator  can  be  realized  as  a  product  and  that  of  a  canonical  momentum 
as  a  functional  differentiation 

0,  (2) 


The  dynamical  evolution  of  a  given  initial  state  is  described  by  the  functional  Schrodinger 
equation.  This  equation  can  be  derived  using  variational  principles  if  we  define  a  time- 
dependent  effective  action  [12] 


r  = 

and  impose  the  condition  that  \&(t))  is  stationary  against  arbitrary  variations  we  get 


For  applying  variational  method  we  have  to  prescribe  a  trial  state.  In  the  Gaussian 
approximation  we  assume  a  Gaussian  trial  state 


-  fa  0)  +  i  I  n(*,  t)[4>(x)  ~  fa  t)].  (6) 

Jx 

It  can  be  seen  that  the  Gaussian  is  centered  at  <j>  and  the  width  is  given  by  G.  S  plays  the 
role  of  the  conjugate  momentum  of  G  and  ft  that  of  }.  }]  n,  G  and  S  are  the  variational 
parameters  as  well  as  the  expectation  values: 

W*))  =  0(*,0,  (7) 
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(9) 
,0,  (10) 


I 

Jx, 


(ID 


For  applying  the  formalism  to  a  <&4  model,  the  following  expression  for  effective  action 
can  be  written  up  to  two  loop  level  [10,  11] 


x,y  Jx,y,z 

/s~~*  f  •t\*'  f  1  O  \ 

Lr(X)  X,  f  j    .        ^  1/J 
_ 

Identifying  the  first  term  as  the  classical  action  and  performing  variations  we  get 

—  o  — » n(;t,  0  =  V2<p(x,t]  —  V^(<^>) V^(4>}G(x1x,  0)      (13) 

ST          _       _  ,  _    , 

E(jc,2,; 


(14) 

r  f 

=  0-^G(jc,y,0  =2    /  G(x,2,02(*,y,0  +  2(*,zJ0G(z>)'»0  • 

Ux 

(15) 

The  static  effective  potential  can  be  obtained  by  taking  <£  to  be  ^-independent  and  by 
putting  S  =  0.  By  performing  variation  for  G,  a  gap  equation  for  G  could  be  written.  A 
slightly  different  but  equivalent  method  has  been  used  in  (2+1)  dimensional  Liouville 
model  [5]. 

2.  Effective  action 

We  propose  to  apply  the  formalism  to  a  $6  model  and  since  $6  coupling  effects  show  up 
only  at  the  three  loop  level  we  write  the  expression  up  to  three  loops 

r=  f  dtl  /n^-ifV^)2-  V(<f>)+  f  SG-2  /     SGE 

Jx,y,z 


\x^t}.  (16) 
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the  classical  action  and  performing  variations  we  obtain 

_^L-  =  0  -  ft(*,  0  =  Vjfe  0 
8}(x,t} 

-^(faG(x,x,t)-±V®($)&(x,x^  (17) 

/•i 
S(;t,z,f)S(;t,);,r)--G-2(*,;M) 


(19) 

3.  Static  effective  potential 

It  has  been  shown  that  renormalization  of  time-dependent  equations  can  be  done  along 
the  same  lines  of  the  renormalization  of  the  static  effective  potential.  We  therefore 
evaluate  the  static  effective  potential  for  <&6  model  at  zero  temperature.  The  static 
effective  potential  takes  the  form 


x,x)-VlG(x,x).  (20) 

40  o  L 

By  performing  variation  with  respect  to  G  the  gap  equation  is  obtained. 


x-y).  (21) 

Assuming  translation  invariance  the  Fourier  transform  of  a  function  is  defined  as 

(22) 


'  2,  (23) 
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where  an  ansatz  is  fixed  for  G  in  terms  of  an  effective  mass.  The  effective  mass  M  is 
treated  here  as  a  variational  parameter  which  is  0  dependent.  The  static  effective  potential 
can  be  written  as 


2(*,x)  +      G3(*,x).  (25) 

Equation  (25)  shows  that  the  effective  potential  expression  obtained  here  is  the  same  as 
the  one  obtained  using  Gaussian  effective  potential  approach  [17].  This  is  only  natural 
since  when  time  dependence  is  not  taken  into  account  definitions  of  effective  action  in 
both  the  approaches  coincide.  It  also  becomes  clear  that  the  formalism  is  equivalent  to 
CJT  approach  at  zero  temperature.  Equations  obtained  here  differ  from  those  obtained  in 
CJT  formalism  by  a  £</>2  term.  This  term  does  not  contribute  when  daisy  and  super  daisy 
diagrams  alone  are  considered  through  Hartee-Fock  approximation  which  is  the  popular 
approximation  employed  in  CJT  formalism.  At  04  level  both  the  approaches  are  exactly 
identical. 

Considering  the  first  and  second  terms  alone  of  (25)  it  can  be  seen  that  one  loop 
effective  potential  result  is  contained  in  the  expression  with  the  mass  term  replaced  by  the 
effective  mass.  Identity  with  the  Gaussian  effective  potential  results  become  more 
transparent  if  we  make  the  following  correspondence  in  notation. 


(*2W)1/2^  (27) 

M  -*  0.  (28) 

Since  the  effective  potential  is  an  ordinary  function  (not  a  functional)  stationary  require- 
ments with  respect  to  4>  and  M2  is  obtained  by  ordinary  differentiation 


(29) 


=  0.  (30) 

Conventional  effective  potential  is  defined  at  the  solution  of  (30).  The  effective  mass  is 
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(31) 

Required  expression  for  the  effective  potential  is  obtained  by  replacing  the  effective  mass 
M  by  M((j))  in  eq.  (25).  Equation  (25)  shows  certain  very  important  peculiarities  of  <3?6 
and  <fr4  theories  relevant  at  zero  temperature. 

(32) 

For  <£>4  theory  M2(<f>)  is  intrinsically  positive.  Hence  if  AB  <  0  only  solution  to  the  above 
equation  is  <j>  =  0  (or  potential  is  unbounded  from  below).  That  is  for  negative  AB  non- 
zero turning  points  do  not  exist.  In  the  case  of  $6  theory 

(33) 

non-zero  turning  points  are  possible  also  for  AB  <  0.  <£>6  theory  in  Hartee-Fock 
approximation  requires  up  to  three  loops  for  obtaining  the  effects  of  £B  coupling.  We  have 
four  parts  for  the  effective  potential 

=  V°  +  V1  +  V2  +  V3,  (34) 


(36) 

(2TT) 

^(tfGfrxWx,*),  (37) 

o  ID 

V3  =  -^G(xtx)G(x,x)G(X,x),  (38) 

which  are  obtained  by  substituting  Af(0).  Effective  potential  for  both  <&4  and  $6  theories 
can  be  obtained  from  this  equation.  In  the  following  we  do  not  consider  the  0  dependent 
term  to  establish  the  equivalence  with  the  Hartee-Fock  approximation  commonly  used  in 
the  CJT  formalism  [6]. 

4.  Renormalization 

The  effective  mass  term  Af  (0)  defining  the  effective  potential  is  divergent  mainly  due  to 
the  presence  of  G(x,x).  Following  re-normalization  prescription  is  employed  in  (2+1) 
dimensions  to  regularize  M(</>).  Define 


(39) 

with 

£=[*2  +  M2(0)]1/2.  (40) 
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Figure  1.     Effective  mass  for  various  couplings-^6  theory. 
In  (2  +  1)  dimensions  coupling  constant  renormalization  is  not  required.  Define 


!j   = 


2 
d2k    1 


— -  =  lim 


A 


(41) 
(42) 

(43) 
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Figure  2.    Effective  mass  for  various  couplings-^4  theory. 
By  actual  evaluation,  introducing  a  cut-off  parameter  A 


20 


(44) 


GM)G(MW).     (45) 

Second  derivative  of  the  tree  level  potential  is  defined  as  ^  (tree  level  mass) 
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Figure  3.    Effective  potential  for  various  couplings-*6  theory. 
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10 

(46) 
(47) 

The  last  term  is  cut-off  dependent.  Cancellation  of  this  divergence  is  obtained  by 
combining  V°,V2and  V3: 

-  A  _        _O 

(48) 


with 


(49) 


^  =  0  reproduces  the  result  of  Camellia  and  Pi  at  zero  temperature.  Using  unre- 
normalized  gap  equation  we  combine  V°,V2  and  V3  and  writing  them  in  terms  of 
renormalized  parameters 


(50) 
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Figure  4.    Effective  potential  for  various  couplings-^4  theory. 


In  the  case  of  (2+  1)  dimensional  <3?4  theory  F(0)  =  A/ 12  which  is  finite.  Thus  unlike 
(3  +  1)  dimensional  $4  theory  the  effective  potential  do  not  contain  any  unrenormalized 
parameters.  But  in  the  case  of  <3?6  theory  F(<p)  contains  m  which  is  an  unrenormalized 
mass  parameter.  But  here  we  can  make  F(0)  =  0  by  adjusting  the  parameters  suitably  and 
make  the  unrenormalized  parameters  vanish. 

5.  Conclusions 

Static  effective  potential  for  $6  theory  is  obtained  using  the  functional  Schrodinger 
picture  formalism  for  calculating  the  effective  action.  Regarding  the  presence  of  turning 
points  it  is  shown  that  for  (2+1)  dimensional  <I?6  theory  turning  points  can  exist  both  for 
positive  and  negative  A.  This  indicates  the  possibility  of  bound  states  in  the  case  of  <I?6 
theories.  The  equations  obtained  for  the  effective  potential  and  effective  mass  are  found 
to  be  identical  with  the  more  popular  Gaussian  effective  potential.  Apart  from  a 
difference  arising  due  to  the  use  of  Hartee-Fock  approximation  the  formalism  is  identical 
to  the  CJT  formalism. 

Graphical  analysis  of  the  effective  mass  and  effective  potential  is  performed  by 
numerically  solving  the  equations  for  effective  mass  and  effective  potential.  Graphs 
plotted  compared  with  earlier  works  show  close  similarity  with  CJT  formalism. 
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Application   of  the   formalism   to   finite   temperature   situation   is   presently   under 
investigation. 

Comparing  the  graphs  obtained  for  $4  and  $6  theories,  (figures  1  and  2)  we  can  see  the 
similarity  in  behaviour.  Value  of  the  effective  mass  for  $4  theory  is  smaller  as  expected. 
Straight  portion  of  the  graph  indicating  imaginary  value  of  effective  mass  is  more 
pronounced  in  the  case  of  <fr4  theory.  The  straight  portion  of  the  graph  is  more  pronounced 
also  for  weak  couplings.  Comparison  between  effective  potential  values  can  be  seen  from 
figures  3  and  4. 
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Abstract.  We  present  a  detailed  analysis  of  the  motion  of  test  particles  around  domain  walls. 
The  study  of  the  trajectories  of  the  test  particles  has  been  done  using  the  Hamilton- 
Jacobi  formalism.  In  most  of  the  cases  we  show  that  the  particles  can  not  be  trapped  by  the 
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1.  Introduction 

The  explanation  of  the  formation  of  large  scale  structure  of  the  Universe  is  one  of 
the  basic  problem  of  cosmology  even  today.  In  literature,  the  widely  used  mechanisms 
for  this  structure  formation  are  the  gravitational  perturbations  generated  by  topological 
defects  namely,  domain  walls,  cosmic  strings,  monopoles  and  their  hybrids  [1].  It 
is  generally  assumed  that  these  topological  defects  are  formed  at  the  very  early  stages 
of  the  evolution  of  the  Universe  when  the  Universe  exhibits  a  series  of  phase  transitions 
[2].  In  particular,  the  appearance  of  domain  walls  is  associated  with  the  breaking  of  a 
discrete  symmetry  [3]  i.e.  the  vacuum  manifold  consists .  of  several  disconnected 
components. 

From  the  cosmological  standpoint,  domain  walls  have  become  important  after  a 
proposal  for  a  new  scenario  of  galaxy  formation  by  Hill,  Schramn  and  Fry  [4].  According 
to  them,  the  formation  of  galaxies  are  due  to  domain  walls  produced  during  a  phase 
transition  after  the  time  of  recombination  of  matter  and  radiation  [5].  In  fact,  the  phase 
transition  occurs  by  the  breaking  of  a  discrete  symmetry  of  a  weakly  coupled  scalar  field 
of  pseudo-gold  stone  bosons  ([3, 5]). 

In  this  paper,  we  study  the  motion  of  test  particles  in  the  gravitational  field  of  static 
and  non-static  planar  domain  walls  and  of  plane  symmetric  domain  walls  using 
Hamilton-Jacobi  (H-J)  formalism  and  examine  whether  bound  orbits  are  possible  or 
not.  This  study  will  be  interesting  in  the  relevance  of  structure  formation  because  it 
gives  us  some  idea  about  the  behaviour  of  the  particles  (created  at  the  early  Universe) 
in  the  gravitational  field  of  the  domain  walls. 
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2.  Plane  symmetric  domain  walls 

2.1  Thick  walls 

The  line  element  describing  plane  symmetric  thick  domain  walls  is  given  by  [5] 

dS2  =  ^^  [dr2  -  nW  -  e2'(dx2  +  d/)],  (1) 

where  L  and  n  are  constants.  The  horizon  in  all  directions  are  of  the  order  of  1/L  and  n  is 
involved  in  the  relation  between  pressure  perpendicular  to  the  wall  and  the  energy 
density. 

We  consider  a  relativistic  particle  with  mass  m  moving  in  the  field  of  the  plane 
symmetric  thick  domain  wall  (1).  The  H-J  equation  has  the  expression 

L2cosh2n(z}[(dS/dt}2-l/n2(dS/dz)2-e-2'{(dS/dx)2+(dS/dy}2}}+m2=Q. 

(2) 

As  the  metric  (1)  is  independent  of  x  and  y  co-ordinates,  a  natural  choice  for  H-J  function 
in  separable  form  will  be 

(3) 


Here,  the  constants  px  and  py  can  be  termed  as  the  momentum  of  the  particle  in  the  plane 
of  the  wall.  If  we  substitute  the  ansatz  (3)  for  S  in  the  H-J  equation  (2)  then  the 
expression  (in  integral  form)  for  the  unknown  functions  S{  and  5*2  are 

r  r        m2          i  1/2 

5i(z)  =en-       -E2+^-sech2n(z)       dz,  (4a) 

l  *-"  \ 

E2+p2e-2t}l'2dt,  (4b) 

where  P2  =  p2  +p2,  £  is  a  constant  and  e  =  ±1  stands  for  the  sign  changing  whenever  z 
(or  0  passes  through  a  zero  of  the  integrand  in  (4a)  or  (4b)  [6,7]. 
In  the  H-J  formalism,  the  path  of  the  particle  is  characterized  by  [7,  8] 


as  ds  J  as 

-r—  =  constant,     •7~-  =  constant  and  —  -  =  constant. 
dpx  dpy  dE 


Thus  we  get 


and 


= 
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where  we  have  taken  the  constants  to  be  zero  without  any  loss  of  generality.  From  (7)  the 
velocity  of  the  particle  transverse  to  the  wall  is 

dz_l  [(m2/L2)sech2"(z)-£2]1/2 

dt       n  [P2e-2r  _-£2]J/2  '  ^    ' 

The  turning  points  of  the  trajectory  are  given  by  dz/dr  =  0  and  as  a  consequence  the 
potential  curves  are  characterized  by 

—  ~  seen  \z)-  (y) 

As  there  are  no  real  extrema  (except  for  z  =  0)  for  the  potential  curve,  the  particles  can 
not  be  trapped  by  plane  symmetric  thick  domain  walls.  This  conclusion  is  also  supported 
by  Goetz  [5]  that  wall  described  by  metric  (1)  exerts  repulsive  gravitational  field  on  the 
matter  around  it. 

2.2  Thin  wall 

We  now  consider  a  plane  thin  domain  wall  located  at  z  =  0.  The  metric  ansatz  describing 
the  gravitational  field  of  the  Wall  is  [9] 

dS2  =  e^^dr2  -  dz2)  -  e4w(Hz|)(dr2  +  r2d02),  (10) 

where  a  is  the  surface  tension  of  the  wall. 

As  the  metric  coefficients  are  independent  of  4>  co-ordinate,  the  solution  of  the  H-J 
equation 


(l/r)2(dS/d<l>)2]  +  m2  =  0,  (11) 

can  be  expressed  in  the  following  separable  form 

S(t,  z,  r,  0)  =  5!  (0  +  S2(z)  +  S3(r)+J-  <f>.  (12) 

The  constant  ]  can  be  identified  as  the  angular  momentum  of  the  test  particle  and  the 
unknown  functions  have  the  integral  expressions 

/  _       _-47rot 


where  E\  and  p\  are  separable  constants.  Now,  the  equation  of  the  trajectories  can  be 
written  as 


I  (ft  .  e-^  -  E2rl/2dt  =  e  j  (m2  •  e~47r<^  -  E\}-1^  (14) 
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J"1     "  "      "''I    (p}e-*«  -£>)'/>'  l     ' 

(16) 


Hence  from  (14),  the  expression  for  transverse  velocity  is 

dz       r(m*.e^M-£})\1/2 
d*      1   (pje-4^-^)  J 

The  turning  points  are  given  by 

?l  =  e-2wr|z|_  (18) 

m 

As  the  expression  on  the  right  hand  side  is  monotonic  decreasing  for  z  >  0  and  z  <  0  so 
bound  states  are  not  possible  and  particle  experiences  a  repulsive  force  near  the  wall. 
Therefore,  particles  cannot  be  trapped  by  plane  domain  wall  whether  it  is  thin  or  thick. 

3.  Planar  domain  wall 

We  now  consider  static  planar  wall  with  metric  ansatz  of  the  form  [10] 

dS2  =/2(|*|)dfa  -  -+-TT  d*2  -  £2(W)(dy2  +  dz2),  (19) 

/  \\x\) 

where 

2 


X  —  XQ       J 

and  C,  K  and  XQ  are  constants  satisfying  the  inequality 

C  +  -^<0. 
In  this  case  the  H-J  equation  has  the  expression 

2 


,   , 

(2o) 


The  solution  can  be  written  as 

5  =  -Eff  +  $i(*)  +py  •  F  +  Pz  -Z,  (21) 

where  jE^,  py  and  joz  are  constants  and  Si  (:c)  has  the  expression  (in  integral  form) 

V2 


^1        r   r-2          _2  1 

wb-fH  &  (22) 
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The  trajectory  of  the  particle  is  characterized  by 

1  (23) 


/       I      jr,,?     /    '    r_o    /  „-•  ^    ,      n  ^nl  /9     '  v          i 


/(  Pz  \                    djc  ,^_, 

(   7-1 ) — -[72  •  (25) 

Hence  the  expression  for  transverse  velocity  is 

1/2 

(26) 


The  turning  points  are  given  by 

E  2  1/2 


(27) 

which  determines  the  potential  curves. 

As  the  radicand  in  the  above  expression  may  have  real  extremals,  depending  on  the 
nature  of  the  arbitrary  constants  in  the  metric  co-efficients,  the  trajectory  of  the  test 
particle  is  bounded  i.e.  particle  can  be  trapped  by  Walls. 

Finally,  we  note  that  x  =  XQ  +  (3C/A)1'3  =  x,  corresponds  to  an  event  horizon  where 
spatial  and  temporal  co-ordinates  interchange  their  roles  and  the  regions  x  <  x  and  x  >  x 
cannot  influence  each  other. 

Therefore,  we  conclude  that  domain  walls  are  not  always  exert  repulsive  forces.  There 
are  situations  where  there  is  a  force  of  attraction  and  particles  are  trapped  by  the  walls. 
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Abstract.  The  total  energy  of  the  universe  has  been  calculated  assuming  that  it  is  the  sum  of  the 
contributions  from  the  matter  part  and  gravitational  part.  The  calculations  involve  the  use  of 
Einstein  pseudotensor.  Calculations  have  been  carried  out  in  some  specific  examples  of  spacetime 
geometries.  In  some  cases  the  total  energy  is  indeed  zero  confirming  previous  results  but  in  other 
cases  the  total  energy  is  nonzero.  So  Rosen's  idea  that  the  pseudotensorial  calculations  will  lead  to 
the  result  that  the  total  energy  of  the  universe  is  zero,  is  very  much  model  dependent. 
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1.  Introduction 

It  is  well  known  that  quite  a  few  descriptions  of  the  origin  of  the  universe  led  to  the 
conjecture  that  the  total  energy  of  the  universe  should  be  zero.  Investigations  of 
Albrow  [1]  and  Tyron  [2]  assume  that  the  universe  might  have  arisen  as  a  quantum 
fluctuation  of  the  vacuum.  After  the  success  of  the  inflationary  cosmological  models  in 
solving  some  outstanding  problems  in  standard  cosmology,  the  idea  of  vacuum 
fluctuations  has  been  developed  further.  Inspired  by  these  results,  there  have  been 
attempts  to  show  that  the  total  energy  of  the  universe  is  zero  even  from  a  purely  classical 
point  of  view.  The  total  energy  of  the  universe,  however,  is  not  really  zero  if  it  is 
calculated  on  the  basis  of  the  matter  part  alone.  Recently,  there  have  been  several 
attempts  to  include  the  gravitational  energy  along  with  the  matter  part  so  that  the  total 
energy  is  zero.  We  refer  to  the  works  of  Cooperstock  [3]  and  Johri  et  al  [4]  for  brief  but 
excellent  reviews. 

Cooperstock  [3]  expressed  the  covariant  conservation  law 

7^=0  (!) 

(where  fj,,  v  =  0,  1,  2,  3)  in  the  form  of  an  ordinary  divergence 

* 


where  the  spacetime  is  described  by  conformal  Friedman-Robertson-Walker  (FRW) 
metric 


609 


or  = 


(3) 


He  arrived  at  (2)  by  making  use  of  some  calculations  involving  Killing  vectors  and 
concluded  that  the  total  density  of  the  universe  is  zero. 

Rosen  [5],  on  the  other  hand,  used  the  Einstein  pseudotensor  formalism  and  showed 
that  the  total  energy  of  the  closed  FRW  universe  is  zero.  Very  recently  Johri  et  al  [4]  also 
considered  the  pseudotensorial  calculations  to  include  the  contribution  from  the 
gravitational  part  and  arrived  at  the  result  that  the  total  energy  of  the  spatially  closed 
FRW  universe  is  zero  and  so  also  the  total  energy  enclosed  within  any  finite  volume  of  the 
spatially  flat  FRW  universe. 

In  this  connection,  it  deserves  mention  that  Raychaudhuri  and  Banerji  [6]  investigated 
the  possibility  of  calculation  of  the  energy  of  the  universe  using  a  different  approach. 
They  considered  a  fluid  sphere  embedded  in  an  otherwise  empty  closed  FRW  universe 
and  found  that  when  the  radius  of  the  sphere  goes  to  infinity,  the  mass  of  the  sphere  tends 
to  zero.  The  advantage  of  this  work  is  that  it  does  not  involve  any  pseudotensor  and  thus 
the  results  obtained  are  independent  of  the  coordinate  frame.  But  the  problem  of  this 
approach  is  that  when  the  radius  tends  to  infinity,  nothing  can  be  said  about  the  exterior 
spacetime  in  which  the  fluid  sphere  is  embedded. 

In  the  present  work,  we  examine  the  calculation  of  the  total  energy  on  the  basis  of 
pseudotensor  a  bit  critically.  Pseudotensorial  calculations  are  always  dangerous  as  they 
are  very  much  coordinate  dependent  and  thus  may  lead  to  ambiguous  results  except, 
however,  in  asymptotically  flat  spacetimes  if  one  is  using  quasi-Minkowskian  coordinates 
[7].  Rosen's  idea  was  that  the  Einstein  pseudotensor  gives  the  gravitational  energy  and 
together  with  the  matter  part  yields  the  result  that  the  total  energy  of  the  universe  is  zero. 
In  what  follows,  we  test  Rosen's  idea  against  some  examples.  Some  anisotropic 
cosmological  models  are  considered,  in  which  the  nonzero  components  of  the 
pseudotensor  are  used  to  calculate  the  total  energy  of  the  universe  following  Rosen's 
idea.  It  is  interesting  to  note  that  although  in  some  cases  the  total  energy  indeed  conies 
out  to  be  zero,  in  some  other  cases  the  energy  integral  is  in  fact  nonzero.  In  §  2  we  discuss 
specific  examples  and  in  §  3  we  discuss  the  results. 


2.  Calculation  of  the  total  energy 

In  order  to  write  down  the  covariant  conservation  equation  (1)  in  the  form  of  an  ordinary 
divergence  equation,  Einstein  introduced  a  pseudotensor  [8]  f  £  defined  by  the  relation 


where 

L  =  gaP(Tv  FM    —  F^  Tv  \  fc\ 

•^  —  8      V-apLfo  —  i^yl^J.  (5) 

With  this  definition,  Einstein  wrote  the  ordinary  divergence  equation  in  the  form 

k/-£(7r  +  #)],M  =  0.  (6) 
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In  fact,  the  quantity  ^/  —  g(T£  +  tfy  can  be  expressed  as  an  ordinary  divergence  of  a 
quantity  H$a, 


,«,  (7) 

where 


v  ~  § 

It  should,  however,  be  noted  that  as  £  is  not  a  scalar,  the  quantities  t%  do  not  form  a 
tensor.  For  details  of  the  calculations  we  refer  to  Rosen  [5]  and  references  therein. 

Rosen  argued  that  #  accounts  for  the  contribution  from  the  gravitational  energy 
towards  the  total  energy  density  and  the  integral  of  the  quantity  ^  -  g(T$  +  f  J)  over  all 
space  has  the  significance  of  the  total  energy  of  the  universe.  Thus  E,  the  total  energy  of 
the  universe,  is  given  by 

t$d3X,  (9) 


where  the  integral  extends  over  the  whole  spatial  volume. 

With  the  spacetime  geometry  described  by  the  closed  FRW  metric  of  the  form 


where  r2  =  x2  +  y1  +  z2,  Rosen  proved  that  E,  given  by  (9),  is  indeed  equal  to  zero. 

A  few  examples  from  the  anisotropic  Bianchi  type  line  elements  has  been  picked  up  for 
similar  kind  of  investigation. 

I.  Bianchi  type  I 

The  line  element  in  this  case  is 

ds2  =  dt2  -  e2/cbc2  -  e2mdy2  -  e2ndz2,  (11) 

where  /,  w,  n  are  functions  of  t  alone.  From  (7),  we  get 

V-^S  +  *—<>,  (12) 

and  by  using  the  metric  given  by  (1  1)  one  can  obtain  from  eq.  (8), 

H°Qa  =  0  (13) 

for  all  a.  Therefore,  in  this  case 


and  hence  the  total  energy  of  the  universe 

t°d3x  =  0  (14) 


for  any  finite  volume. 
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/\s  rsiaricm  type  i  line  eicmciu  reuuucs  iu  me  bjjiuiaiiy  imi  rivvv  iiicuiu  iui  i  =  m  =  n, 
(14)  confirms  the  results  obtained  by  John  et  al  [4]  that  the  energy  contained  in  any  finite 
volume  of  flat  FRW  universe  is  zero. 

n.  Bianchi  type  II 

Bianchi  type  II  line  element  can  be  written  in  the  form 

ds2  =  dt2  -  S2(t)(dx  +  ±z2dy}2  -  R2(t)(z2dy2  +  dz2)  (15) 


which  once  again  yields  from  (8)  that  Tig0  =  0  for  all  a,  so  that  in  this  case  also 


and  hence 

E=      ^-g(TQQ  +  t^X  (16) 


for  any  finite  spatial  volume. 

ffl.  Bianchi  type  III 

The  spacetime  is  described  by  the  metric 

ds2  =  d;2  -  aiz-2mzdx2  -  a2dy2  -  a3dz2,  (17) 

where  a\,  ai,  0.3  are  functions  of  time  while  m  is  a  constant.  The  only  nonvanishing 
component  of  7^°°  is 


Thus, 


,™  (18) 

V  «3    / 


167T 

m2 


and 


(20) 
*y\         Jz\ 

which  is  readily  integrable  and  evidently  yields  E  ^  0  for  a  finite  spatial  volume. 
Furthermore,  E  diverges  to  infinitely  large  value  if  the  limits  of  integration  are  extended 
to  infinity  (x}  y,  z  going  from  -  oc  to  +  oc). 

IV.  Bianchi  type  V 

In  this  case  the  general  metric  is 
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d^  =  dS  -  tiz(b\&?  +  b2dy2}  -  fc2dz2  -  2fc13dx  dz,  (21) 

e  hi,  bi,  bj  and  &i3  are  all  functions  of  time  alone.  In  order  to  make  the  calculations 
ler,  we  choose  &13  to  be  zero,  so  that  the  metric  becomes  diagonal  as 

ds2  =  dt2  -  e2z(frX  +  b2dy2)  -  b2df.  (22) 

e  relevant  nonvanishing  component  of  Ti^  is 


0, 


1      T/03 


2-rr    bi 
otal  energy  E  is  therefore  given  by 


16?r     °'j 

(24) 


is  also  readily  integrable  and  again,  for  a  finite  spatial  volume,  does  not  vanish.  Here 
?  attains  an  infinitely  large  value  if  the  limits  of  integration  are  extended  to  infinity. 
should  note  that  Bianchi  type  V  model  is  the  anisotropic  generalization  of  an  open 
model. 

'anchi  type  VI 

ds2  =  dt2-  cje-^dx2  -  c2ezd/  -  c3dz1,  (26) 

-  c\,  c2,  c3  are  functions  of  time  alone  and  n  is  a  constant.  The  relevant  nonzero 
>onent  of  H     is 


2  Xl  yi 


(27) 


also  yields  a  nonzero  value  for  E,  the  total  energy  of  the  universe. 
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VI.  Biancm  type  7A 

The  most  well-known  form  of  the  Bianchi  type  IX  model,  which  is  the  anisotropic 

generalization  of  spatially  closed  FRW  model,  is  given  by 

ds2  =  dt2  -  I2  (<ty>  +  cos  9  d<£)2  -  m2  (sin  ij>  d9  -  cos  ifr  sin  9  dcj>}2 

(28) 


where  /,  m,  n  are  functions  of  time  alone  and  -0,  9,  (/)  can  vary  from  0  to  4?T,  TT  and  2?r 
respectively.  But  pseudotensorial  calculations  are  notoriously  dangerous  in  polar 
coordinates.  The  results  are  believed  to  be  more  trustworthy  in  cartesian  coordinates. 
For  this  reason,  it  is  worthwhile  to  carry  out  the  calculations  in  the  Bianchi  IX  model  in 
cartesian  coordinate  system.  We  take  the  line  element  as 

ds2  =  dt2  -  S2dx2  -  R2  dy2  -  [R2  sin2  y  +S2  cos2  y]dz2  +  2S2  cos  y  dz  dx,      (29) 

where  S  and  R  are  functions  of  t  alone. 

Calculations  following  the  same  prescription  as  before,  the  total  energy  comes  out  to  be 

E  =  ~  [  smydxdydz  (30) 

07T  J 

which  is  not  equal  to  zero  for  a  finite  universe. 


3.  Discussion 

Following  the  investigations  of  Rosen  [5],  the  total  energy  E  of  the  universe  has  been 
computed  in  the  present  work  in  some  anisotropic  cosmological  models  on  the  basis  of 
Einstein  pseudotensor.  It  has  been  found  that  although  in  Bianchi  type  I  and  II,  E  is  zero, 
i.e.  same  as  that  obtained  by  Rosen  [5]  and  also  by  Johri  et  al  [4]  but  in  some  other 
examples,  namely  Bianchi  type  III,  V,  VI,  and  IX,  the  total  energy  is  nonzero.  So  the 
speculation  that  the  total  energy  of  the  universe  is  zero  cannot  in  fact  be  proved  by  this 
type  of  calculations. 

The  present  work  neither  intends  to  contest  nor  defend  the  speculation.  It  only  shows 
that  the  pseudotensorial  calculations  lead  to  different  results  for  different  spacetime 
symmetries.  Moreover,  these  objects,  -/  —  g(TJ  +  fj)  do  not  form  a  tensor  and  thus  the 
calculations  based  on  it  are  coordinate  dependent.  This  limitation  has  been  noticed  long 
back  by  Weyl  and  Pauli.  For  an  excellent  discussion  on  these  issues,  we  refer  to  the  work 
of  Chandrashekhar  and  Ferrari  [9].  The  choice  of  the  pseudotensor,  so  as  to  write  the 
covariant  divergence  as  an  ordinary  one,  is  not  at  all  unique.  Landau-Lifshitz  [10] 
pseudotensor  for  instance,  is  another  choice,  which  is  at  least  symmetric  unlike  Einstein 
pseudotensor,  but  it  has  its  share  of  problems  as  well.  Sorkin  [11]  developed  the  idea  of  a 
conserved  current  in  the  form  of  Noether  operator  and  Burnett  and  Wald  [12]  in  the  form 
of  a  symplectic  current.  These  conserved  currents  seem  to  work  well  when  the  spacetime 
is  static  and  thus  cannot  be  successfully  applied  in  a  cosmological  situation  where  the 
spacetime  evolves  with  time. 

If,  however,  the  metric  components  depend  solely  on  time,  then  it  was  shown  by 
Prasanna  [13]  that  the  total  energy  will  be  zero  in  a  finite  proper  volume.  This  result  is 
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isistent  witn  our  calculation  as  only  in  biancm  type  l  metric  all  nonzero  components  ot 
are  functions  of  time  alone  and  energy  is  also  zero. 

/ery  recently  Aguirregabiria,  Chamorro  and  Virbhadra  [7]  showed  that  pseudotensors 
Einstein,  Landau-Lifshitz  and  many  others  like  Tolman,  Papapetrou  and  Weinberg 
e  essentially  the  same  result  for  the  energy  and  energy  current  density  components  for 
'  Kerr-Schild  class  metric.  In  fact,  most  of  these  formalisms  yields  consistent  results 
a  Kerr-Newman  spacetime,  was  known  even  earlier  by  the  investigations  of  Virbhadra 
-,  15].  As  the  Kerr-Schild  class  includes  a  wide  variety  of  spacetimes,  including  the 
erior  field  of  a  radiating  object,  these  studies  are  indeed  very  important.  But  this  type 
-esults  are  not  in  the  literature  for  a  cosmological  scenario.  The  coordinate  independent 
'inition  of  energy,  given  by  Komar  [16]  and  later  used  by  many  workers  such  as  Cohen 
'],  also  involves  a  stationary  spacetime.  The  generalization  of  Komar's  work  by 
Ikarni,  Chellathurai  and  Dadhich  [18]  also  cannot  be  used  for  a  nonstatic  cosmological 
trie.  For  a  very  brief  but  excellent  review  of  different  pseudotensorial  formalisms,  we 
er  to  the  introduction  of  ref.  [7]. 

Fo  conclude,  one  can  suggest  that  in  order  to  prove  (or  disprove)  classically,  the 
iculation  that  the  total  energy  of  the  universe  is  zero,  one  should  resort  to  calculations 
;ed  on  tensorial  objects  so  that  these  can  be  applied  to  different  models  with  equal 
nfort  and  confidence.  The  method  suggested  by  Rosen  proves  the  conjecture  (E  =  0) 
.y  in  some  models  and  gives  rise  to  counter  examples  as  well. 
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Abstract.  Starting  with  a  A-nucleus  potential,  we  have  obtained  a  semi-empirical  formula,  which 
gives  a  fairly  satisfactory  account  of  the  ground  state  A-binding  energy  of  light  hypernuclei,  if  the 
very  light  nuclei  are  ignored. 

Keywords.     Semi-empirical;  binding  energy. 
PACS  No.    21.80 

1.  Introduction 

Semi-microscopic  calculations  of  the  A-binding  to  nuclei  (#A)  have  been  possible  only 
for  a  few  nuclei,  ^H,  ^H,  ^He,  ^He,  and  more  approximately  for  ^Be,  and  '^0.  Semi- 
microscopic  calculations  have  also  been  carried  out  rather  recently  for  a  few  more  nuclei. 
On  present  indications,  it  appears  unlikely,  in  the  near  future,  to  successfully  carry  out 
semi-microscopic  calculations  for  many  other  hypernuclei.  Thus,  one  is  more  or  less 
forced  to  consider  phenomenological  calculations  of  B^  to  obtain  some  broad  insight  into 
some  of  the  important  aspects.  It  is  even  desirable  to  obtain  semi-empirical  formulae 
which  can  give  at  least  a  rough  value  of  B^. 

The  A-nucleus  potential,  in  the  folding  model  with  a  density-dependent  effective  A- 
nucleon  (AAT)  interaction,  has  been  shown  [1,2]  to  be  quite  satisfactory  in  accounting  for 
the  ground  state  5  A  data  of  light  hypernuclei.  However,  all  these  calculations  have  to  be 
carried  out  numerically. 

By  mathematical  manipulations  of  the  folded  potential,  several  authors  [3,4]  have 
obtained  semi-empirical  formulae  of  B^_  for  medium  and  heavy  hypernuclei.  However, 
none  of  these  formulae  hold  for  light  hypernuclei  for  the  simple  reason  that  the  core 
density  is  not  of  the  Woods-Saxon  (W-S)  form  as  is  the  case  for  medium  and  heavy 
nuclei.  No  semi-empirical  or  even  empirical  formula  exists  for  light  hypernuclei  because 
of  the  fact  that  there  are  different  mathematical  forms  of  the  density  for  different  light 
nuclei  and,  more  importantly,  simple  mathematical  manipulations,  leading  to  a  semi- 
empirical  formula,  do  not  seem  to  be  possible  for  any  of  these  forms. 

So,  we  made  a  trial  and  error  search  for  the  A-nucleus  potential  for  light  hypernuclei 
using  various  analytical  forms  to  find  one  that  gives  tolerable  results  by  adding  a 
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different  number  of  protons.  It  was  hoped  that  mathematical  manipulation  of  an 
expression  of  the  B&  may  yield  a  semi-empirical  formula.  Luckily,  we  find  that  the  BA 
formula  obtained  using  exponential  form  of  the  A-nucleus  potential  gives  a  semi- 
quantitative  account  of  the  ground  state  BA  data  of  light  hypernuclei,  ignoring  only  the 
very  light  hypernuclei.  On  general  plausible  grounds,  we  expect  that  our  treatment  would 
apply  only  to  nuclei  lying  on  the  stability  line  and  very  close  to  it. 

We  obtain  a  semi-empirical  formula  for  the  A-binding  energy  in  bound  s-states  of  light 
hypernuclei  using  the  exponential  form  for  the  A-nucleus  potential.  This  formula  has 
three  adjustable  parameters.  After  very  light  hypernuclei,  AH,  AH  and  AHe,  are  excluded 
from  the  fit,  the  formula  gives  a  reasonable  account  of  the  #A  of  nine  light  hypernuclei  for 
which  the  experimental  r.m.s.  radius  is  available.  With  a  little  more  relaxation  on 
accuracy,  a  slightly  modified  formula  accounts  for  seventeen  nuclei.  The  formula  is 
presented  in  the  next  section.  Results  and  discussion  is  given  in  §  3  and  conclusions  in  §  4. 

2.  A  semi-empirical  formula  for  the  A-binding  energies  of  light  hypernuclei 

We  set  the  radial  wave  function  R^(r}  =  x(r}/r  and  analytically  solve  the  s-state  radial 
Schrodinger  equation  with  the  exponential  potential  V(r)  =  -Vo6"^-  The  parameter  a 
appearing  in  this  potential  is  taken,  in  a  plausible  way,  to  be  given  as 


where  r^  may  be  taken  as  a  free  parameter.  We  transform  the  Schrodinger  equation  by 
taking  a  new  variable  z  =  e~"r/2fl.  Introducing  the  parameters  a  =  +(8mAV0a2/H2'), 
(3  -  +[&m.A.\E\a1/h2]l/2,  where  E  is  the  energy  eigenvalue,  and,  for  definiteness,  taking 
^/a.  to  be  positive,  we  have 

X(r)  =  AJp(V^^2a)+BYp(^&^2a}.  (2.1) 

When  (3  is  not  an  integer  or  zero,  Yp(r)  is  simply  equal  to  J-p(r).  As  r  —  >  oo,  the 
argument  of  both  Jp  and  Yp  vanishes  and  since  Yp  is  not  well  behaved  at  zero,  the 
coefficient  of  Yp  has  to  be  put  equal  to  zero. 

Further,  since  RQ(r)  =  x(r)/r,  it  follows  that  x(0)  =  0.  Therefore,  we  have 

//3(v"a)  =  0. 

For  real  /3,  the  function  Jp(\/a)  has  an  infinite  number  of  real  zeroes.  The  nth  positive 
zero  of  this  function  can  be  expressed  as  the  following  expansion  [5] 


\/a  =  7  — 


87 


n      61      .      2Q2 
3(47)2      15(47)4 


(2.2) 


where  q  =  4/32,  7  =  (0  ~  \  +  2n)  f,  Q{  =  Iq  -  31,  Q2  =  83?2  -  982^  +  3779, .... 

In  this  form,  it  is  a  little  complicated  to  get  the  energy  for  given  potential  parameters. 
Apart  from  other  reasons,  formula  (2.2)  is  very  unwieldy.  One  wants  a  simpler  formula. 

Here,  we  use  (2.2)  to  derive  the  desired  semi-empirical  formula  for  5A-  In  (2.2),  we 
estimate  the  magnitudes  of  the  2nd  and  the  3rd  terms  within  the  square  brackets,  for  a  range 
of  energy  eigenvalues,  say  from  \E\  =  0  to  roughly  the  expected  value  of  5A,  with  Ac 
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:ging  from  2  to  25.  We  take  r'Q  =  0.41  fm.  This  value  of  r'G  is,  however,  not  crucial  for  our 
culations.  Any  other  reasonable  choice  of  r*Q  would  give  very  similar  result.  Even  the 
ximum  magnitude  of  the  2nd  and  3rd  terms,  in  the  mass  number  range  2  to  25,  is  found 
be  very  small  compared  to  unity  and  further  these  are  of  the  opposite  sign,  making  the 
:  contribution  even  smaller.  Their  contribution  for  nuclei  in  the  low  mass  number  region 
>ven  less  than  it  is  for  the  relatively  higher  mass  numbers.  Thus,  we  neglect  all  the  terms 
ier  than  unity  in  the  square  bracket  in  equation  (2.2).  Then,  (2.2)  may  be  written  as 

7-.  (2-3) 


~  / 

ostituting  for  a,  7  and  f3  in  the  above  equation  and  simplifying  we  get 


(2.4) 

ere  &  =  7r2/2((l/2)  -  2n)  and  £>  =  7rrX/3/2  [8mAV0/^2]1/2.  For  the  ground  state, 
=  1.  The  formula  (2.4)  in  this  form  does  not  distinguish  between  hypernuclei  having 
ne  AC  but  different  number  of  protons  (Z).  So,  in  order  to  take  the  Z-dependence  and 
o  the  size  of  the  core  nuclei  into  account,  we  add  a  term  /3'Z/r3^,  where  rms  is  the 
L.S.  radius  of  the  core  nucleus  being  considered,  to  the  5  A  formula  (2.4),  i.e. 


(2.5) 

e  last  term  added  above  is  essentially  same  as  that  taken  by  Rahman  Khan  and  Shoeb 
who  have  given  the  justification  for  it.  All  we  have  done  is  not  to  take  it  as  /3'Z/AC. 
r  light  nuclei  it  seems  better  to  take  rms  directly  rather  than  replace  it  with  Aj/3. 
We  find  that  formula  (2.5)  with  the  positive  sign  for  the  2nd  term  within  the  curly 
icket  gives  reasonable  values  of  B\  whereas  when  negative  sign  is  chosen,  quite 
realistic  values  are  obtained.  Thus,  on  this  basis,  we  retain,  in  our  formula  (2.5) 
oughout,  only  the  positive  sign  for  the  2nd  term  within  the  curly  bracket. 

Results  and  discussion 

sating  VQ,  r'Q  and  j3'  as  adjustable  parameters,  %2 -fitting  is  carried  out  for  the  ground 
te  J5A  data  of  the  light  hypernuclei  with  core  mass  number  ranging  from  5  to  14. 
cept  for  very  light  hypernuclei,  AH,  AH  and  AHe,  all  other  light  hypernuclei  for  which 
s  radii  of  the  core  nuclei,  in  the  given  mass  number  range,  are  known  experimentally 
,  are  included  in  the  fit.  However,  predictions  are  made  regarding  the  #A  of  the 
eluded  light  hypernuclei. 
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Table  1.  Results  of  x2-fitting  of  BA  using  analytical  formula  (2.5).  The 
best  fit  parameters  for  x2  =  29.04  are:  VQ  =  103.37  MeV,  ^  =  0.403  fm  and 
/?'  =  1.65MeVfm3.  5^,  marked  by  an  asterisk,  are  the  predicted  values. 


Hypernuclei 

Ac 

SAxp  ±  A5Axp  (MeV) 

Bf  (MeV) 

AH 

2.0 

0.15  ±0.05 

0.21* 

AH 

3.0 

2.04  ±  0.04 

1.32* 

AHe 

3.0 

2.39  ±  0.03 

1.45* 

5AHe 

4.0 

3.  12  ±0.02 

3.12 

ALi 

6.0 

5.58  ±  0.03 

5.54 

8T  i 
AL1 

7.0 

6.80  ±  0.03 

6.85 

10R- 
ABe 

9.0 

9.11  ±0.22 

9.12 

AB 

10.0 

10.24  ±  0.05 

10.23 

AB 

11.0 

11.37  ±0.06 

11.19 

AC 

12.0 

11.69  ±0.12 

12.06 

AC 

13.0 

12.17  ±0.33 

12.87 

A5N 

14.0 

13.59  ±0.15 

13.59 

*Predicted  values. 


Table  2.  Results  of  x2 -fitting  of  5A  from  analytical  formula  (2.5)  in  which 
the  last  term  is  replaced  by  /3  (Z/AC).  The  best  fit  parameters  for 
X2  =  214.15  are:  VQ  =  98.87  MeV,  /0  -  0.41  fm  and  0  =  1.00  MeV  fm3. 


Hypernuclei 

Ac 

5Axp  ±  AfiAxp  (MeV) 

Bf  (MeV) 

5AHe 

4.0 

3.  12  ±0.02 

3.04 

AHe 

5.0 

4.18±0.10 

4.35 

ALi 

6.0 

5.58  ±  0.03 

5.77 

AHe 

7.0 

7.16  ±0.70 

6.77 

ALi 

7.0 

6.80  ±  0.03 

6.91 

ABe 

7.0 

6.84  ±  0.05 

7.06 

ALi 

8.0 

8.50  ±0.12 

7.97 

IB 

8.0 

8.29  ±0.1  8 

8.22 

A°Be 

9.0 

9.11  ±0.22 

9.06 

A°B 

9.0 

8.89  ±0.12 

9.17 

AB 

10.0 

10.24  ±  0.05 

10.05 

A2B 

11.0 

11.  37  ±0.06 

10.88 

A2C 

11.0 

10.76  ±0.19 

10.97 

A3C 

12.0 

11.69  ±0.12 

11.73 

A4C 

13.0 

12.17  ±0.33 

12.44 

FN 

14.0 

13.59  ±0.15 

13.18 

I6o 

15.0 

13.0 

13.87 
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As  usual  the  x2  is  defined  as 

ffl' 


E 


,th  /  ^  -i  2 


A 


where  the  symbols  have  their  usual  meaning,  with  the  summation  extending  to  all  the 
data-points.  The  experimentally  quoted  value  is  taken  to  be  BAxp(i)  ±  ABAxp(i). 

The  calculated  fiA  corresponding  to  the  best  fit  parameters,  VQ  =  103.37MeV, 
TO  =  0.403  fm  and  /3'  =  1.65MeVfm3,  are  shown  in  table  1.  Total  x2  corresponding  to 
the  9  data-points  is  29.04.  This  may  be  taken  as  a  fairly  good  agreement.  Predicted  BA. 
values,  which  are  marked  by  an  asterisk,  are  also  shown  in  the  table.  Thus,  formula  (2.5) 
is  the  semi-empirical  formula  for  #A  of  light  hypernuclei  that  we  were  looking  for. 

Expressing  the  last  term  of  #A  formula  (eq.  (2.5))  as  /3f(Z/Ac]  does  not  give  good 
results,  presumably  due  to  neglect  of  size  effect  which  seems  to  have  an  even  more 
important  role  in  light  hypernuclei.  However,  even  this  is  qualitatively  acceptable  when 
the  very  light  hypernuclei,  AH,  AH  and  AHe,  and  the  well  known  'troublesome'  nuclei 
[8-10],  ABe  and  ABe,  are  excluded  from  the  fit.  In  this  way  they  account  for  17  light 
hypernuclei.  These  are  given  in  table  2.  As  error  bar  in  the  experimental  #A  data  of  A6O  is 
not  available,  we  take  a  plausible  value  of  5%  of  the  experimental  Z?A  as  the  error  in  the 
datum.  Besides  0'(Z/AC),  if  a  constant  term  is  also  added  in  the  formula,  the  x2  reduces 
significantly. 

4.  Conclusion 

The  main  virtue  of  the  exponential  potential,  from  our  point  of  view,  is  that  it  leads  to  a 
semi-empirical  formula  for  the  light  hypernuclei,  which  reproduces  Z?A  of  many  light 
hypernuclei  fairly  well.  We  do  not  offer  any  conjectures  whether  any  deeper  significance 
need  be  ascribed  to  the  exponential  potential.  From  what  we  have  said  above,  the  answer 
seems  to  be  in  the  negative.  Still,  the  calculations  points  to  an  even  greater  importance  of 
size  effects  for  light  hypernuclei. 

The  fomula  with  rms  (eq.  (2.5))  may  be  used  for  predicting  the  rms  of  the  core  of  the 
hypernuclei  for  which  it  is  not  experimentally  known. 
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Abstract.  Excitation  function  and  mean  projected  recoil  ranges  of  nuclei  produced  in  the  12C- 
induced  reactions  on  51 V  target  were  measured  by  conventional  stacked  foil  and  thick-target  thick- 
recoil-catcher  technique  for  bombarding  energies  E  <  84  MeV  for  12C  ion  -beam.  The  measured 
recoil  ranges  are  converted  to  momentum  transfer.  Information  on  momentum  transfer  was  used  to 
get  clues  about  some  aspects  of  the  interaction  such  as  complete  fusion  which  corresponds  to  full 
momentum  transfer  and  incomplete  fusion  reaction  mechanism.  The  measured  excitation  functions 
are  compared  with  the  calculation  based  on  the  statistical  model  which  describes  only  equilibrium 
decay  of  the  compound  nucleus  using  the  Cascade  code  and  the  geometry  dependent  hybrid  model 
which  describes  equilibrium  as  well  as  pre-equilibrium  decay  of  the  compound  nucleus  using  the 
Aiice/91  code.  The  measured  excitation  functions  and  average  ranges  of  the  radioisotope  products 
of  the  reactions  12C  on  51 V  indicate  that  the  three  separate  reaction  mechanisms  could  be  attribu- 
table to  complete  fusion  of  I2C,  incomplete  fusion  of  Be  and  incomplete  fusion  of  4He  respectively 
with  the  target.  The  8Be  and  4He  are  the  break-up  component  of  12C  into  8Be  +  4He.  The 
predictions  of  the  codes,  especially  the  Cascade,  generally  agree  with  the  measured  cross-sections 
which  could  be  attributed  to  complete  fusion  of  12C  with  the  target  5!V. 

Keywords.  12C-induced  reactions  on  vanadium;  stacked  foil  technique;  isotope  production; 
equilibrium  decay;  Cascade  and  Alice/91  codes. 

PACSNo.    25.60 


1.  Introduction 

For  many  years  now  there  has  been  a  great  interest  to  -study  the  reaction  mechanism  in 
medium  energy  heavy-ion  induced  reactions.  Most  of  the  earlier  studies  have 
concentrated  on  the  energy,  angular  momentum  and  charge  distribution  of  the  products 
emitted  in  heavy-ion  reactions,  while  others  are  interested  in  multifragmentation  which 
are  intimately  connected  with  that  of  complex  or  intermediate  mass  fragments.  In  recent 
years  there  has  been  considerable  interest  to  study  fusion  and  incomplete  fusion  (ICF)  in 
heavy  ion  reactions  at  projectile  energies  in  the  range  of  5-10 MeV /amu  [1].  The 
motivation  for  this  work  was  to  use  the  12C  ions  and  other  ion  beams  such  as  7Li,  14N  and 
16O  from  BARC-TIFR  Pelletron  Accelerator  Facility  to  study  the  fusion  and  incomplete 
fusion  (ICF)  reaction  mechanism  by  measuring  the  cross-section  and  recoil  ranges  of 
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compound  nucleus. 

In  the  case  of  fusion  reaction  the  highly  excited  nuclear  system  decays  by  evaporating 
low  energy  nucleons  and  alpha  particles  at  the  equilibrium  stage.  While  in  the  case  of  ICF 
reaction  only  a  part  of  the  projectile  fuses  with  the  target  nucleus  and  the  other  part  moves 
in  beam  direction  with  almost  the  same  velocity  as  that  of  incident  ion  beam.  The 
excitation  function  and  mean  projected  recoil  ranges  of  nuclei  produced  in  the  12C-induced 
reactions  on  51 V  target  were  measured  by  conventional  stacked  foil  and  thick  target  thick 
recoil  catcher  technique  for  bombarding  energies  E  <  84MeV  12C  ion  beam.  The  work 
reported  here  also  relates  to  the  measurements  of  the  recoil  ranges  of  nuclei  produced,  to 
get  experimental  information  about  the  momentum  transfer  associated  with  specific  final 
nuclei.  The  linear  momentum  transfer  characteristics  of  reactions  supplement  the  energy 
partitioning  characteristics  of  the  reactions.  The  average  linear  momentum  transfer 
characterizes  the  global  features  of  the  projectile  target  interaction  and  provides  a 
convenient  indication  of  the  reaction  mechanism.  It  will  be  largest  for  complete  fusion 
reactions  and  reduced  for  direct  (incomplete  fusion),  pre-equilibrium  and  break-up 
processes  in  which  much  of  the  incident  momentum  is  carried  away  by  the  fast  particles  in 
the  early  stages  of  the  reaction.  Experiments  have  been  performed  at  the  BARC-TTFR  (14- 
UD  Pelletron)  Medium  Energy  Heavy  Ion  Accelerator  Facility  at  Bombay.  Several 
techniques  have  been  devised  to  measure  the  momentum  of  the  recoil  nuclei.  Measurement 
of  recoil  velocity  of  the  detected  heavy  products  can  be  used  to  identify  the  fusion  modes 
i.e.  the  complete  fusion  or  incomplete  fusion  (ICF).  Attempts  to  measure  recoil  velocity 
have  been  made  in  time  of  flight  studies;  however  only  the  mass  of  the  residue  is  identified 
and  not  its  atomic  number.  If  the  heavy  residue  is  a  radio  isotope,  the  original  recoil 
velocities  could  be  inferred  from  its  range  measurement  in  a  stopping  medium.  This  is  a 
long  established  way  of  investigating  heavy-ion  reactions  [2-%\. 

In  the  present  work  the  linear  momentum  transfer  characteristic  in  the  12C-induced 
reactions  on  51V,  was  obtained  employing  the  classical  method  of  thick-target  thick- 
catcher  recoil  range  measurements  [2-4].  Several  excitation  functions  for  the  12C-induced 
reactions  on  51V  measured  by  using  the  stacked  foil  technique  are  presented.  The 
excitation  functions  of  the  radioactive  products  observed  in  reactions  contain  some 
information  about  the  mechanism  of  the  interaction  of  the  12C-induced  reactions  on  51 V 
and  we  will  be  able  to  decipher  some  features  of  the  partitioning  of  the  incident  energy 
into  that  carried  away  by  outgoing  fast  particles  at  the  pre-equilibrium  stage  (in  contrast 
to  evaporation),  and  that  left  as  nuclear  excitation  by  using  the  code  Alice/91  [5].  In  this 
work  calculations  in  the  framework  of  the  equilibrium  statistical  model  using  the  codes 
Cascade  [6]  and  pre-equilibrium  model  using  the  code  Alice/91  [5]  were  performed  and 
the  results  are  compared  with  experimental  excitation  functions.  Various  reaction 
mechanisms,  supported  by  recoil  range  measurements,  are  indicated  as  contributing  to  the 
production  of  the  radioactive  nuclei. 


2.  Experimental  procedure 

Excitation  functions  and  mean  projected  recoil  ranges  of  the  nuclei  produced  in  the  12C- 
induced  reactions  on  51 V  were  measured  using  the  absolute  yields  of  characteristic  7-rays 
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pertaining  to  the  decay  of  each  radioactive  residual  nuclei  by  off-line  7-ray 
measurements.  The  targets  were  obtained  by  rolling  vanadium  foils  using  the  rolling 
machine  at  TIFR,  Bombay.  The  thickness  of  the  targets  for  excitation  function 
measurements  was  about  ^  2.0  um  whereas  for  the  range  measurements  the  thickness 
was  about  —  8.0  |im.  The  stacks  were  formed  by  placing  alternatively  4.34  urn  aluminium 
foils  as  degraders  of  12C  energy  over  the  targets.  Then  the  stacks  were  irradiated  in  a 
chamber  specially  constructed  for  this  purpose  by  BARC,  Bombay  and  having  the  facility 
to  suppress  electron  in  the  Faraday  cup  by  applying  negative  bias.  The  beam  spot  on  the 
targets  was  limited  to  5.0  mm  diameter  by  using  a  stainless  steel  collimator  in  front  of  the 
targets.  There  were  13  targets  in  the  stack  for  the  excitation  function  measurement  and  3 
to  4  targets  in  the  stack  for  recoil  range  measurements.  The  stacks  were  exposed  to  the 
analysed  beam  from  the  HUD  tandem  pelletron  accelerator  facility  at  TIFR,  Bombay. 
The  beam  current  on  the  targets  was  kept  below  200  enA.  The  total  I2C-beam  was 
collected  and  measured  using  a  calibrated  current  integrater. 

The  average  thickness  of  the  target  and  degrader  foils  was  determined  by  weighing. 
Each  foil  was  cut  out  into  a  square  shape  and  pasted  on  an  annular  aluminium  holder 
having  21.0mm  as  the  outer  diameter  and  15mm  as  the  inner  diameter. 

The  efficiency  calibrations  of  the  detector  were  done  with  a  standard  152Eu  radioactive 
source.  The  efficiency  of  the  detector  was  interpolated  to  the  required  energy  value  from 
the  measured  efficiency  curve.  However  to  improve  the  interpolation,  the  efficiency  curve 
was  fitted  to  a  function  of  the  form 


exp(-JB2  *  £7)  (1) 

(=1,4 

by  a  non-linear  least  square  method  (for  details  see  ref.  [7])  where  A\  and  Bi  are  constants 
to  be  determined  by  least-square  fit  and  E7  is  the  7-ray  energy.  The  fit  improves  the 
accuracy  of  interpolation  considerably. 

The  mean  beam  energy  at  half  thickness  in  each  foil  of  a  stacked  foil  assembly  was 
calculated  from  energy  degradation  of  the  initial  beam  energy  using  the  coefficients 
obtained  from  fitting  the  stopping  power  data  for  different  materials.  The  a-stopping 
power  tables  of  Williamson  et  al  [8]  were  used  for  fitting.  Then  the  stopping  power  S  for  a 
given  combination  of  stopping  medium  and  heavy-ion  beam  and  velocity  is  calculated  by 
means  of  the  well-known  scaling  law 

SKiZtf-S^Zt*  (2) 

in  which  (^Z\)  is  the  heavy-ion  effective  charge  (Z\  being  its  atomic  number)  and  SK-f  is 
the  stopping  power  of  the  same  medium  for  a  reference  ion  (a-ion)  of  the  same  velocity 
and  of  effective  charge  Zref  .  The  tabulation  is  then  generated  based  on  the  arguments  of 
the  effective  charge  parameter^  (Z\,E/A,  Zi)  given  in  [9].  The  stopping  power  generated 
in  this  way  is  very  similar  to  that  generated  by  the  code  TRIM. 

The  production  cross-sections  were  determined  using  the  absolute  yields  of  charac- 
teristic 7-rays  belonging  to  each  final  nucleus.  The  7-rays  emitted  by  the  irradiated 
targets  and  their  associated  catcher  foils  were  detected  with  a  HPGe  detector  available  at 
TIFR,  Mumbai  as  well  as  VECC,  Calcutta.  In  most  of  the  cases  the  7-rays  used  in  the 
yield  determination  (listed  in  table  1)  stood  out  very  prominently  in  the  spectra  and  did 
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for  C-induced 

reactions  on 

D  

V. 

Nuclide 

Half-lives 

E7  (keV) 

77  (abs) 

Reaction 

Q-values  (keV) 

24Na 

14.96  h 

1368.6 

1.0 

27Al(C,2a4p3n)24Na 

-66997.4 

27Al(C,3a2pn)24Na 

-38701.5 

27A1(C,  C  2pn)24Na 

-31426.7 

51V(C,37Cl/w)24Na 

-27378.9 

58Co 

70.76  d 

810.80 

0.994 

51V(C,2p3n)58Co 

-31147.6 

51V(C,an)58Co 

-2851.7 

57Co 

271.7  d 

122.10 

0.856 

51V(C,2p4n)57Co 

-39720.7 

51V(C,a2n)57Co 

-11424.9 

56Co 

78.76  d 

846.80 

0.999 

51V(C,2p5n)56Co 

-51096.6 

51V(C,o;3n)56Co 

-22800.7 

54Mn 

312.2d 

835.00 

1.000 

51V(C,4/?5n)54Mn 

-66158.7 

51V(C,a/?3n)54Mn 

-37862.8 

51V(C,2an)54Mn 

-9566.9 

not  pose  any  identification  problem.  The  7-ray  spectra  from  the  HPGe  spectrometers 
were  recorded  on  3.5"  diskettes  by  using  PC-based  data  acquisition  system.  The  spectra 
were  later  analysed  by  personal  and  SUPER-32  computers.  The  methods  of  analysis  of 
the  7-ray  spectra  and  the  efficiency  calibrations  of  the  detector  were  the  same  as  reported 
inref.  [10,7]. 

The  nuclear  data  necessary  for  the  evaluation  of  the  cross  sections  are  presented  in 
table  1 .  The  half-lives  of  the  radioactive  atoms  are  taken  from  the  chart  of  nuclides,  the  7- 
rays  energies  and  branching  ratios  are  taken  from  the  table  of  isotopes  [12].  In  table  1 
only  those  7-ray s  are  listed  which  were  chosen  for  the  calculation  of  the  cross-sections. 
<2-values  were  calculated  using  the  atomic  mass  table  of  Wapstra  and  Audi  [13]. 


2.1  Recoil  range  measurements 

Several  techniques  have  been  devised  to  measure  the  momentum  of  the  recoiling 
nuclei.  In  the  present  work  the  linear  momentum  transfer  characteristics  in  the  12C- 
induced  reactions  on  51V,  were  obtained  employing  the  classical  method  of  thick- 
target  thick-catcher  recoil  range  measurement  technique  ([2],  [3]  and  [4]).  If  the 
target  and  catcher  foils  are  perpendicular  to  the  beam  axis  and  the  target  thickness  is 
larger  than  the  maximum  observable  recoil  range  and  let  x  be  the  fraction  recoiling 
forward,  then  (1  —x)  is  the  corresponding  fraction  recoiling  backwards,  N  the  number 
of  residual  nuclei  produced  per  unit  length  of  the  target  thickness,  /?F  and  RE  the 
forward  and  backward  ranges,  T  the  target  thickness  and  AF,  AB  and  AT  the  activities 
induced  in  the  forward  and  backward  catchers  and  in  the  target.  Then  it  easily  follows 
that 


A    = 


AB  =  (1  - 


=  NT-AP-AE. 


(3a-c) 
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ence 


AF/(AF  +  AT)  -  xRP/[T  -  *„(!  -  *)]. 


(3d) 


ince  x  is  close  to  unity,  one  can  neglect  the  last  term  in  the  denominator  (1  -  x)  =  0 
hich  is  small  in  comparison  with  the  target  thickness  and  then  one  obtains 


/?E=r-AF/(AF+AT). 


(4) 


tiis  relation  has  been  used  in  this  work  to  measure  the  mean  forward  range  in  the  De- 
duced reactions  on  51V. 

In  order  to  obtain  information  about  the  linear  momentum  of  the  recoil  products,  their 
nges  were  converted  to  velocities  parallel  to  the  beam  direction  (Vp)  with  the  help  of 
nge-energy  relation  de/dp  given  by  Lindhard,  Scharff  and  Schiott  theory  [14].  The 
opping  power  de/dp  is  the  sum  of  two  terms 


=  (d£/dp}e  +  (d£/dp)n. 


(5) 


r  the  electronic  energy  loss,  the  expression  (de/dp}e  =  k^/e  given  by  Lindhard  and 
harff  [15]  is  used.  For  the  energy  loss  due  to  nuclear  collision  the  expression 

}  with  c  =  0.2,  a  =1.215,  a  =  70.0,  fc  =  0.002  and 


Table  2.    Experimental  and  calculated  ranges  for  the  products  in  51V  +12  C  reaction. 


±A£ 
rteV) 

Recoil 
energy 
(MeV) 

Range  (^m) 

i  and  recoil  energy  of  the  products 

58Co 

57Co 

56Co 

56Mn 

54Mn 

).8±3. 

2       15.4 

3.3 
(3.8  ±0.3) 
14.2* 

3.3 
(2.5  ±  0.2) 
13.9* 

3.2 
(2.6  ±  0.2) 
13.7* 

3.4 
(2.7  ±  0.2) 
13.7* 

3.3 
(1.7  ±0.1) 
13.2* 

>.1±3. 

5       13.7 

3.1 
(3.0  ±  0.2) 
12.6* 

3.0 
(3.0  ±0.2) 
12.4* 

2.93 
(2.5  ±  0.2) 
12.2* 

3.2 
(2.3  ±  0.2) 
12.2* 

3.0 
(2.1  ±0.2) 
11.8* 

5.3  ±3. 

7       12.6 

2.9 
(3.4  ±0.3) 
11.6* 

2.8 
(3.1  ±0.3) 
11.4* 

2.8 

(2.3  ±0.2) 
11.2* 

3.0 

(2.1  ±0.2) 
11.2* 

2.9 
(2.3  ±0.2) 
10.8 

>.7±3. 

.8       11.9 

2.7 
(2.1  ±0.2) 
11.0* 

2.7 
(2.7  ±0.2) 
10.8* 

2.7 
(2.8  ±  0.2) 
10.6* 

2.8 
'      10.6* 

2.7 
(1.8  ±0.1) 
10.2* 

5.2  +  4.0       10.7 

2.5 
(3.3  ±0.3) 
9.9* 

2.5 
(2.6  ±  0.2) 
9.7* 

2.4 
(1.4  ±0.1) 
9.5* 

2.6 

(0.8  ±0.1) 
9.5* 

2.5 

(1.7  ±0.1) 
9.2* 

\.9  ±  4 

.7        8.6 

2.1 
(4.0  ±  0.3) 
7.9* 

2.1 
(1.8  ±0.1) 
7.7* 

2.0 
7.6* 

2.2 
7.6* 

2.1 

(0.7  ±0.1) 
7.3* 

he  measured  recoil  ranges  are  within  ()  and  the  corresponding  recoil  energies  are  marked  with 
<).  The  calculated  ranges  are  having  ^  15%  error  due  to  errors  in  the  stopping  power  parameter. 

zt  eq.  (5). 
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p  =  u.oij.  in  LUC  icuuii  iciiigc  iiiiius  wjiica  die  reicvtuii  LU  uic  preseiii  WUIK,  me 
are  almost  exactly  proportional  to  the  recoil  velocity  as  shown  above  as  well  as  in 
Northcliff  and  Schilling  [16, 17].  It  was  shown  in  [18]  that  under  these  conditions,  and 
with  the  assumption  of  an  isotropic  distribution  of  the  evaporation  vector,  the  evaporation 
contribution  to  the  thick  target  recoil  ranges  may  be  neglected  to  the  first  order.  The 
correction  to  (Vp)  arising  from  the  angular  distribution  of  the  recoils  {cos<j!>},  due  to 
atomic  collisions,  was  calculated  by  the  expression  derived  by  Blaugrand  [19],  where  0  is 
the  average  scattering  angle  due  to  nuclear  collision.  The  constants  used  in  the 
expressions  for  (de/dp)c  and  (ds/dp)n  are  having  =  15%  errors,  thereby  introducing 
=  15%  errors  in  the  calculated  range  values  also. 

The  technique  for  the  range  measurement  mentioned  above  assumes  uniform 
production  cross-section  for  the  nuclei  throughout  the  target  width  in  energy  units  so 
that  the  activities  Ap,  AB  and  AT  are  exactly  proportional  to  forward  range,  back- 
ward range  and  total  target  thickness.  In  the  present  work  range  measurements  for  the 
12C-induced  reactions  on  51V  target  are  shown  in  table  2.  The  thickness  of  51V  targets 
correspond  to  =  6.4 MeV  in  energy  units  for  84MeV  12C-ion  and  =  09.5  MeV  for  the 
44MeV  12C-ion.  Therefore,  in  the  present  case  (51V  target)  the  cross-section  at  the  two 
edges  differ  appreciably  compared  to  the  average  cross-section  over  the  target  thickness. 
If  the  bombarding  energy  is  at  the  rising  part  of  the  excitation  function  as  seen  from 
the  high  energy  side  then  the  range  extracted  by  this  method  will  be  larger  than  the 
actual  range  whereas  if  the  bombarding  energy  is  at  the  declining  part  of  the  excitation 
function  then  the  opposite  will  be  true  i.e.  the  extracted  range  will  be  smaller  than  the 
actual  range.  This  is  the  reason  why  some  of  the  extracted  ranges  are  higher  and  others 
smaller  than  the  calculated  ranges.  However  the  extracted  ranges  help  in  some  cases  to 
distinguish  between  compound  nucleus  by  fusion  reaction  and  incomplete  fusion  reaction 
including  direct  reaction  mechanisms. 


2.2  Cross-section  determination 

The  number  of  observed  decays  Z  per  unit  time  is  related  to  the  total  number  of  decays  ZQ 
per  unit  time  by 

Zo=Z/[£(E7)*/7(abs)],  (6) 

where  e(E7)  is  the  detector  efficiency  and  77(abs)  is  the  absolute  7-ray  abundance  per 
decay.  The  total  number  of  decays,  ZQ,  is  related  to  total  reaction  yield  R  for  simple 
decays  (simple  decays  correspond  to  direct  production  of  radio  isotopes  by  the  nuclear 
reactions  and  we  have  used  only  such  decays  in  all  the  measurements  reported  here)  by 
the  relation 

R  =  Zo-  exp(AT2)/[(l  -  exp(-Ar))  •  (1  -  exp(-Ar1))/A7'1])  (7) 

where  A  is  the  decay  constant,  TI  the  irradiation  time  and  T2  the  cooling  time  after  the  end 
of  irradiation  and  the  beginning  of  the  measurement  and  T  is  the  counting  time.  R  is 
related  to  the  cross-section  a  by  the  relation 

cr  =  R/[(NA-8x).I}:  (8) 
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Energy 

±A£ 
(MeV) 

Cross-sections  for  the  products  (mb) 

Co-57 

Co-58 

Co-56 

Mn-54 

Na-24 

83.2 

48.4 

122.0 

23.3 

79.3 

13.3 

±0.8 

±3.9 

±9.8 

±1.9 

±6.3 

±1.1 

79.7 

64.8 

185.9 

44.4 

109.1 

11.7 

±0.8 

±5.2 

±14.9 

±3.6 

±8.7 

±0.9 

76.0 

68.4 

170.4 

47.8 

119.6 

10.5 

±0.9 

±5.5 

±13.6 

±3.8 

±9.6 

±0.8 

72.3 

73.1 

138.4 

51.3 

131.8 

8.0 

±0.9 

±5.8 

±11.1 

±4.1 

±10.5 

±0.6 

68.5 

102.2 

114.1 

60.7 

155.1 

6.0 

±0.9 

±8.2 

±9.1 

±4.9 

±12.4 

±0.5 

64.4 

132.7 

72.9 

52.9 

163.7 

4.5 

±1.0 

±10.6 

±5.8 

±4.2 

±13.1 

±0.4 

60.2 

163.0 

48.6 

37.7 

154.4 

2.9 

±1.0 

±13.0 

±3.9 

±3.0 

±12.4 

±0.2 

55.7 

200.7 

53.5 

22.5 

135.9 

2.3 

±1.1 

±16.1 

±4.3 

±1.8 

±10.9 

±0.2 

51.1 

180.9 

67.3 

7.7 

79.3 

1.8 

±1.1 

±14.5 

±5.4 

±0.6 

±6.3 

±0.1 

46.0 

166.8 

93.4 

0.0 

36.9 

2.5 

±1.2 

±13.3 

±7.5 

±3.0 

±0.2 

40.5 

94.9 

90.0 

0.0 

12.3 

1.7 

±1.3 

±7.6 

±7.2 

±1.0 

±0.1 

34.4 

25.4 

52.2 

0.0 

0.0 

3.1 

±1.5 

±2.0 

±4.2 

±0.2 

;re  NA  is  the  number  of  atoms/cm3  of  the  target  material,  8x  is  the  thickness  of  the  foil 
;m)  and  X  is  the  total  number  of  incident  particles  during  irradiation  (calculated  from 
1  charge  measured  by  current  integrator). 


Experimental  results 

able  3  and  figures  la  to  Id  our  experimental  results  for  the  production  of  54Mn,  56Co, 
o,  58Co  and  ^Na  radio-nuclides  via  I2C-induced  reactions  on  5IV  are  summarized, 
i  radio-isotope  24Na  could  also  be  produced  by  12C  induced  reaction  on  27A1  which  is 
i  as  catcher  foils  in  the  stacks.  The  possible  Q- values  are  listed  in  table  1.  The 
ertainty  given  for  the  energy  values  includes  those  of  target  thickness  and  beam 
rgy  resolution  (±5.0keV)  only.  The  solid  lines  and  the  dashed  lines  are  respectively 
Cascade  code  [6]  and  Alice/91  [5]  fits.  In  table  3  the  experimental  cross-sections  for 
reaction  12C  -I-  51Vare  presented  respectively  along  with  absolute  errors  of  =  8%.  The 
olute  error  consists  of  uncertainties  due  to  target  foil  thickness  (±2%),  the  beam 
rent  integration  (±2%),  the  detector  efficiency  (±5%)  and  the  analysis  of  the  7-ray 
ctra  (statistical  uncertainty)  generally  (<  2%).  The  uncertainties  caused  by  the  large 
\  of  the  irradiation  area  and  the  non-uniformities  of  the  target  contribute  about  5%  to 
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Figure  1.  The  total  residual  production  cross-section  in  mb  for  the  reaction  (a)  51 V 
(12C,  2p3n)  58Co  (.),  (b)  51V  (12C,  2p4n)  57Co  (•),  (c)  51V  (12C,  2p5n)  56Co  (•)  and 
(d)  51V  (12C,  4>5n)  54Mn  (•)  are  plotted  as  a  function  of  12C-particle  bombarding 
energy.  Solid  lines  are  the  Cascade  model  calculation  and  dashed  lines  are  Alice/91 
calculation  with  N0=  12,  Nn  =  6,  Np  —  6  and  Nh  =  0,  normalized  to  experimental 
values  at  the  maximum  cross-section  point  with  normalization  constant  N  —  1 .00  for 
all  the  solid  line  curve  and  for  the  dashed  line  curves  (a)  N  =  0.5,  (b)  N  =  1.0,  (c) 
JV  =  0.3  and(d)W=  1.0. 


the  average  error  of  the  cross-section.  However,  the  above  mentioned  average  error  values 
do  not  include  the  uncertainties  of  the  nuclear  data  used  in  the  analysis. 

4.  Comparison  with  theoretical  predictions 

A  rigorous  theory  of  nuclear  reaction  for  which  calculations  can  be  performed  to  describe 
mass,  angular  and  energy  distribution  data  from  intermediate  energy  collision  with 
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nplex  particle  is  presently  not  available.  A  simpler  compound  statistical  model  is 
lerally  applicable  below  7MeV/nucleon  owing  to  very  low  probability  for  pre- 
lilibrium  and  direct  reaction  processes  [20].  However,  the  energy  range  of  present 
rk  is  also  <  7  MeV/nucleon  only.  Hence  our  discussion  will  be  based  mostly  on 
npound  statistical  models.  It  is  well-known  that  the  compound  statistical  model  gives  a 
rect  overall  description  of  the  excitation  functions  and  particle  energy  spectra  in 
;lear  reactions  at  medium  energies.  However,  the  calculations  fail  to  account  for  all 
ails  such  as  the  exact  position  of  the  maximum  or  the  slope  of  the  ascending  and 
icending  part  of  the  excitation  functions.  We  have  investigated  the  nuclear  mechanism 
the  nuclear  reaction  12C  +  12V  by  using  the  two  computer  codes  Cascade  [6]  and 
ce/91  [5].  The  Cascade  code  is  based  on  the  assumption  that  the  projectile  and  target 
m  a  compound  nucleus  in  statistical  equilibrium  and  Hauser-Feshbach  formula 
ether  with  the  statistical  nuclear  model  are  applied  in  order  to  calculate  the  intensities 
the  various  decay  chains  and  thus  the  excitation  functions  of  the  reactions.  The 
ce/91  code  describes  the  process  of  equilibrium  evaporation  of  particles  and  7-rays  in 
us  of  the  Weisskopf  and  Ewing  model  [21]  and  pre-equilibrium  reaction  mechanism 
;ording  to  the  hybrid  and  geometry  dependent  hybrid  model.  The  high  energy  part 
the  excitation  functions  are  dominated  by  pre-equilibrium  reaction  mechanism 
ereas  the  low  energy  parts  are  dominated  by  evaporation  with  its  characteristic  peak  as 
n  in  [7, 10].  Besides  evaporation  of  neutrons  and  protons,  clusters  such  as  deuteron  and 
)articles  can  be  considered.  The  nuclear  masses  were  taken  from  Wapstra  and  Audi 
]  mass  table  if  available,  otherwise  calculated  from  the  Mayers  and  Swiatecki  mass 
tnula  [22],  liquid  drop  masses  with  pairing.  The  inverse  cross-sections  were  calculated 
ng  the  optical  model  subroutine  of  Alice/91  [5],  where  the  optical  model  parameters 
re  those  of  Becchetti  and  Greenlees  [23].  In  the  present  work  our  excitation  functions 
calculated  on  the  basis  of  (i)  statistical  model  which  describes  only  equilibrium  decay 
ng  the  code  Cascade  [6]  and  (ii)  geometry  dependent  hybrid  model  [24]  using  the 
igram  Alice/91  [5]  on  the  super-32  computer  at  our  centre.  In  figures  la  to  Id,  the 
ed  circles  are  measured  cross-sections.  The  theoretical  values  shown  in  the  figures  la 
Id  are  multiplied  by  a  factor  so  as  to  match  the  experimental  data  at  the  maximum 
ss-section  point.  The  multiplying  factors  are  given  in  the  figure  captions.  The 
Itiplying  factors  also  indicate  the  quality  of  fit  between  experimental  and  theoretical 
ues.  The  dashed  curves  and  solid  curves  are  the  calculated  cross-section  based  on  the 
les  Alice/91  and  Cascade  respectively.  Figures  la  to  Ic  show  that  the  excitation 
ctions  for  the  2pxn  or  axn  channels  are  predicted  reasonably  well  by  Cascade  code 
ereas  Alice/91  code  fits  only  56Co  excitation  function  fairly  well.  However  there  is 
;  exception  i.e.  the  first  peak  in  the  excitation  function  for  the  production  of  58Co 
ich  the  codes  underpredict.  This  is  mostly  due  to  an  channel  as  seen  in  the  excitation 
ction  for  the  reaction  59Co(a,  cw)58Co  (see  ref.  [11]).  Figure  Id  shows  the  excitation 
;ction  for  the  Ian  or  4p5n  channels  for  the  production  of  54Mn.  Both  the  codes 
ierpredict  the  production  cross-sections.  These  possibly  indicate  that  these  radio- 
topes  58Co  and  54Mn  are  not  only  produced  by  a-evaporation  but  also  by  another 
chanism  possibly  by  break-up  of  12C  into  a  and  8Be.  Then  the  fusion  of  8Be  and 
iporation  of  a  neutron  to  produce  58Co  and  the  fusion  of  a  and  evaporation  of  a  neutron 
produce  54Mn  radio  isotopes.  The  measured  average  ranges  also  support  the 
omplete  fusion  reaction  mechanism.  In  Cascade  and  Alice/91  codes  evaporations  of 
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only  n,  p  and  a  particles  are  being  taken  into  account.  That  is  why  they  underpredict  the 
incomplete  fusion  of  8Be  and  4He  with  the  target 51 V.  However,  the  predictions  of  these 
codes,  especially  the  Cascade,  generally  agree  with  the  measured  cross-sections  which 
could  be  attributed  to  complete  fusion  of  12C  with  the  target  51V. 

5.  Conclusion 

A  consistent  set  of  4  excitation  functions  has  been  measured  for  12C-induced  reactions  on 
51 V  target.  The  measured  excitation  functions  and  average  ranges  of  the  radioisotope 
products  of  the  reactions  12C  on  51 V  give  some  indication  that  the  three  separate  reaction 
mechanisms  which  could  be  attributed  to  complete  fusion  of  12C,  incomplete  fusion  of 
8Be  and  incomplete  fusion  of  4He  respectively  with  the  target.  The  8Be  and  4He  are  the 
break-up  component  of  12C  into  8Be+4He.  It  can  be  seen  that  the  predictions  of  the 
codes,  especially  the  Cascade,  generally  agree  with  the  measured  cross-sections  which 
could  be  attributed  to  complete  fusion  of  12C  with  the  target 51 V. 
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ract.  We  discuss  three  methods  to  correct  spherical  aberration  for  a  point  to  point  imaging 
m.  First,  results  obtained  using  Fermat's  principle  and  the  ray  tracing  method  are  described 
y.  Next,  we  obtain  solutions  using  Lie  algebraic  techniques.  Even  though  one  cannot  always 
n  analytical  results  using  this  method,  it  is  often  more  powerful  than  the  first  method.  The 
:  obtained  with  this  approach  is  compared  and  found  to  agree  with  the  exact  result  of  the  first 
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itroduction 

is  paper  we  discuss  three  different  computational  methods  for  correction  of  spherical 
-ation  in  an  optical  imaging  system.  The  imaging  system  considered  is  a  lens  that 
sses  rays  originating  from  a  single  initial  point  onto  a  final  point.  The  final  point  is  at 
ame  distance  from  the  centre  of  the  lens  as  the  initial  point, 
the  above  system  is  assumed  to  be  ideal,  as  in  figure  1,  it  would  take  all  light  rays 
nating  from  point  a  and  focus  them  onto  the  focal  point  b  irrespective  of  the  angles 
>  rays  make  with  the  optic  axis.  If  the  system  is  nonideal  (as  it  would  be  in  general), 
ibove  situation  is  obtained  only  in  the  Gaussian  or  paraxial  approximation.  In  the 
Gaussian  regime,  rays  are  displaced  away  from  the  focal  point.  In  particular,  if 
rical  aberration  [1]  is  present,  a  given  ray  is  displaced  in  the  transverse  direction 
f  from  the  paraxial  focus.  The  magnitude  of  this  displacement  is  dependent  on  the 
2  the  ray  makes  with  the  optic  axis. 

ar  system  is  taken  to  be  symmetric  about  a  plane  through  the  origin  perpendicular  to 
>ptic  axis.  This  enables  us  to  split  the  system  in  two  right  down  the  middle,  and  to 
ider  the  equivalent  but  simpler  system  shown  in  figure  2.  Our  goal  is  to  find  the 
lion  for  the  curved  surface  of  the  lens  (in  figure  2)  such  that  all  rays  come  to  a  sharp 
s  at  the  point  b  irrespective  of  the  angles  they  make  with  the  optic  axis.  Then,  this 
;ing  system  would  be  free  of  on-axis  spherical  aberration. 
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Figure  1.  An  ideal  point-to-point  imaging  system.  It  takes  all  light  rays  originating 
at  a  point  a  and  focusses  them  onto  the  focal  point  b.  Points  a  and  b  are  equidistant  (at 
a  distance  t  +  /)  from  the  centre  of  the  lens.  The  thickness  of  the  lens  along  the  optic 
axis  is  It.  Our  choice  of  coordinate  system  is  also  indicated  in  the  figure. 


Figure  2.    A  simpler  imaging  system  equivalent  to  the  original  one  given  in  figure  1. 
Refractive  index  n-i  =  1  in  our  case. 


In  the  next  section,  we  directly  use  Fermat's  principle  to  derive  the  known  analytic 
expression  [1]  for  the  surface  of  the  lens.  However,  such  analytic  expressions  are  possible 
only  for  special  systems.  In  the  subsequent  sections,  we  compute  the  surface  using  more 
powerful  methods  that  can  be  used  to  obtain  solutions  systematically  for  general  optical 
systems.  In  the  present  case,  the  exact  solution  allows  us  to  benchmark  solutions  obtained 
using  the  latter  methods.  We  also  briefly  describe  the  result  using  the  method  of  ray 
tracing. 

In  §  3,  we  introduce  the  Lie  algebraic  treatment  of  optical  systems.  This  method  is 
applied  to  the  problem  at  hand  in  §  4,  and  the  results  are  shown  to  agree  with  the  exact 
solution.  We  give  our  conclusions  in  the  final  section. 
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2.  Exact  solution  using  Fermat's  principle 

In  this  section,  we  derive  the  equation  for  the  surface  of  the  lens  using  Fermat's  principle. 
For  our  optical  system  (see  figure  2),  this  principle  states  that  rays  1  and  2  should  have  the 
same  optical  path  length.  Thus  (in  the  y  —  z  plane) 


(2.1) 

where  n  is  the  index  of  refraction  of  the  lens,  t  is  its  thickness  along  the  optic  axis  and  /  is 
its  focal  length. 

Solving  the  above  equation,  we  obtain  z  as  a  function  of  y  (we  pick  the  solution  where  z 
decreases  as  y  increases,  this  being  the  physically  appropriate  solution  for  our  problem): 


I 

z  = 


n+1 


(n-l)/ 


(2.2) 


In  fact,  this  is  an  equation  for  a  hyperbola.  Expanding  the  square  root,  we  get 


.=          y2        ,    (*+!)/        (n  +  l)V         5(n  +  l)V 

2/(n  -  1)      8/3(n-  I)2      16/5(n-  I)3      128/7(n  -  I)4  '  ; 

Thus  we  have  succeeded  in  obtaining  the  exact  shape  of  a  lens  such  that  our  point-to- 
point  imaging  systems  are  free  of  on-axis  spherical  aberration.  This  solution  will  enable 
us  to  verify  the  correctness  of  results  obtained  using  the  Lie  algebraic  methods. 

One  can  rederive  the  equation  for  the  surface  of  the  lens  using  the  method  of  ray 
tracing.  Employing  SnelFs  law,  the  following  differential  equation  satisfied  by  the  surface 
of  the  lens  can  be  obtained  as 

^  =  _  y  _  (24) 

' 


The  above  differential  equation  can  be  solved  numerically  to  obtain  the  equation  for  the 
surface  of  the  lens.  It  can  also  be  easily  verified  that  the  exact  solution  derived  earlier  [cf. 
eq.  (2.2)]  satisfies  this  differential  equation. 

3.  Lie  algebraic  techniques  in  optics 

In  this  section,  we  consider  the  application  of  Lie  algebraic  techniques  to  a  general 
optical  system  [2,  3]  with  the  optic  axis  oriented  along  the  z-direction.  We  assume  the 
optical  system  to  be  axially  symmetric  about  the  z-axis  and  also  symmetric  with  respect 
to  reflections  through  some  plane  containing  the  z-axis. 

The  optical  path  length  A  of  a  general  ray  going  from  the  plane  z1  to  the  plane  zf  is 
defined  as  follows: 


fb 

I    re(r)dj, 

Ja 


(3-1) 


where  n(r)  is  the  index  of  refraction  at  a  point  r  and  s  is  the  distance  parameter  along  a 
curve  joining  points  a  and  b.  Taking  z  to  be  the  independent  variable,  the  distance 
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function  ds  (in  A)  now  becomes 

ds  =  (dx2  +  dy2  +  dz2)1/2  =  (1  +^  +/2)1/2dz,  (3.2) 

where  the  prime  denotes  differentiation  with  respect  to  z.  Thus 

rzf 

A  =         n(x,y,z)(l+x'2+y'2}l/2dz.  (3.3) 

Jz' 

Comparing  this  with  the  action  functional  in  mechanics  [4],  the  integrand  in  the 
expression  for  A  can  be  identified  as  the  Lagrangian  L  for  our  system 


/2).  (3-4) 

We  can  also  define  the  conjugate  momenta: 
dL  x1 


SL     .  y  (i'5) 


Apart  from  the  factor  of  n,  these  are  just  the  direction  cosines  of  the  ray.  Using  these,  we 
obtain  the  Hamiltonian  in  the  usual  way: 

H  =  -[n\X,y,z}-pl-Pyl\  (3.6) 

In  Lie  perturbation  theory,  instead  of  solving  the  Hamilton's  equations  of  motion  directly, 
one  solves  the  problem  in  the  following  map  form 

wf  =  Mw\  (3.7) 

where  M  is  a  nonlinear  symplectic  map  mapping  the  initial  values  of  the  phase-space  4- 
vector  w=  (x,y,px,py}  to  its  final  values.  For  further  details  see  ref.  [5].  There  is  a 
standard  procedure  to  obtain  M  from  the  Hamiltonian  which  is  described  elsewhere  [6]. 
It  can  be  further  shown  that  M  can  be  factorized  as  follows: 


M  =  e~e-  eh'  •  •  •  e:f":  •  •  •  ,  (3.8) 

where  /m's  are  homogeneous  polynomials  of  degree  m  in  the  phase  space  variables.  The 
quantity  :fm  :  is  the  Lie  operator  associated  with  the  function  fm  and  is  defined  by  its 
action  on  a  general  phase-space  function  g  as  follows: 

:/m:g=[/m,g],  (3.9) 

where  [,  ]  denotes  the  usual  Poisson  bracket.  Finally,  we  define  the  Lie  transformation 
associated  with  the  Lie  operator  :  fm  :  as 

£.  (3.10) 


n=0 


It  can  be  shown  [2,3]  that  the  various /m's  occuring  in  the  factored  form  of  M  have 
a  definite  physical  interpretation  for  an  imaging  system.  The  /2's  represent  paraxial 
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optics,  the/s's  are  related  to  second  order  aberrations,  them's  to  third  order  aberrations 
and  so  on. 

We  end  this  section  by  writing  down  the  symplectic  map  for  two  systems  which  will  be 
used  later.  First,  consider  the  simple  case  of  transit  through  a  slab  of.  thickness  /  with 
refractive  index  n.  It  can  be  easily  shown  that  the  symplectic  map  corresponding  to  this 
system  is  given  by 

.M  =  exp[/:(n2-p2)1/2],  (3.11) 

where  p  =  (px,py}.  In  the  factorized  form,  this  is  given  as 


where  p2  =  p2+p2.  In  order  to  verify  this  equation,  note  that 

pf  =  MJ=p\  (3.13) 

qf  =  Mql  =  ql  +  l  p'/ln2  -  (plf}1/2,  (3.14) 

where  q  =  (x,y).  Using  (3.5)  in  the  above  equations  we  get 

(3.15) 


Remembering  that  q1  =  dq/dz,  we  see  that  this  is  just  what  would  be  expected  for  transit 
through  a  distance  /  along  the  z-axis. 

Note  that  only  even  powers  of  p  occur  in  the  expression  for  M  in  (3.12).  This  is  in  fact 
true  for  all  optical  systems  having  the  assumed  axial  and  reflection  symmetries.  These 
symmetries  imply  that  only  the  phase  space  variables  p2,  p  •  q  and  q2  (and  their  various 
combinations  and  powers)  can  occur  in/m's.  This  automatically  implies  that  only  even 
degree  homogeneous  polynomials  i.e.  fa,  /4,  etc.  are  allowed. 

Next,  we  consider  propagation  of  a  light  ray  through  the  system  given  in  figure  3.  We 
again  assume  axial  and  reflection  symmetries.  The  surface  of  the  interface  is 
parametrized  by  the  equation 


+yL?  +  '-'.     (3.16) 
After  some  computation,  one  finds  the  M  (truncated  to  order  8)  for  such  a  surface  to  be 

M  =  e:f2'-e'-f4:  e:f6:e:f*:,  (3.17) 

where 


and 


(3.19) 


n\ 
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Figure  3.  An  (axially  symmetric)  optical  system  consisting  of  an  interface  separating 
media  of  refractive  indices  n\  and  n2.  A  ray  originating  at  zi  with  initial  conditions  ql 
and  p'  passes  through  the  interface  and  terminates  at  zf  with  final  conditions  qf  and 
pf.  The  interface  is  parametrized  by  the  equation  zs  =  g(qs}- 

The  expressions  for/6  and/8  are  too  long  to  be  documented  here.  Since  we  have  truncated 
M  to  order  8,  the  error  made  in  using  this  truncated  expression  is  also  of  order  8. 


4.  Correction  of  spherical  aberration  using  Lie  algebraic  method 

Before  applying  the  Lie  algebraic  method  to  our  problem,  we  briefly  describe  our  plan  of 
action.  We  will  first  construct  the  symplectic  map  M.  (up  to  order  8)  corresponding  to  our 
optical  system  (see  figure  2).  Since  we  include  all  terms  up  to/g  in  M,  we  would  have 
taken  into  account  all  aberrations  up  to  the  seventh  order.  M.  will  depend  on  the  surface  of 
the  lens  and  hence  on  fa  through  fy  [cf.  eq.  (3.16)].  Next,  we  will  require  that  our 
map  satisfy  a  set  of  conditions  which  ensure  that  M.  (and  hence  our  system)  is  free 
of  spherical  aberration  up  to  seventh  order.  Since  M.  is  a  function  of  /Vs,  this  would 
be  equivalent  to  the  statement  that  these  /J/'s  should  satisfy  certain  equations.  This  will  fix 
our  $'s  and  hence  the  equation  for  the  surface  of  the  lens  to  eight  order.  Finally,  we 
compare  this  equation  with  the  exact  result  obtained  in  §  2  and  show  that  they  agree  (up  to 
order  8). 

Coming  back  to  our  problem,  we  see  that  our  system  (figure  2)  has  three  components: 

(1)  A  transit  through  distance  t  in  a  medium  of  refractive  index  n  (the  lens). 

(2)  The  surface  of  the  lens  separating  media  of  refractive  indices  n  and   1    (air) 
respectively. 

(3)  A  transit  through  distance  /  (the  focal  length)  in  air  (n  =  1). 

The  symplectic  maps  MI  and  Mj,  for  (1)  and  (3)  are  given  by  expressions  of  the 
general  form  of  equation  (3.12).  The  map  MI  for  (2)  is  given  by  equation  (3.17).  One  of 
the  advantages  of  the  Lie  algebraic  approach  now  becomes  apparent  -  the  combined  map 
M  for  the  entire  system  is  just  the  product  of  the  maps  for  the  individual  components: 


M  = 


>z  -  1):  q2  :)  exp(:/4  :)  exp(:/6  :)  exp(:/8  :)  •  •  • 
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Using  Lie  algebraic  manipulation  techniques  [5],  we  recast  the  symplectic  map  M  into 
the  standard  form: 

M  =  exp(:#2  0  exp(:g4  :)  exp(:g6  0  exp(:#8  :),  (4.2) 
where  g2,  g4  etc  are  of  the  form 

82  =  A2p2  +  B2p-q  +  C2q2  ,  (4.3) 

£4  =  A4(p2)2  +  B4(p-q)p2  +  ---,  (4.4) 

+  ...,  (4.5) 

+  •  •  •  .  .  (4.6) 


Again,  the  expressions  for  A2,  B2  etc  have  been  omitted  for  the  sake  of  brevity.  These 
coefficients  depend  on  /  and  n.  In  addition,  the  coefficients  in  g2  (i.e.  A2,  B2  and  C2) 
depend  on  fa,  the  coefficients  in  g4  on  fa  and  j34  and  so  on. 

Now  we  are  ready  to  determine  fa,  [34,  /36  and  fa  appearing  in  the  equation  for  the 
surface  of  the  lens  [cf.  eq.  (3.16)].  We  know  that  g2  in  M  represents  paraxial  optics.  In 
the  paraxial  approximation,  it  is  clear  from  figure  2  that  we  want  rays  that  start  out 
parallel  (i.e.  w'  =  (4,0))  to  come  to  a  focus  at  a  distance  /  along  the  z-axis  (i.e. 
wf  =  (O,/?)).  Thus, 

(4-7) 

Since  /  and  n  in  g2  are  already  given,  this  equation  fixes  the  only  other  free  parameter  fa 
to  be 


We  fix  /?4,  /?6,  and  fa  by  imposing  conditions  which  ensure  that  M.  is  free  of  spherical 
aberration  (up  to  order  7).  As  defined  earlier,  spherical  aberration  is  the  phenomenon 
where  a  given  ray  is  displaced  (in  the  transverse  direction)  from  the  paraxial  focus  on  the 
z-axis  by  an  amount  dependent  only  on  its  arrival  angle  (i.e.  p  in  our  case). 

It  can  be  shown  that  only  the  (p2)2,  (p2)3,  and  (p2}4  terms  (in  g4,  g$,  and  gg  respec- 
tively) give  rise  to  spherical  aberration  of  orders  3,  5,  and  7  respectively.  For  example, 
consider  the  effect  of  (p2)2  term  in  £4: 

qf  =  exp(:A4(p2)2  :)q  =  q  +  A,[(p2}\  q]=q-  4A,(p2)p.  (4.9) 


Thus, 

6q  =  qf  -  q  =  -4A4(P2)p.  (4.10) 

Hence  the  displacement  of  the  actual  arrival  point  qf  from  the  Gaussian  arrival  point  q 
depends  only  on  its  Gaussian  arrival  direction  p.  This  is  indeed  spherical  aberration. 
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Evidently  to  eliminate  spherical  aberration  we  need  to  make  6q  zero.  In  our  case,  we 
can  eliminate  it  up  to  order  7  by  setting 

A4=A6=A8  =  0.  (4-11) 

We  can  now  solve  these  equations  for  fa  fa  and  /3g  in  terms  of  n  and  /.  The  resulting 
expressions  (after  some  manipulation)  are 

(4.12) 
(4-13) 


3, 
16/5(n-l)3 

3  (4.14) 


"    mr  (n- 1)4 

Thus  we  have  succeeded  in  determining  the  shape  of  the  lens  surface  such  that  our 
imaging  system  is  free  of  on-axis  spherical  aberration  (to  seventh  order).  In  the  y  -  z 
plane,  this  is  given  by  [after  substituting  the  above  expressions  into  eq.  (3.16)] 


)V 


2/(n-l)      8P(«-1)2      16/5(n-l)3      128F(n  -  I)4 ' 

We  see  that  this  agrees  exactly  with  the  equation  obtained  in  §  2  [cf.  eq.  (2.3)]  up  to  the 
calculated  order. 


5.  Conclusion 

In  this  paper,  we  discussed  the  problem  of  eliminating  on-axis  spherical  aberration  from  a 
point-to-point  imaging  system.  We  solved  the  problem  using  three  methods — direct 
application  of  Fermat's  principle,  ray  tracing  method,  and  Lie  algebraic  method.  The 
results  were  shown  to  agree.  A  direct  application  of  Fermat's  principle,  even  though  it 
gives  the  exact  result  in  this  particular  case,  is  not  possible  for  most  optical  systems.  In 
contrast,  Lie  algebraic  methods  can  be  applied  to  a  wide  variety  of  optical  systems.  In 
particular,  they  can  be  applied  to  systems  with  no  particular  symmetry  and  systems  with 
alignment  and  positioning  errors.  They  can  also  be  used  to  analyse  graded  index  systems. 
All  this  is  possible  because  the  mapping  from  initial  to  final  conditions  in  any  optical 
system  can  be  shown  [3]  to  be  a  symplectic  mapping.  And  symplectic  maps  can  be 
analysed  very  efficiently  using  Lie  algebraic  methods.  In  fact,  Lie  algebraic  methods  have 
applications  in  other  fields  also  [7-10]. 
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Abstract.  The  two  body  non-leptonic  Ab  decays  are  analysed  in  the  HQET  with  factorization 
approximation  and  large  Nc  limit.  In  this  limit,  Ah  and  Ac  baryons  can  be  treated  as  the  bound  states 
af  chiral  soliton  and  heavy  meson,  and  consequently  the  Isgur-Wise  function  comes  out  in  a  straight 
forward  manner.  The  results  obtained  remain  well  below  their  previously  predicted  upper  limit. 
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1.  Introduction 

[n  the  last  few  years  considerable  progress  has  been  achieved  in  the  understanding  of  the 
weak  decays  of  heavy  hadrons  due  to  the  development  of  the  heavy  quark  effective  theory 
(HQET)  [1-5].  Contrary  to  the  significant  progress  made  in  the  studies  of  the  meson 
decays,  advancement  in  the  arena  of  heavy  baryons  has  been  very  slow.  In  particular  the 
non-leptonic  weak  decays  of  heavy  baryons  have  not  been  understood  clearly  till  now.  At 
present,  there  are  not  many  experimental  results  available  for  heavy  baryons.  But  in  the 
future  we  may  expect  more  and  more  data  coming  from  the  colliders.  Hence  the  study  of 
heavy  baryons  is  of  great  interest  in  the  near  future.  In  fact  some  phenomenological 
approaches  such  as  pole  model,  current  algebra  etc.  have  been  employed  to  analyse  these 
decay  processes.  The  well  known  factorization  hypothesis  [6-12]  which  has  been  applied 
successfully  to  the  heavy  meson  decays  can  also  be  applied  for  heavy  baryon  cases  for 
large  Nc  limit  [13]. 

In  this  article  we  intend  to  study  the  two  body  non-leptonic  A^  decays  in  the  heavy 
quark  effective  theory  [1-5]  considering  factorization  approximation.  The  HQET 
provides  a  convenient  and  simplified  framework  to  analyse  the  weak  decays  of  heavy 
hadrons,  composed  of  one  heavy  quark  and  any  number  of  light  quarks.  Of  particular 
importance  are  the  semileptonic  decays  of  heavy  mesons,  where  in  the  limit  of  infinite 
quark  masses,  all  the  hadronic  form  factors  can  be  expressed  in  terms  of  a  single  universal 
function  £(v-v'},  the  Isgur-Wise  function  [1].  The  function  depends  only  on  the  four 
velocities  of  the  heavy  particles  involved,  and  is  normalized  at  the  point  of  zero  recoil. 
Similarly  in  case  of  weak  decays  of  heavy  baryons  one  can  also  write  the  form  factors  in 
terms  of  another  Isgur-Wise  function  [3,5]. 

We  therefore  consider  it  worthwhile  to  investigate  the  two-body  nonleptonic  decays 
Aj,  — >  A+P~  and  A.b  — >  A+V~,  where  P  and  V  denote  pseudoscalar  and  vector  mesons 
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baryons,  in  the  large  Nc  limit  [13].  The  use  of  HQET  implies  that  the  expression  for  the 
decay  widths  should  contain  the  universal  Isgur-Wise  function,  which  is  normalized  at 
the  point  of  zero  recoil  However  other  than  at  the  point  of  zero  recoil,  HQET  does  not 
predict  the  shape  of  the  Isgur-Wise  (IW)  function.  Therefore  to  know  the  value  of  Isgur- 
Wise  function  at  the  particular  kinematic  point  of  interest,  we  evaluate  it  in  the  large  Nc 
limit  [14, 15],  where  factorization  approximation  is  valid.  Earlier  these  decays  have  been 
studied  by  Mannel  et  al  [13].  They  have  parametrized  the  Isgur-Wise  form  factor 
G\(v-v')  in  three  different  forms  as 

G\(v-v'}  =l-\--a(v  —  v')  (v+v'}  ,     G\(v-v'}= ^ , 

and     G\(v-v'}  =  exp[b(v  —  •*/)"],  (1) 


and  they  have  taken  the  values  of  the  parameters  a,  b,  and  o>o,  from  the  work  on  B  meson 
decays  [16].  They  have  also  predicted  the  upper  limits  for  the  branching  ratios  for  these 
decay  processes,  considering  the  normalized  value  of  the  IW  function. 

The  report  is  organized  as  follows.  In  §2  we  present  the  general  framework  for  the 
study  of  the  nonleptonic  decays  in  the  factorization  method.  The  Isgur-Wise  function  is 
evaluated  in  the  large  Nc  limit  in  §3.  Section  4  contains  results  and  discussions. 

2.  General  framework 

Neglecting  the  penguin  contribution,  the  four  fermion  effective  Hamiltonian  relevant  to 
the  Aft  -»  A+P~  and  Ab  -»  A.+V~  decays  is  given  as  [13] 


C2(m»)02],  (2) 

with 

O,  =  (D£/)"(^    and    O2  =  (cU)»(Db)lt,  (3) 

where  Gp  is  the  Fermi  coupling  constant  and  the  quark  current  (#'#)„  is  a  short  hand  for 
<?'a"fy(1  -  Ts)^;  a  is  the  color  index.  17  and  D  are  either  c,  soru,d  quarks.  Thus  for  U,  D 
=  u,  d  we  have  TT~  and  p~  in  the  final  state  as  P  and  V  while  for  U,D  =  c,s  the  final  P/V 
states  are  DS/D*  mesons.  The  values  of  the  Wilson  coefficients  C\^  can  be  calculated 
using  the  leading  logarithmic  approximation  (LLA)  [17]  and  are  given  as 

Ci(mb)  =  l.U     and     C2(mb}  =  -0.26.  (4) 

The  decays  Aj,  -»•  A+P~  and  A&  -»•  A+V~  can  occur  by  the  operator  Oi  where  it  is 
assumed  that  the  A6  —  >  Ac  transition  is  caused  by  the  current  operator  (cb)  and  that 
P~(V~)  are  created  by  the  current  operator  (DC/).  In  the  factorization  approximation  it  is 
assumed  that  the  Ab  —  *•  Ac  transition  and  the  P~(V~]  creation  are  independent  of  each 
other,  and  hence  the  amplitude  can  be  written  as 


.  (5) 
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s  large  i\ic  limit,  wnere  lacionzation  approximation  is  vana,  me  conmoution  or  U2  to 
i  decays  is  suppressed.  Therefore  one  can  write  the  amplitude  for  the  decays 
and  A&  —>  A+  V~  as 


(6) 
valuate  the  factorized  amplitudes  we  use  the  following  matrix  elements: 

0)  =  -<7/>/A  (7) 


(8) 

•e/p  and/v  are  the  pseudoscalar  and  vector  meson  decay  constants  respectively.  The 
ix  element  (Ac\(cb]  ^Ab)  is  given  in  the  HQET  [3,4]  as 

(Ac+(?;/,lS/)|c7/i(l-75)^|A,(W,iy)}-77(U-W')«c(y/^/)7^(l-75K(^^),      (9) 

:e  77(11-  ?/)  is  the  baryonic  Isgur-Wise  function,  uc(i/^s'}  and  U[,(v,s}  are  the  spinors 
e  Ac  and  A&  baryons.  Thus  with  eqs  (6-9)  we  obtain  the  decay  widths  for  the  decay 

ssses  A&  —  >  A+P~  and  A.b  —  >  A+V~,  given  as 


Wih  -  MiJ2  -  Ml(Mlh  +  Ml.  )],  (10) 


r(A*(t;)  ^A+(t/) 

Aj, 

-ZA/2)],  (11) 


re  |p|  is  the  c.o.m  momentum  of  the  emitted  particles  in  the  rest  frame  of  initial  A^ 
on  and  M's  are  the  corresponding  pseudoscalar,  vector  meson  and  baryon  masses. 
above  expressions  for  the  decay  widths  contain  besides  the  known  quantities,  the 
lown  Isgur-Wise  function,  which  can  be  calculated  in  the  large  Nc  limit  in  a  simple 
ner. 


Evaluation  of  the  Isgur-Wise  function 

5  we  have  presented  the  evaluation  of  the  Isgur-Wise  function  in  the  same  manner  as 
jested  in  ref.  [14].  In  the  large  Nc  limit  the  light  baryons  n,  p,  A  etc.  can  be  viewed  as 
ons  in  the  chiral  Lagrangian  for  pion  self  interaction  [18].  The  baryons  containing  a 
le  heavy  charm  (or  bottom)  quark  are  bound  states  of  these  solitons  with  D  and  £>*  (or 
d  5*)  mesons  [19-22].  In  this  paper  we  use  the  bound  state  soliton  picture  to  estimate 
of  the  baryonic  Isgur-Wise  function.  In  the  ground  state  of  Ag  baryons,  the  light 
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bound  state  arise  when  the  spin  of  the  light  degrees  of  freedom  of  the  heavy  meson  and 
the  spin  of  the  nucleon  are  combined  into  a  spin  zero  configuration  whereas  the  isospin  of 
the  heavy  meson  and  that  of  the  nucleon  are  combined  into  an  isospin  zero  state.  Other 
baryons  (e.g,  the  A)  only  contribute  to  the  bound  states  with  higher  isospin. 

Let  the  light  degrees  of  freedom  of  the  heavy  baryon  be  denoted  by  |7,  /a;  s^  mi},  where 
/  and  si  denote  their  isospin  and  spin  quantum  numbers  while  /3  and  m/  are  their  third 
components  respectively.  Hence  the  light  degrees  of  freedom  of  Ag  baryon  is  denoted  by 
|0,0;0,0).  The  chiral  soliton  is  denoted  by  \R,b;R,n),  where  R  =  1/2  for  the  nucleon. 
On  the  other  hand  the  light  degrees  of  freedom  of  the  heavy  meson  is  given  as 


In  the  large  Nc  limit,  the  binding  potential  between  the  chiral  soliton  and  heavy  meson 
is  independent  of  both  the  isospin  and  spin  of  the  particles.  Hence  for  the  light  degrees  of 
freedom  of  AQ  baryon,  we  have  the  decomposition  as 

|0,0;0,0(i;)>=  /  d3q$e(q)(l/2,fo;  l/2,c|0,0)(l/2,n;  l/2,p|0,0) 

U 


(12) 

where  (j\,m\\  j2)m2|/,M)'s  are  the  Clebsch-Gordan  coefficients.  3>Q(q)  is  the  ground 
state  wave  function,  MB  and  M#  are  the  masses  of  the  chiral  soliton  and  heavy  meson 
respectively. 

The  spin-  1/2  A.Q  baryon  is  composed  of  a  spin-  1/2  heavy  quark  and  spin-0  light 
degrees  of  freedom.  Hence  the  matrix  element  of  the  current  £7^(1  —  75)^  between  Aj, 
and  Ac  baryons  is  given  as 


(13) 

Comparing  (9)  and  (13)  we  obtain  the  expression  for  the  baryonic  IW  function  as 
i7(W)HO,0;0,0(t/)|0,0;0,0(t;)) 

-    /  d3q'd3q*;(q')*>(q)(l/2,  b';  1/2,  c'|0,  0)* 

u 

x  (1/2,  n'i  l/2,p'|0,  0)*(l/2,  *;  1/2,  c|0,  0)  (1/2,  n;  l/2,p|0,  0) 

(14) 

.Using  the  normalization  conditions  for  the  chiral  soliton  and  heavy  meson  states,  it  is 
found  that  all  the  Clebsch-Gordan  coefficients  in  (14)  turn  out  to  be  unity  and  the  Isgur- 
Wise  function  is  given  as 

r)(vv')=   /dV^q^q  +  M^v-v')).  (15) 


It  is  noted  from  (15)  that  the  IW  function  depends  on  the  spatial  wave  function  <&e  (q)  of 
the  AQ  baryon.  In  the  large  Nc  limit,  the  binding  potential  between  the  heavy  meson  and 
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A.b  decays  in  the  large  Nc  limit. 

BR 

BR 

fi/? 

Decay  process 

|p|  in  MeV 

Tj(l)-1/} 

Present  calculation 

Ref.  [13] 

Ref.  [13] 

V*  ->  A+7T- 

2355.343 

0.456 

0.342 

0.46+0-20 

2.0 

Vj,  -»  A+D7 

1849.748 

0.596 

1.156 

<}  •5+0.30 
/"J-0.40 

6.5 

V*  ->  A+p- 

2284.288 

0.474 

0.954 

n  ^fi+0.24 
U'D°_0.40 

2.5 

v,  ->  A+D;~ 

1765.854 

0.621 

1.769 

j  -72+0-20 

4.7 

he  chiral  soliton  is  simple  harmonic  [15],  and  hence  the  wave  function  is  taken  as 


2       .3/8 

(7T2  /Jt,QK,)  ' 


(16) 


vhere  //g  =  MBM///(MB  -f-  Mw),  is  the  reduced  mass  of  the  bound  state,  MH  denotes  the 
nasses  ofD/B  mesons  for  <bcl$b  wave  functions.  K  is  the  spring  constant  and  its  value  is 
:aken  to  be  (440  MeV)3  [24].  In  the  rest  frame  of  the  initial  state,  v=  (1,0)  and  v' 
lirected  along  z-axis  we  obtain  the  Isgur-Wise  function  (15)  using  (16)  for  non- 


•elativistic  recoils  i.e.,  |v'|    «  2(v-i/  -  1),  as 


r](v-v'}  = 


3/4 


(    ' 


tt  should  be  noted  from  (17)  that  the  Isgur-Wise  function  slightly  deviates  from  unity  at 
:he  point  of  zero  recoil.  This  violation  of  normalization  condition  can  be  explained  as 
Follows.  The  heavy  quark  symmetry  arises  in  the  limit  of  QCD,  where  the  heavy  quark 
mass  MQ  is  taken  formally  to  be  infinite  and  in  this  limit  all  the  hadronic  form  factors  can 
3e  expressed  in  terms  of  the  IW  function.  However  here  we  have  used  finite  masses  for 
he  heavy  mesons  (i.e.,  B  and  D  mesons),  and  hence  heavy  quark  symmetry  breaks  down. 
rhus  breaking  of  the  heavy  flavor  symmetry  causes  a  violation  of  the  normalization 
condition  77(1)  =  1. 

The  product  (v-t/)  is  determined  by  considering  the  kinematics  of  the  system.  Since 
we  are  dealing  with  the  two  body  decays  A.b(v]  —  »•  A+(i/)P~(/?)/V~(p),  from 
momentum  conservation  we  obtain 


Taking  the  masses  of  the  particles  from  [25]  the  values  of  the  Isgur-Wise  functions  are 
calculated  with  (17)  and  (18)  as  presented  in  table  1. 

4.  Results  and  discussion 

Having  obtained  the  values  of  the  Isgur-Wise  function,  we  use  the  following  data  to 
estimate  the  decay  widths  for  the  processes  A&  ->  A+P"  and  Kb  -»•  A+V~  using  (10)  and 
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(11).  The  CKM  matrix  elements  Vcb  =  0.041,  Vud  =  0.0976  and  Vcs  =  0.9743  are  taken 
from  ref.  [25]  and  the  values  of  the  decay  constants  used  are  /„.  =  130.7  Me V, 
fDf  =  fD»  =  232  MeV  [25]  and/p  =  210  MeV  [13].  With  these  values  we  have  evaluated 
the  branching  ratios  for  several  two  body  non-leptonic  A/,  decays  as  presented  in  table  1 . 
In  this  work  we  have  estimated  the  branching  ratios  for  A&  — »  A+P~  and  A/,  — »  A+V~ 
decays  in  the  heavy  quark  effective  theory  with  factorization  approximation.  In  fact 
factorization  method  works  well  for  the  description  of  non-leptonic  decays  of  heavy 
baryons  in  the  large  Nc  limit  [13].  The  use  of  HQET  allows  us  to  write  the  weak  decay 
form  factors  in  terms  of  the  Isgur-Wise  function.  However  it  does  not  predict  the  shape  of 
the  IW  function  except  at  the  point  of  zero  recoil,  where  it  is  normalized  to  unity. 
Therefore  to  know  the  value  of  Isgur-Wise  function  at  the  particular  kinematic  point  of 
interest,  we  have  evaluated  it  in  the  large  Nc  limit  [14, 15]  considering  the  bound  state 
soliton  picture.  These  decays  have  been  previously  studied  in  ref.  [13]  in  which  they  have 
parametrized  the  Isgur-Wise  function  in  three  different  forms  (eq.  (1))  and  used  the 
values  of  the  unknown  parameters  from  the  work  on  B  meson  decays  [16].  However  in 
our  case  we  have  evaluated  the  Isgur-Wise  function  in  the  large  Nc  limit  where 
factorization  approximation  is  valid  and  the  results  came  out  in  a  straightforward  manner. 
Therefore  our  predicted  results  differ  from  theirs  as  noted  from  table  1 .  They  have  also 
predicted  the  upper  limit  of  the  branching  fractions  for  these  decays,  by  considering  the 
normalized  value  of  the  Isgur-Wise  function.  The  results  of  the  present  investigation  lie 
well  below  their  corresponding  upper  limit.  As  the  experimental  data  are  expected  in  the 
future  from  the  colliders,  these  results  can  be  verified,  which  will  definitely  enrich  our 
understanding  in  this  sector  to  a  greater  extent. 
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